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Abstract. In the article, we study parastrophic-orthogonal ternary quasigroups: namely,
group isotopes which have 3 and 4 distinct parastrophes. The necessary and su�cient
conditions for ternary medial quasigroups with 3 and 4 distinct parastrophes to be totally
parastrophic-orthogonal are proved. The conditions under which these quasigroups are strong-
ly parastrophic-orthogonal are described. Thus, some methods of constructing orthogonal
and strongly orthogonal ternary quasigroups are obtained.
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1. Introduction

Ternary quasigroups possessing a certain number of pairwise distinct parastrophes and
their existence were studied in M. McLeish's papers [1] and [2]. Later F. Sokhatsky and
Ye. Pirus in [3] and [4] described a classi�cation and canonical decompositions of ternary
group isotopes possessing various numbers of distinct parastrophes. The study of ternary
quasigroups with orthogonal parastrophes is a natural completion of these results. The
conditions for a medial ternary quasigroup to be totally self-orthogonal (i.e. all distinct

e-ISSN 3041-1955 DOI: https://doi.org/10.31652/3041-1955-2026-03-01-07
2020 Mathematics Subject Classi�cation: 20N05, 05B15, 20N15.
© 2026 Fryz I., Pirus Ye., Creative Commons Attribution 4.0 International Licence.

78

https://intranet.vspu.edu.ua/miph
https://orcid.org/0000-0002-5609-0434
https://orcid.org/0000-0003-3442-201X
https://doi.org/10.31652/3041-1955-2026-03-01-07


Fryz I., Pirus Ye. Parastrophic-orthogonal ternary medial quasigroups

principal parastrophes are orthogonal) were proved in [5] for the case when all its princi-
pal parastrophes are pairwise di�erent. This approach was proposed by G. Belyavskaya and
T. Rotari (Popovich) in [6] who described the conditions for a central binary quasigroup to
be totally parastrophic-orthogonal.

Each parastrophe of an invertible operation can be regarded as a principal operation,
and the regularities that arise in the study of these quasigroups are expressed in terms of
parastrophic symmetry. Suppose that f is an n-ary invertible operation and σf denotes a σ-
parastrophe of f , σ ∈ Sn. The mapping (σ, f) 7→ σf is an action of the symmetric group Sn+1

on the set of all invertible n-ary operations de�ned on a carrier and is called a parastrophic
action [7]. The stabilizer group Ps(f) and the orbit Po(f) of an operation f

Ps(f) := {σ ∈ Sn+1 | σf = f} ⩽ Sn+1, Po(f) := {σf | σ ∈ Sn+1}

are called a parastrophic symmetry group and a parastrophic orbit of the operation f respecti-
vely. The series of statements follows from classical group theory, speci�cally

|Ps(f)| · |Po(f)| = (n+ 1)!, Ps(σf) = σPs(f)σ−1.

Therefore, parastrophic quasigroups belong to the same parastrophic orbit and their paras-
trophic symmetry groups are conjugated.

2. Statement of the problem and preliminaries

We restrict our attention to the symmetric group S4. It is known fact that S4 has 30
subgroups distributed into 11 conjugacy classes. Here, we consider groups of parastrophic
symmetry D8, S3 and A3, where

D8 := {ι, (12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423)},
S3 := {ι, (12), (13), (23), (123), (132)}, A3 := {ι, (123), (132)}.

In the article, we consider the conditions when a ternary medial quasigroup with the
parastrophic symmetry group D8, S3 and A3 possesses the property that it is parastrophic-
orthogonal or totally parastrophic-orthogonal, i.e., in the cases when the quasigroup has 3 and
4 pairwise distinct parastrophes. Before proceeding further, we need the following de�nitions
and statements.

Throughout the article, all operations are de�ned on a �xed set Q called a carrier set
or a carrier and m := |Q| < ∞. We will often use the following lemma.

Lemma 1. A product of elements in a �nite monoid is invertible if and only if each of these
elements is invertible.

A ternary operation f de�ned on Q is called invertible or a quasigroup operation and
the pair (Q; f) is called a quasigroup of order m, if each of the terms f(x, a, b), f(a, x, b),
f(a, b, x) de�nes a permutation of Q for all a, b ∈ Q.

Orthogonality. A triplet of ternary operations f1, f2, f3 is called orthogonal, if the system
of equations 

f1(x1, x2, x3) = a1,

f2(x1, x2, x3) = a2,

f3(x1, x2, x3) = a3
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has a unique solution for all a1, a2, a3 ∈ Q. A set of ternary operations Σ = {f1, f2, . . . , fs},
s ⩾ 3, is called orthogonal, if each triplet of distinct operations from Σ is orthogonal. Operati-
ons f1, f2, f3 are called strongly orthogonal if the set of operations {f1, f2, f3, e1, e2, e3} is
orthogonal, where ei de�ned by the equality

ei(x1, x2, x3) = xi

is called an i-th selector, i ∈ {1, 2, 3}.
The operation αf de�ned by

(αf)(x, y, z) := α (f(x, y, z)) ,

where α is a permutation of Q, is called a torsion of f .

Proposition 2. [5, Proposition 1] If a set of operations is orthogonal, then their torsions
are also orthogonal.

Parastrophes and parastrophic symmetry. For each permutation σ ∈ S4, a σ-parastrophe
σf of an invertible ternary operation f is de�ned by

σf(x1σ, x2σ, x3σ) = x4σ :⇐⇒ f(x1, x2, x3) = x4,

which is equivalent to

σf(x1, x2, x3) = x4 :⇐⇒ f(x1σ−1 , x2σ−1 , x3σ−1) = x4σ−1 . (1)

For all permutations σ, τ ∈ S4 and for each invertible operation f , it is true that

σ(τf) = στf, ιf = f. (2)

A σ-parastrophe is called:

• an i-th division if σ = (i4) for i = 1, 2, 3;
• a principal parastrophe if 4σ = 4.

The formula (1) implies that any principal σ-parastrophe can be de�ned by

σf(x1, x2, x3) = f(x1σ−1 , x2σ−1 , x3σ−1).

Each ternary invertible operation has 4! = 24 parastrophes including 3! = 6 principal
parastrophes.

Theorem 3. [3, 7] The relations (2) imply that the symmetric group S4 acts on the set ∆3

of all ternary invertible operations de�ned on a set Q. Therefore, the following statements
are true:

(1) parastrophy is an equivalence relation on ∆3; each block under the action is a set of all
pairwise parastrophic operations, where f is one of these operation (representative);

(2) Ps(f) is a subgroup of S4;
(3) parastrophic symmetry groups of parastrophic operations are isomorphic, i.e., they are

conjugated: namely, Ps(σf) = σPs(f)σ−1;

(4) the number of all di�erent parastrophes of f equals
24

|Ps(f)|
;

(5) parastrophes σf and τf are di�erent if and only if σ and τ belong to di�erent elements
of the set S4/Ps(f).
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P(H) denotes the class of all quasigroups whose parastrophic symmetry group includes
the subgroup H ⩽ S4. Note that P(H) is a variety [3].

By item 5 of Theorem 3, all distinct parastrophes of a quasigroup with the groups of
parastrophic symmetry D8, S3 or A3 are representatives from the elements of the sets

S4/D8 = {D8, (23)D8, (13)D8}, S4/S3 = {S3, (14)S3, (24)S3, (34)S3},
S4/A3 = {A3, (12)A3, (14)A3, (24)A3, (34)A3, (124)A3, (134)A3, (142)A3}.

A ternary quasigroup is called:

• parastrophic-orthogonal if it has a triplet of orthogonal parastrophes;
• self-orthogonal if it has a triplet of orthogonal principal parastrophes;
• totally parastrophic orthogonal (brie�y, a top quasigroup) if its all distinct parastrophes
are orthogonal.

Group isotopes. A ternary groupoid (Q; f) is called a group isotope, if there exists a group
(G; ·) and bijections α, β, γ from Q to G such that

f(x, y, z) = δ−1(αx · βy · γz) ∀x, y, z ∈ Q.

Each group isotope (Q; f) has a 0-canonical decomposition (+, α1, α2, α3, a) for every
element 0 ∈ Q, i.e.,

f(x1, x2, x3) = α1x1 + α2x2 + α3x3 + a, (3)

for some group (Q; +, 0), permutations α1, α2, α3 with α10 = α20 = α30 and a ∈ Q; (Q; +, 0)
is called 0-canonical decomposition group.

If a ternary quasigroup (Q; f) is linear over a group (Q; +), then it has decomposition
(3), where α1, α2, α3 are automorphisms of (Q; +) and a ∈ Q. If (Q; +) is abelian, then (Q; f)
is called a central or T-quasigroup.

Corollary 4. [8] A quasigroup (Q; f) is medial if and only if there exists an abelian group
(Q; +) such that (3), where α1, α2, α3 are pairwise commuting automorphisms of (Q; +) and
a ∈ Q.

All parastrophes of a group isotope can be obtained by the following lemma.

Lemma 5. Let (Q; f) be an arbitrary ternary group isotope and let (3) be its canonical
decomposition. Then its divisions and principal parastrophes are

(14)f(x1, x2, x3) = α−1
1 (x1 − a− α3x3 − α2x2) ,

(24)f(x1, x2, x3) = α−1
2 (−α1x1 + x2 − a− α3x3) ,

(34)f(x1, x2, x3) = α−1
3 (−α2x2 − α1x1 + x3 − a) ,

σf(x1, x2, x3) = α1x1σ−1 + α2x2σ−1 + α3x3σ−1 + a, σ ∈ S3.

Lemma 6. Let (Q; f) be a medial ternary quasigroup (Q; f) with (3), τ1, τ2, τ3 ∈ S4. The
parastrophes τ1f , τ2f , τ3f are

(1) orthogonal if and only if the determinant∣∣∣∣∣∣∣
α1τ1 α2τ1 α3τ1

α1τ2 α2τ2 α3τ2

α1τ3 α2τ3 α3τ3

∣∣∣∣∣∣∣ (4)
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is an automorphism of the group (Q; +), where α4 := −ι;
(2) strongly orthogonal if and only if the determinant (4) and all its minors are automorphi-

sms of the group (Q; +).

Proof. The �rst statement is taken from [5].
The parastrophes τ1f , τ2f , τ3f are strongly orthogonal if and only if τ1f , τ2f , τ3f , e1, e2,

e3 are orthogonal, i.e., each triplet of this set is orthogonal. By item 1, orthogonality of these
parastrophes is equivalent to invertibility of (4), and clearly e1, e2, e3 are always orthogonal.
Now, consider the cases when one of the operations is a selector, say the triplet τif , τjf , e1
for all i, j ∈ {1, 2, 3} and i ̸= j. Then its orthogonality is equivalent to invertibility of the
determinant ∣∣∣∣∣∣∣

α1τi α2τi α3τi

α1τj α2τj α3τj

ι 0 0

∣∣∣∣∣∣∣ =
∣∣∣∣∣ α2τi α3τi

α2τj α3τj

∣∣∣∣∣ .
Hence, orthogonality of τif , τjf , e1 is equivalent to invertibility of obtained minor. The proof
is similar for the selectors e2 and e3. Thus, we get all minors of (4). The result of the lemma
follows. □

Canonical decompositions of group isotopes. Let (Q; f) be a ternary quasigroup with
Ps(f) = D8. By Proposition 4 from [3], only di�erent parastrophes of f are f , (14)f , (24)f .

Theorem 7. [3, Theorem 5] A ternary group isotope (Q; f) belongs to P(D8) if and only if
there exists an abelian group (Q,+, 0), its involutive automorphism α and an element a ∈ Q
such that α(a) = −a and

f(x, y, z) = αx+ αy − z + a. (5)

By Proposition 6 in [3], if Ps(f)=S3, then di�erent parastrophes are f , (14)f , (24)f , (34)f .

Theorem 8. [3, Theorem 6] A ternary group isotope (Q; f) belongs to P(S3) if and only if
there exists an abelian group (Q,+, 0), its bijection α and an element a ∈ Q such that

f(x, y, z) = αx+ αy + αz + a. (6)

Theorem 8 and Lemma 5 imply the following statement.

Corollary 9. All distinct parastrophes of a ternary group isotope (Q; f) with the parastrophy
symmetry group S3 are

f(x, y, z) = αx+ αy + αz + a, (24)f(x, y, z) = α−1(−αx+ y − αz − a),

(14)f(x, y, z) = α−1(x− αy − αz − a), (34)f(x, y, z) = α−1(−αx− αy + z − a).
(7)

By Proposition 8 in [3], if Ps(f) = A3, then f has only di�erent parastrophes f , (12)f ,
(14)f , (24)f , (34)f , (124)f , (134)f , (142)f . By Theorem 7, a group isotope with the parastrophic
symmetry group A3 has decomposition (6).

3. Main results

Two transformations α and β of a group (Q; +) are supposed to be equivalent if α = γ·β,
where γ is a bijection of (Q; +), i.e., equivalent transformations are invertible on (Q; +)
simultaneously. If the transformations are given in the determinant form, then to equivalent
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transformations there corresponds determinants up to common row or column multipliers or
to rearrangements of rows or columns.

Group isotopes whose parastrophic symmetry group is D8. The necessary and su�-
cient conditions for a dihedrally symmetric group isotope to be a top quasigroup were
announced in [10]. Here, we provide the complete proof of this criterion. Later, the correspondi-
ng criterion for a linear ternary quasigroup over a unitary, associative, commutative ring was
announced without proof in [11] and some of its corollaries were presented.

Theorem 7 and Corollary 4 imply immediately the following statement.

Proposition 10. A ternary group isotope with the parastrophic symmetry group D8 is a
medial quasigroup.

Theorem 11. A ternary group isotope (Q; f) with the group of parastrophic symmetry D8

is a top quasigroup if and only if it has canonical decomposition (5), where (Q,+, 0) is an
abelian group, α is its involutive automorphism, an element a ∈ Q such that α(a) = −a, and
α + ι is an automorphism of (Q; +).

Proof. Let (Q; f) be a ternary group isotope and Ps(f) = D8. By item 5 of Theorem 3, σf
and τf are di�erent parastrophes if and only if σ and τ belong to di�erent elements of the set

S4/D8 = {D8, (14)D8, (24)D8}.
We may choose ι, (23), (13) as the representatives of S4/D8. Hence, all parastrophes of (Q; f)
are principal. Consequently, the classes of parastrophic-orthogonal, self-orthogonal and totally
parastrophic-orthogonal ternary group isotopes with the group of parastrophic symmetry D8

coincide.
By Theorem 7, this group isotope has decomposition (5), and by Lemma 5, its distinct

parastrophes are
f(x, y, z) = αx+ αy − z + a,

(23)f(x, y, z) = αx− y + αz + a,

(13)f(x, y, z) = −x+ αy + αz + a.

By item 1 of Lemma 6, the parastrophes f , (23)f and (13)f are orthogonal if and only if
the determinant

dD8 =

∣∣∣∣∣∣∣
α α −ι

α −ι α

−ι α α

∣∣∣∣∣∣∣ (8)

is an automorphism of the group (Q; +). Adding the �rst row to the second one multiplying
by −ι, then adding the second and third columns, we get the following transformations for
dD8 :

dD8 =

∣∣∣∣∣∣∣
0 α + ι −(α + ι)

α −ι α

−ι α α

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣

0 0 −(α + ι)

α α− ι α

−ι 2α α

∣∣∣∣∣∣∣ =
= −(α + ι)(2α2 + α− ι) = −(α + ι)(2ι+ α− ι) = (−ι)(α + ι)(α + ι).

Since −ι is invertible, by Lemma 1 the determinant dD8 is invertible if and only if the
transformation α + ι is an automorphism of the group (Q; +). □
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Example 12. Let Z15 be a ring of integers modulo 15. By Theorem 11, (Z15; f), where

f(x, y, z) = x+ y − z,

is a top quasigroup with Ps(f) = D8, since α+ ι = 1+ 1 = 2 is relatively prime to 15 and so
is invertible in the ring Z15.

Corollary 13. A ternary group isotope with the group of parastrophic symmetry D8 is not
a strongly top quasigroup.

Proof. Suppose that (Q; f) satis�es the conditions of the corollary and is a strongly top
quasigroup. By item 2 of Lemma 6, all minors of dD8 which is de�ned by (8) should be
invertible. However, dD8 contain the minor∣∣∣∣∣ α −ι

−ι α

∣∣∣∣∣ = α2 − ι = ι− ι = 0, (9)

which is a contradiction. Therefore, a strongly top group isotope with the group of parastrophic
symmetry D8 does not exist. □

Corollary 14. There does not exist any strongly orthogonal parastrophes of a ternary group
isotope with the group of parastrophic symmetry D8.

Proof. Suppose that (Q; f) is a quasigroup with (5). Since each two rows of the determinant
dD8 contains the minor (9), the pairs of parastrophes

(
(13)f, (23)f

)
,
(
f, (13)f

)
and

(
f, (23)f

)
can

not be strongly orthogonal. □

Group isotopes whose parastrophic symmetry group is S3. Earlier, the necessary and
su�cient conditions for a group isotope with the parastrophic symmetry group S3 to be a
top quasigroup were announced in [12]. Here, we provide the complete proof of this criterion
and some of its corollaries.

Lemma 15. A triplet of parastrophes f , τf , νf , where τ, ν ∈ {(14), (24), (34)}, of a ternary
medial quasigroup (Q; f) with the group of parastrophic symmetry S3 is orthogonal if and
only if it has canonical decomposition (6), a ∈ Q, and α, α + ι are automorphisms of the
group (Q; +).

Proof. Let the conditions of the lemma be true. According to Proposition 2 and item 1 of
Lemma 6, the parastrophes f , τf , νf are orthogonal if and only if the determinant (4) is an
automorphism of the group (Q; +), where one of its row is α, α, α and others are two of the
following sequences:

−ι, α, α; α,−ι, α; α, α,−ι.

Note that the invertibility property for a determinant is invariant under permutations of its
rows and columns.

By permuting the rows, we can put the row α, α, α �rst. By permuting the columns, we
can get −ι, α, α as the second row. If the third row is α, α,−ι, we permute the second and
third columns to obtain the following determinant:

d1S3
=

∣∣∣∣∣∣∣
α α α

−ι α α

α −ι α

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
α + ι 0 0

−ι α α

α −ι α

∣∣∣∣∣∣∣ = (α + ι)(α2 + α) = (α + ι)α(α + ι). (10)
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By Lemma 1, the deteminant d1S3
is invertible if and only if the transformations α and α+ ι

are automorphisms of the group (Q; +). □

Lemma 16. A triplet of parastrophes (14)f , (24)f , (34)f of a ternary medial quasigroup (Q; f)
with the group of parastrophic symmetry S3 is orthogonal if and only if it has canonical
decomposition (6), a ∈ Q, and α, α + ι, 2α− ι are automorphisms of the group (Q; +).

Proof. Let the conditions of the lemma be true. According to Proposition 2 and item 1 of
Lemma 6, the parastrophes (14)f , (24)f , (34)f are orthogonal if and only if the determinant (4)
is an automorphism of the group (Q; +) whose rows are the following sequences:

−ι, α, α; α,−ι, α; α, α,−ι.

Under a permutation of the rows, we obtain the following determinant:

d2S3
=

∣∣∣∣∣∣∣
−ι α α

α −ι α

α α −ι

∣∣∣∣∣∣∣ . (11)

Adding the �rst row to the second one multiplied by −ι, and then adding the �rst and second
columns, results in the following transformations for d2S3

:

d2S3
=

∣∣∣∣∣∣∣
−(α + ι) α + ι 0

α −ι α

α α −ι

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
−(α + ι) 0 0

α α− ι α

α 2α −ι

∣∣∣∣∣∣∣ =
= −(α + ι)

(
− (α− ι)− 2α2

)
= −(α + ι)

(
(ι− α2)− α(ι+ α)

)
=

= (−ι)(α + ι)(α + ι)(ι− 2α) = α(α + ι)(α + ι)(2α− ι).

By Lemma 1, the deteminant d2S3
is invertible if and only if the transformations α, α+ ι

and 2α− ι are automorphisms of the group (Q; +). □

Theorem 17. A ternary medial quasigroup (Q; f) with the group of parastrophic symmetry
S3 is a top quasigroup if and only if it has canonical decomposition (6), a ∈ Q, and α, α+ ι,
2α− ι are automorphisms of the group (Q; +).

Proof. Suppose that (Q; f) is a ternary medial quasigroup and Ps(f) = S3. By item 5 of
Theorem 3, the parastrophes σf and τf are di�erent if and only if σ and τ belong to di�erent
elements of the set

S4/S3 = {S3, (14)S3, (24)S3, (34)S3}.
In other words, all pairwise di�erent parastrophes are f , (14)f , (24)f , (34)f .

Consequently, if the parastrophic symmetry group of a ternary quasigroup is S3, then
all its principal parastrophes coincide. By Theorem 8, this group isotope has decomposition
(6), and by Corollary 9, its distinct parastrophes are (7).

Thus, the proof of the theorem follows from Lemma 15 and Lemma 16. □

Example 18. Let Z21 be a ring of integers modulo 21. By Theorem 17, (Z21; f), where

f(x, y, z) = 10x+ 10y + 10z, (12)

is a top quasigroup with Ps(f) = S3, since

α + ι = 10 + 1 = 11, 2α− ι = 2 · 10− 1 = 19.
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We may formulate some generalizations for a cyclic quasigroup (Zm; f) with (12) as
follows:

Corollary 19. Let Zm be a ring of integers modulo m, and the operation f be de�ned by
(12).

(1) (Zm; f) is a top quasigroup with Ps(f) = S3 if and only if m is relatively prime to 2,
3, 5, 7, 11 and 19.

(2) If m = p is a prime number, then (Zp; f) is a top quasigroup with Ps(f) = S3 for
each prime p > 19.

(3) If p is the least prime divisor of m, then (Zm; f) is a top quasigroup with Ps(f) = S3

for each prime p > 19.

Corollary 20. A triplet of parastrophes σf , τf , νf of a medial quasigroup (Q; f) with the group
of parastrophic symmetry S3 is strongly orthogonal if and only if {σ, τ, ν} = {(14), (24), (34)},
f has canonical decomposition (6), and α, α+ ι, 2α− ι, α− ι are automorphisms of (Q; +).

Proof. By item 2 of Lemma 6, we should consider all non-trivial minors of the determinants
d1S3

and d2S3
de�ned by (10) and (11) respectively. The determinant (10) contains the minor∣∣∣∣∣ α α

α α

∣∣∣∣∣ = 0.

Therefore, the triplet σf , τf , νf does not contain the operation f and so

{σ, τ, ν} = {(14), (24), (34)}.
Consider the determinant (11) and its nine minors. All its minors are equivalent to two

of them under permutations of the rows and columns:∣∣∣∣∣ −ι α

α −ι

∣∣∣∣∣ = ι− α2 = −(α− ι)(α + ι),

∣∣∣∣∣ α α

α −ι

∣∣∣∣∣ = −α− α2 = −α(ι+ α).

These minors are invertible if and only if α + ι and α − ι are automorphisms of (Q; +).
Consequently, (14)f , (24)f , (34)f are strongly orthogonal if and only if α, α+ ι, 2α− ι and α− ι
are automorphisms of (Q; +).

□

Example 21. Consider the �eld Z13 of integers modulo 13. By Corollary 20, (Z13; f), where

f(x, y, z) := 8x+ 8y + 8z,

is a quasigroup with Ps(f) = S3 which has strongly orthogonal parastrophes (14)f , (24)f , (34)f ,
since

α + ι = 8 + 1 = 9, 2α− ι = 2 · 8− 1 = 15, α− ι = 8− 1 = 7.

Corollary 22. Let (Q; f) be a medial quasigroup with (6) and possess the group of parastrophic
symmetry S3. Then

(1) (Q; f) is not a strongly top quasigroup;
(2) (14)f , (24)f and (34)f are orthogonal if and only if (Q; f) is a top quasigroup;
(3) (Q; f) is parastrophic-orthogonal if and only if α + ι is an automorphism of (Q; +).

Proof. Corollary 20 implies immediately item 1. Item 2 follows from Lemma 16 and Theorem 17.
Item 3 follows from Lemma 15 and Lemma 16. □
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A group isotope (Q; f) with the parastrophic symmetry group S3 has no principal
parastrophes except f , however each of its divisions has three principal parastrophes.

Proposition 23. Let (Q; f) be a medial quasigroup with (6) and Ps(f) = S3. For each
i ∈ {1, 2, 3}, its parastrophe (Q; (i4)f) is

(1) self-orthogonal if and only if α + ι and 2α− ι are automorphisms of (Q; +);
(2) strongly self-orthogonal if and only if α + ι, 2α − ι and α − ι are automorphisms of

(Q; +).

Proof. Consider a division of f , say (14)f , as a principal operation. Then obviously, it has
the parastrophic symmetry group H := {ι, (23), (24), (34), (234), (243)} ⩽ S4 which is a
conjugate of S3 by the permutation (14). In this case, S4/H = {H, (12)H, (13)H, (14)H}.
The operation (14)f has three principal parastrophes (14)f , (24)f , (34)f whose orthogonality and
strong orthogonality follow from Lemma 16 and Corollary 20 respectively. □

Note that a ternary quasigroup with the parastrophic symmetry group A3 exists, as
follows from the paper [2] (see for example Theorem 3.3). However, there are no group
isotopes with eight distinct parastrophes.

Proposition 24. If the parastrophic symmetry group of a group isotope contains A3, then it
containes S3.

Proof. Theorem 7 from [3] states that a group isotope (Q; f) with Ps(f) ⊇ A3 has canonical
decomposition (6). This implies the equalities

(12)f = f, (13)f = f

and hence (12), (13) ∈ Ps(f). Since the permutations (12), (13) generate S3, it follows that
S3 ⊆ Ps(f). □

Conclusions. The necessary and su�cient conditions for a ternary medial quasigroup
to be a top quasigroup are given in the cases when the quasigroup has the parastrophic
symmetry group D8 and S3 (Theorem 11 and Theorem 17). Consequently, this provide
methods of constructing ternary orthogonal quasigroups which have 3 and 4 distinct orthogo-
nal parastrophes. Besides, we have shown that a medial quasigroup with Ps(f) = S3 may
have a triplet of strongly orthogonal parastrophes (Corollary 20). A method of constructing
a triplet of ternary strongly parastrophic-orthogonal quasigroups follows.

From the obtained results, we have the following theorem.

Theorem 25. Let (Q; +) be an abelian group and φ be its automorphism. Then the operations
f1, f2, f3 de�ned by

f1(x, y, z) = φx+ y + z, f2(x, y, z) = x+ φy + z, f3(x, y, z) = x+ y + φz

are strongly orthogonal quasigroup operations if and only if φ, φ − 2ι, φ − ι, φ + ι are
automorphisms of (Q; +).

Proof. Let the conditions of the theorem hold. Then the quasigroup (Q; f) de�ned by

f(x, y, z) = αx+ αy + αz

is medial. According to Corollary 9, all divisions of this quasigroup can be expressed in the
form

(14)f(x, y, z) = I(−α−1x+ y + z), (24)f(x, y, z) = I(x− α−1y + z),

(34)f(x, y, z) = I(x+ y − α−1z),
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where I(x) := −x. By Corollary 20, these operations are strongly orthogonal if and only if
α, 2α − ι, α + ι, α − ι are automorphisms of (Q; +). Let φ := Iα−1. Then α := Iφ−1, and
the given conditions mean that

Iφ−1, 2Iφ−1 − ι = Iφ−1(φ− 2ι), Iφ−1 + ι = φ−1(φ− ι), Iφ−1 − ι = Iφ−1(φ+ ι)

are automorphisms of (Q; +). This proves the theorem. □

Corollary 26. Let Zm be a ring of integers modulo m. Then the operations f1, f2, f3 de�ned
by

f1(x, y, z) = kx+ y + z, f2(x, y, z) = x+ ky + z, f3(x, y, z) = x+ y + kz

are strongly orthogonal quasigroup operations if and only if k, k−2, k−1, k+1 are relatively
prime to m.
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UDC 512.548.7

Ïàðàñòðîôíî-îðòîãîíàëüíi òåðíàðíi ìåäiàëüíi êâàçiãðóïè, ÿêi
ìàþòü 3 i 4 ðiçíèõ ïàðàñòðîôè

Iðèíà Ôðèç, �âãåí Ïiðóñ

Àíîòàöiÿ. Ó öié ñòàòòi ìè âèâ÷à¹ìî ïàðàñòðîôíî-îðòîãîíàëüíi òåðíàðíi êâàçi-
ãðóïè, à ñàìå, içîòîïè ãðóï, ÿêi ìàþòü 3 i 4 ðiçíèõ ïàðàñòðîôè. Âèâåäåíî íåîáõiäíi i
äîñòàòíi óìîâè êîëè òåðíàðíi ìåäiàëüíi êâàçiãðóïè, ùî ìàþòü 3 i 4 ðiçíèõ ïàðàñòðî-
ôè, ¹ òîòàëüíî ïàðàñòðîôíî-îðòîãîíàëüíèìè. Îïèñàíî çà ÿêèõ óìîâ òàêi êâàçiãðóïè ¹
ñòðîãî ïàðàñòðîôíî-îðòîãîíàëüíèìè. Òàêèì ÷èíîì, îòðèìàíî äåÿêi ìåòîäè ïîáóäîâè
îðòîãîíàëüíèõ i ñòðîãî-îðòîãîíàëüíèõ êâàçiãðóï.

Êëþ÷îâi ñëîâà: òåðíàðíà êâàçiãðóïà, içîòîï ãðóïè, ìåäiàëüíà êâàçiãðóïà, ïàðà-
ñòðîô, (ñèëüíî) îðòîãîíàëüíi êâàçiãðóïè, òîòàëüíî ïàðàñòðîôíî-îðòîãîíàëüíà (top) êâà-
çiãðóïà.
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