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Abstract. In the article, we study parastrophic-orthogonal ternary quasigroups: namely,
group isotopes which have 3 and 4 distinct parastrophes. The necessary and sufficient
conditions for ternary medial quasigroups with 3 and 4 distinct parastrophes to be totally
parastrophic-orthogonal are proved. The conditions under which these quasigroups are strong-
ly parastrophic-orthogonal are described. Thus, some methods of constructing orthogonal
and strongly orthogonal ternary quasigroups are obtained.

Keywords: ternary quasigroup, group isotope, medial quasigroup, parastrophe, (strongly)
orthogonal quasigroups, totally parastrophic-orthogonal (top) quasigroup.

1. Introduction

Ternary quasigroups possessing a certain number of pairwise distinct parastrophes and
their existence were studied in M. McLeish’s papers [I| and [2]. Later F. Sokhatsky and
Ye. Pirus in [3] and [/] described a classification and canonical decompositions of ternary
group isotopes possessing various numbers of distinct parastrophes. The study of ternary
quasigroups with orthogonal parastrophes is a natural completion of these results. The
conditions for a medial ternary quasigroup to be totally self-orthogonal (i.e. all distinct
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principal parastrophes are orthogonal) were proved in [5] for the case when all its princi-
pal parastrophes are pairwise different. This approach was proposed by G. Belyavskaya and
T. Rotari (Popovich) in [6] who described the conditions for a central binary quasigroup to
be totally parastrophic-orthogonal.

Each parastrophe of an invertible operation can be regarded as a principal operation,
and the regularities that arise in the study of these quasigroups are expressed in terms of
parastrophic symmetry. Suppose that f is an n-ary invertible operation and °f denotes a o-
parastrophe of f, o € S,,. The mapping (o, f) — °f is an action of the symmetric group S, 1
on the set of all invertible n-ary operations defined on a carrier and is called a parastrophic
action [7]. The stabilizer group Ps(f) and the orbit Po(f) of an operation f

Ps(f) :=={0 € Spi1 | F =f} < Suy1,  Po(f):={f |0 € Spi1}

are called a parastrophic symmetry group and a parastrophic orbit of the operation f respecti-
vely. The series of statements follows from classical group theory, specifically

[Ps(f)] - [Po(f)] = (n+ 1), Ps(7f) = oPs(f)o,

Therefore, parastrophic quasigroups belong to the same parastrophic orbit and their paras-
trophic symmetry groups are conjugated.

2. Statement of the problem and preliminaries

We restrict our attention to the symmetric group Sy. It is known fact that S, has 30
subgroups distributed into 11 conjugacy classes. Here, we consider groups of parastrophic
symmetry Dg, S3 and As, where

Ds = {1, (12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423)},
S5 = {1, (12), (13), (23), (123), (132)},  As:={s, (123), (132)}.

In the article, we consider the conditions when a ternary medial quasigroup with the
parastrophic symmetry group Dg, S35 and Az possesses the property that it is parastrophic-
orthogonal or totally parastrophic-orthogonal, i.e., in the cases when the quasigroup has 3 and
4 pairwise distinct parastrophes. Before proceeding further, we need the following definitions
and statements.

Throughout the article, all operations are defined on a fixed set () called a carrier set
or a carrier and m := |Q] < co. We will often use the following lemma.

Lemma 1. A product of elements in a finite monoid is invertible if and only if each of these
elements is invertible.

A ternary operation f defined on @ is called invertible or a quasigroup operation and
the pair (Q; f) is called a quasigroup of order m, if each of the terms f(x,a,b), f(a,x,b),
f(a,b, x) defines a permutation of @ for all a,b € Q.

Orthogonality. A triplet of ternary operations f1, fo, f3 is called orthogonal, if the system
of equations

f1($1,$2,$3) = aq,
f2($1,l’27$3) = ag,

f3($1,902,$3) = as
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has a unique solution for all a1, as, a3 € Q. A set of ternary operations ¥ = {f1, fo, ..., fs},
s = 3, is called orthogonal, if each triplet of distinct operations from ¥ is orthogonal. Operati-
ons fi, fo, f3 are called strongly orthogonal if the set of operations {fi, fo, f3, €1, €2, €3} is
orthogonal, where e; defined by the equality

61‘(5131,@7953) =T

is called an i-th selector, i € {1,2,3}.
The operation af defined by

(@f)(x,y,2) = a(f(z,9,2)),

where « is a permutation of (), is called a torsion of f.

Proposition 2. |5, Proposition 1| If a set of operations is orthogonal, then their torsions
are also orthogonal.

Parastrophes and parastrophic symmetry. For each permutation o € Sy, a o-parastrophe
°f of an invertible ternary operation f is defined by

Jf(lla7$207x30) = Tyo f(flj'l,ilfg,l';;) = T4,

which is equivalent to

of('rlyx% 'T3) = T4 == f(x10*17x20*17x30*1) = Typ-1. (1)

For all permutations o,7 € S; and for each invertible operation f, it is true that

‘H="*1 f=r (2)
A o-parastrophe is called:

e an i-th division if o = (i4) for i = 1,2, 3;
e a principal parastrophe if 40 = 4.

The formula (1) implies that any principal o-parastrophe can be defined by

Uf(xla .Z‘Q,Z['g) = f(xla*17$20*17x3071)'

Each ternary invertible operation has 4! = 24 parastrophes including 3! = 6 principal
parastrophes.

Theorem 3. [3, 7| The relations (2) imply that the symmetric group Sy acts on the set Az

of all ternary invertible operations defined on a set Q. Therefore, the following statements
are true:

(1) parastrophy is an equivalence relation on As; each block under the action is a set of all
pairwise parastrophic operations, where f is one of these operation (representative);

(2) Ps(f) is a subgroup of Sy;

(3) parastrophic symmetry groups of parastrophic operations are isomorphic, i.e., they are
conjugated: namely, Ps(°f) = oPs(f)o™}; )

2

Ps(f)]’

(5) parastrophes °f and f are different if and only if o and T belong to different elements
of the set Sy/Ps(f).

(4) the number of all different parastrophes of f equals
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B(H) denotes the class of all quasigroups whose parastrophic symmetry group includes
the subgroup H < S;. Note that B(H) is a variety [3].
By item 5 of Theorem 3, all distinct parastrophes of a quasigroup with the groups of
parastrophic symmetry Dg, S3 or A3 are representatives from the elements of the sets
S4/D8 == {Dg, (23)D87 (13)D8}7 54/53 == {Sg, (14)83, (24)53, (34)53},
Sy/As = {As, (12)As, (14)As, (24)As, (34)As, (124)As, (134)As, (142)As}.
A ternary quasigroup is called:

e parastrophic-orthogonal if it has a triplet of orthogonal parastrophes;

e self-orthogonal if it has a triplet of orthogonal principal parastrophes;

e totally parastrophic orthogonal (briefly, a top quasigroup) if its all distinct parastrophes
are orthogonal.

Group isotopes. A ternary groupoid (Q; f) is called a group isotope, if there exists a group
(G;-) and bijections «, (3, v from @ to G such that

f(x,y,z):5_1(ozx-ﬁy-7z) vxvwaEQ-
Each group isotope (Q; f) has a 0-canonical decomposition (+,ay, as, ag,a) for every
element 0 € Q, i.e.,

f(xy, 29, 23) = aqzy + o + 33 + a, (3)
for some group (Q; +,0), permutations oy, asg, ag with @10 = a0 = a30 and a € Q; (Q;+,0)
is called 0-canonical decomposition group.

If a ternary quasigroup (Q; f) is linear over a group (Q; +), then it has decomposition
(3), where o, ae, avg are automorphisms of (Q;+) and a € Q. If (Q; +) is abelian, then (Q; f)
is called a central or T-quasigroup.

Corollary 4. [8] A quasigroup (Q; f) is medial if and only if there exists an abelian group
(Q;+) such that (3), where ay, ag, asg are pairwise commuting automorphisms of (Q;+) and

a € Q.
All parastrophes of a group isotope can be obtained by the following lemma.

Lemma 5. Let (Q; f) be an arbitrary ternary group isotope and let (3) be its canonical
decomposition. Then its divisions and principal parastrophes are

UDF (21, 29, 23) = a7 (21 — a — asT3 — o),

COF (21, 29, 73) = ay " (—on@y + 9 — @ — a373)

GOF (21, 29, 73) = a3 (—ry — 2 + 23 — @),

7f (21,22, T3) = A1T15-1 + Q2Top-1 + A3T3,-1 + @, o € Ss.

Lemma 6. Let (Q; f) be a medial ternary quasigroup (Q; f) with (3), 11, 7o, 73 € Sy. The
parastrophes "'f , 2f, f are

(1) orthogonal if and only if the determinant
aln a271 0537—1
A1y, Qo Q37 (4)

A1y Qaorg Q37
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is an automorphism of the group (Q;+), where ay := —u;
(2) strongly orthogonal if and only if the determinant (4) and all its minors are automorphi-
sms of the group (Q;+).

Proof. The first statement is taken from [5].

The parastrophes ™f, ™f 7f are strongly orthogonal if and only if ™ f, ™f, f ey, es,
ez are orthogonal, i.e., each triplet of this set is orthogonal. By item 1, orthogonality of these
parastrophes is equivalent to invertibility of (4), and clearly ey, es, e3 are always orthogonal.
Now, consider the cases when one of the operations is a selector, say the triplet ™f, 7if e
for all 4,7 € {1,2,3} and i # j. Then its orthogonality is equivalent to invertibility of the
determinant

0517-2. aQTi Oé?)T,L'
Qor,  A3r,
O(17']- a27j a3Tj =

L 0 0
Hence, orthogonality of if | 7if. e; is equivalent to invertibility of obtained minor. The proof

is similar for the selectors e; and ez. Thus, we get all minors of (4). The result of the lemma
follows. O

Qar; (37,

Canonical decompositions of group isotopes. Let (Q; f) be a ternary quasigroup with
Ps(f) = Dg. By Proposition 4 from [3], only different parastrophes of f are f, 10f 24,

Theorem 7. |3, Theorem 5| A ternary group isotope (Q; f) belongs to P(Ds) if and only if
there exists an abelian group (Q,+,0), its involutive automorphism o and an element a € Q)
such that a(a) = —a and

fx,y,2) =ar+ay — z+a. (5)
By Proposition 6 in [3], if Ps(f)=Ss, then different parastrophes are f, (4 CVf (B¢,

Theorem 8. |3, Theorem 6| A ternary group isotope (Q; f) belongs to P(Ss) if and only if
there exists an abelian group (Q,+,0), its bijection o and an element a € Q) such that

f(z,y,2) = ar + ay + az + a. (6)
Theorem 8 and Lemma 5 imply the following statement.

Corollary 9. All distinct parastrophes of a ternary group isotope (Q; f) with the parastrophy
symmetry group Ss are
f(z,y,2) = ar + ay + az +a, COf(2,y,2) = a (~ax +y — az —a),

(7)

(14)f($,y72> - 04_1(]; —ay — @z — CL), (34)f(l’,’y,2f) - Oé_l(—Oé,T —ay +z— CL).

By Proposition 8 in [3], if Ps(f) = As, then f has only different parastrophes f, (2)f,
g @O B¢ 24)¢ (139¢ (142)f By Theorem 7, a group isotope with the parastrophic
symmetry group As has decomposition (6).

3. Main results

Two transformations « and 3 of a group (Q; +) are supposed to be equivalent if « = -3,
where ~ is a bijection of (Q;+), i.e., equivalent transformations are invertible on (Q;+)
simultaneously. If the transformations are given in the determinant form, then to equivalent
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transformations there corresponds determinants up to common row or column multipliers or
to rearrangements of rows or columns.

Group isotopes whose parastrophic symmetry group is Dg. The necessary and suffi-
cient conditions for a dihedrally symmetric group isotope to be a top quasigroup were
announced in [10]. Here, we provide the complete proof of this criterion. Later, the correspondi-
ng criterion for a linear ternary quasigroup over a unitary, associative, commutative ring was
announced without proof in [11] and some of its corollaries were presented.

Theorem 7 and Corollary 4 imply immediately the following statement.

Proposition 10. A ternary group isotope with the parastrophic symmetry group Dg is a
medial quasigroup.

Theorem 11. A ternary group isotope (Q; f) with the group of parastrophic symmetry Dg
is a top quasigroup if and only if it has canonical decomposition (5), where (Q,4+,0) is an
abelian group, « is its involutive automorphism, an element a € QQ such that a(a) = —a, and
a + ¢ is an automorphism of (Q;+).

Proof. Let (Q; f) be a ternary group isotope and Ps(f) = Dg. By item 5 of Theorem 3, 7f
and 7f are different parastrophes if and only if o and 7 belong to different elements of the set

Sy/Ds = {Ds, (14)Ds, (24)Ds}.

We may choose ¢, (23), (13) as the representatives of S;/Ds. Hence, all parastrophes of (Q; f)
are principal. Consequently, the classes of parastrophic-orthogonal, self-orthogonal and totally
parastrophic-orthogonal ternary group isotopes with the group of parastrophic symmetry Dg
coincide.
By Theorem 7, this group isotope has decomposition (5), and by Lemma 5, its distinct
parastrophes are
flx,y,z) =axr+ay—z+a,

(23)f($,y72) =ar —y+oz+a,
f(z,y,2) =—z+ay+az+a.

By item 1 of Lemma 6, the parastrophes f, 3 f and (% f are orthogonal if and only if
the determinant

dps =| o —i « (8)
- a «

is an automorphism of the group (Q; +). Adding the first row to the second one multiplying
by —t, then adding the second and third columns, we get the following transformations for
dDg:

0 a+t —(a+v) 0 0 —(a+)
dps =| o  —t Q =l a a—1t a =
- o« o - 2« o

= —(a+1)(2* +a—1)=—(a+0)(2+a—1)=(—)(a+)(a+).
Since —¢ is invertible, by Lemma 1 the determinant dp, is invertible if and only if the
transformation «a + ¢ is an automorphism of the group (Q;+). O
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Example 12. Let Z;5 be a ring of integers modulo 15. By Theorem 11, (Z;5; f), where

f(x,y,Z)Zx—l—y—Z,

is a top quasigroup with Ps(f) = Dsg, since a4+ ¢ =1+ 1 = 2 is relatively prime to 15 and so
is invertible in the ring Z;s.

Corollary 13. A ternary group isotope with the group of parastrophic symmetry Dg is not
a strongly top quasigroup.

Proof. Suppose that (Q; f) satisfies the conditions of the corollary and is a strongly top
quasigroup. By item 2 of Lemma 6, all minors of dp, which is defined by (8) should be
invertible. However, dp, contain the minor

a —t

=a’—1=1—1=0, (9)

—l

which is a contradiction. Therefore, a strongly top group isotope with the group of parastrophic
symmetry Dg does not exist. 0

Corollary 14. There does not exist any strongly orthogonal parastrophes of a ternary group
1sotope with the group of parastrophic symmetry Dg.

Proof. Suppose that (Q; f) is a quasigroup with (5). Since each two rows of the determinant
dp, contains the minor (9), the pairs of parastrophes ("f, @), (f,19f) and (f, ®f) can
not be strongly orthogonal. O

Group isotopes whose parastrophic symmetry group is S3. Earlier, the necessary and
sufficient conditions for a group isotope with the parastrophic symmetry group S3 to be a
top quasigroup were announced in [12]. Here, we provide the complete proof of this criterion
and some of its corollaries.

Lemma 15. A triplet of parastrophes f, 7f, 'f, where T,v € {(14),(24),(34)}, of a ternary
medial quasigroup (Q; f) with the group of parastrophic symmetry Ss is orthogonal if and
only if it has canonical decomposition (6), a € Q, and «, a + v are automorphisms of the

group (Q; +).

Proof. Let the conditions of the lemma be true. According to Proposition 2 and item 1 of
Lemma 6, the parastrophes f, 7f, Vf are orthogonal if and only if the determinant (4) is an
automorphism of the group (Q;+), where one of its row is a, a, a and others are two of the
following sequences:
—L,Q,Q; Q, —L, Q; a, a, —L.

Note that the invertibility property for a determinant is invariant under permutations of its
rows and columns.

By permuting the rows, we can put the row «, a, « first. By permuting the columns, we
can get —¢, o, a as the second row. If the third row is «, a, —¢, we permute the second and
third columns to obtain the following determinant:

a o o« a+¢ 0 0
dy,=|—t a a|=| = a «a|=(a+)(@+a)=(a+)ala+L) (10)
a -l o« a -l o«
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By Lemma 1, the deteminant d}gg is invertible if and only if the transformations o and o+ ¢
are automorphisms of the group (Q;+). O]

Lemma 16. A triplet of parastrophes f, COf GOf of o ternary medial quasigroup (Q; f)
with the group of parastrophic symmetry Ss is orthogonal if and only if it has canonical
decomposition (6), a € Q, and o, a + 1, 2a — ¢ are automorphisms of the group (Q;+).

Proof. Let the conditions of the lemma be true. According to Proposition 2 and item 1 of
Lemma 6, the parastrophes 4f, @Of Bf are orthogonal if and only if the determinant (4)
is an automorphism of the group (Q;+) whose rows are the following sequences:

—i,Q,Q; Q, —L, Q; a, o, —L.
Under a permutation of the rows, we obtain the following determinant:
- a «
dg,=| o — a |. (11)
a a =L

Adding the first row to the second one multiplied by —¢, and then adding the first and second
columns, results in the following transformations for d253:

—(a+1t) a+t 0 —(a+4+¢) 0 0
dg, = a -t o« | = a a—L a | =
a =L o) 20—

=—(a+i)(—(a—1v)—2a°) = —(a+)((t—a*) —alt+a)) =
=(—)(a+)(a+ )t —2a) = ala+)(a+ 1) (2a — ).
By Lemma 1, the deteminant d%g is invertible if and only if the transformations o, a+¢
and 2a — ¢ are automorphisms of the group (Q;+). O

Theorem 17. A ternary medial quasigroup (Q; f) with the group of parastrophic symmetry
Ss is a top quasigroup if and only if it has canonical decomposition (6), a € Q, and o, o+,
2a — 1 are automorphisms of the group (Q; +).

Proof. Suppose that (Q; f) is a ternary medial quasigroup and Ps(f) = Ss;. By item 5 of
Theorem 3, the parastrophes °f and 7f are different if and only if 0 and 7 belong to different
elements of the set

54/53 - {53, (14)53, (24)53, (34)53}

In other words, all pairwise different parastrophes are f, (4f CHf B9f,

Consequently, if the parastrophic symmetry group of a ternary quasigroup is 53, then
all its principal parastrophes coincide. By Theorem 8, this group isotope has decomposition
(6), and by Corollary 9, its distinct parastrophes are (7).

Thus, the proof of the theorem follows from Lemma 15 and Lemma 16. O

Example 18. Let Zs; be a ring of integers modulo 21. By Theorem 17, (Zo1; f), where
f(z,y,2) = 10z 4+ 10y + 10z, (12)
is a top quasigroup with Ps(f) = S3, since
a+1=10+1=11, 20—1=2-10—-1=19.
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We may formulate some generalizations for a cyclic quasigroup (Z,,; f) with (12) as
follows:

Corollary 19. Let Z,, be a ring of integers modulo m, and the operation f be defined by
(12).
(1) (Z; f) is a top quasigroup with Ps(f) = S5 if and only if m is relatively prime to 2,
3,5, 7,11 and 19.
(2) If m = p is a prime number, then (Z,; f) is a top quasigroup with Ps(f) = Ss for
each prime p > 19.
(3) If p is the least prime divisor of m, then (Zy,; f) is a top quasigroup with Ps(f) = S
for each prime p > 19.

Corollary 20. A triplet of parastrophes °f, "f, *f of a medial quasigroup (Q; f) with the group
of parastrophic symmetry Ss is strongly orthogonal if and only if {o,T,v} = {(14), (24), (34)},
f has canonical decomposition (6), and o, o+, 2a — 1, a — ¢ are automorphisms of (Q;+).

Proof. By item 2 of Lemma 6, we should consider all non-trivial minors of the determinants
dg, and d3, defined by (10) and (11) respectively. The determinant (10) contains the minor

a o«
= 0.

a «

Therefore, the triplet °f, 7f, “f does not contain the operation f and so

{o,7,v} ={(14),(24), (34) }.
Consider the determinant (11) and its nine minors. All its minors are equivalent to two
of them under permutations of the rows and columns:

—L « ) a )
=1—a’'=—(a—1)(a+1), =—a—a°=—at+ a).

(0% —t a —L

These minors are invertible if and only if o + ¢ and o — ¢ are automorphisms of (Q;+).
Consequently, M¥f, CYf GYf are strongly orthogonal if and only if o, a+¢, 20— ¢ and o — ¢
are automorphisms of (Q;+).

O

Example 21. Consider the field Z;3 of integers modulo 13. By Corollary 20, (Zi3; f), where
f(z,y,2) := 8x + 8y + 8z,

is a quasigroup with Ps(f) = S3 which has strongly orthogonal parastrophes (4f, 249 GUf,
since

a+1=8+1=9, 20— 1=2-8—1=15, a—1=8—-1=T.
Corollary 22. Let (Q; f) be a medial quasigroup with (6) and possess the group of parastrophic
symmetry Sz. Then

(1) (Q; f) is not a strongly top quasigroup;
(2) A0f COf and GV are orthogonal if and only if (Q; f) is a top quasigroup;
(3) (Q; f) is parastrophic-orthogonal if and only if o + ¢ is an automorphism of (Q;+).

Proof. Corollary 20 implies immediately item 1. [tem 2 follows from Lemma 16 and Theorem 17.
Item 3 follows from Lemma 15 and Lemma 16. 0J
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A group isotope (Q;f) with the parastrophic symmetry group Ss3 has no principal
parastrophes except f, however each of its divisions has three principal parastrophes.

Proposition 23. Let (Q; f) be a medial quasigroup with (6) and Ps(f) = Ss. For each
i € {1,2,3}, its parastrophe (Q; “Vf) is

(1) self-orthogonal if and only if o+ ¢ and 2 — v are automorphisms of (Q;+);

(2) strongly self-orthogonal if and only if o + ¢, 2ac — ¢ and o — ¢ are automorphisms of

(@ +).

Proof. Consider a division of f, say (4f, as a principal operation. Then obviously, it has
the parastrophic symmetry group H := {t,(23),(24),(34),(234),(243)} < S, which is a
conjugate of S3 by the permutation (14). In this case, Su/H = {H,(12)H, (13)H, (14)H }.
The operation Mf has three principal parastrophes M4f, Yf GYf whose orthogonality and
strong orthogonality follow from Lemma 16 and Corollary 20 respectively. OJ

Note that a ternary quasigroup with the parastrophic symmetry group Aj exists, as
follows from the paper |2]| (see for example Theorem 3.3). However, there are no group
isotopes with eight distinct parastrophes.

Proposition 24. If the parastrophic symmetry group of a group isotope contains As, then it
containes S3.

Proof. Theorem 7 from [3] states that a group isotope (Q; f) with Ps(f) 2 A3 has canonical
decomposition (6). This implies the equalities

0 =f U=y

and hence (12), (13) € Ps(f). Since the permutations (12), (13) generate Ss, it follows that

Conclusions. The necessary and sufficient conditions for a ternary medial quasigroup
to be a top quasigroup are given in the cases when the quasigroup has the parastrophic
symmetry group Dg and S3 (Theorem 11 and Theorem 17). Consequently, this provide
methods of constructing ternary orthogonal quasigroups which have 3 and 4 distinct orthogo-
nal parastrophes. Besides, we have shown that a medial quasigroup with Ps(f) = S; may
have a triplet of strongly orthogonal parastrophes (Corollary 20). A method of constructing
a triplet of ternary strongly parastrophic-orthogonal quasigroups follows.

From the obtained results, we have the following theorem:.

Theorem 25. Let (Q; +) be an abelian group and ¢ be its automorphism. Then the operations
fl: f27 f3 deﬁned by

fl(J:?va):gpx-}_y—'—Z? fg(l‘,y,Z):ZL'—f—gDy—l—Z, fg(ﬁ,y,Z):ZE+y+gOZ

are strongly orthogonal quasigroup operations if and only if @, 0 — 21, ¢ — 1, © + ¢ are
automorphisms of (Q;+).

Proof. Let the conditions of the theorem hold. Then the quasigroup (Q; f) defined by
flz,y,2) = ax + ay + az

is medial. According to Corollary 9, all divisions of this quasigroup can be expressed in the

form
Wf(x,y,2) = I(—a 'z 4y +2), @f(2,y,2) = I(z —a "'y + 2),

f(2,y,2) = I(z +y —a~'2),
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where I(z) := —x. By Corollary 20, these operations are strongly orthogonal if and only if
a, 2a — 1, a + ¢, @ — ¢ are automorphisms of (Q;+). Let ¢ := Ia™!. Then «a := Ip~!, and
the given conditions mean that

L™, 20pT =19 (e —2), IoT +i=¢ " (p—1), To7'—1=Tp" (p+1)
are automorphisms of (Q;+). This proves the theorem. O

Corollary 26. Let Z,, be a ring of integers modulo m. Then the operations fi, fa, f3 defined
by
fl(x,y,z):kx+y+z, f2(I7y,Z):ZL’+]€y—|—Z7 fg((L’,y,Z):ZE—Fy—FI{?Z

are strongly orthogonal quasigroup operations if and only if k, k—2, k—1, k41 are relatively
prime to m.
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UDC 512.548.7

ITapacTpodHO-0pTOroHaJbHI TEepHAPHI MedilaJbHI KBa3irpymnu, gKi
MaTh 3 1 4 pi3HUX mapactpodu

Ipuna ®pus, €srexn llipyc

Anomauia. Y miii cTaTTi MH BHBYAEMO HapacTpodHO-OPTOrOHATLHI TepHApHI KBa3i-
rpylu, a came, i30TOIHU T'PYII, sKi MaloTb 3 1 4 pizHux napacrpodu. Busegeno neodximni i
JOCTATHI YMOBH KOJIM TepHAPHI MeiaJbHI KBa3irpynu, MO MaioTh 3 1 4 PI3HUX mapacTpo-
du, € ToranmpbHO MapacTpodHO-OpTOTOHAJBHIMA. ONUCAHO 38 IKUX YMOB TaKi KBa3irpymnu €
cTporo mapacTpodHO-OpTOroHAIbHUMA. TaKuM YMHOM, OTPUMAHO JesiKi MeToan o0y I0BU
OPTOTOHAJBHUX 1 CTPOrO-OPTOIOHAIBHUX KBA3ITPYII.

Kmowoei caosa: TepHapHa KBas3irpyma, 130TOIN T'pyIH, MejiaJbHa KBa3irpyna, mapa-
crpod, (CHIIBHO) OPTOrOHANBHI KBA3IrPYITH, TOTAJILHO ApacTpodHO-OPTOroHaIbHA (top) KBa-
3irpymna.
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