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Abstract. In this article, we continue the analytical research loops of small orders. Namely,
we investigate loops of order 5. Recall that an element of a loop is called unipotent if its
square is the neutral element. A loop is called unipotent if all its elements are unipotent. It
is well known that there are six loops of order 5 up to isomorphy relation. One of these loops
is a semisymmetric anticommutative loop (SAC loop). The following property is true: �If a
unipotent loop is isotopic to an SAC loop, then the components of the isotopism coincide, so

the loops are isomorphic.� Since any SAC loop is unipotent, any isotopism (autotopism) is
an isomorphism (respectively, an automorphism) in the class of SAC loops. This property
allowed us to describe the isomorphy relation on the isotopes of the SAC loop. As a corollary,
we obtain a complete classi�cation of loops of order 5 and their automorphism groups. In
addition, we managed to solve the recognition problem for all six loops of order 5. For
example, a loop of order 5 is isomorphic to: 1) the group if and only if the squares of all
elements are pairwise distinct; 2) SAC loop if and only if it has at least three unipotents.

Keywords: quasigroup, loop, isotope, SAC loop, loops of small orders, loop of order 5.

1. Introduction

Despite the growing use of Latin squares, in particular in such relatively new areas
as information coding and encryption, their research is mainly carried out by computer
methods and mainly combinatorial properties are studied. And the results of such research
are quantitative characteristics and some construction methods [1, 2]. Systematic analytical
research of small-order quasigroups is almost missing. So, for example, it is known that the
set of loops of order 5 are divided into 6 isomorphy classes and 5 of them are isotopic to each
other, but it is not known to which algebraic classes of loops they belong.
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This article is devoted to the systematic study of loops of order 5. In the class of SAC
loops, a property holds that is very similar to the corresponding property in the variety of
groups: �If a unipotent loop is isotopic to an SAC loop, then the components of the isotopy
coincide, so the loops are isomorphic.� Recall that an element of a loop is called a unipotent if
its square is the neutral element. A loop is called unipotent if all its elements are unipotent.
Since any SAC loop is unipotent, in the class of SAC loops any isotopism (autotopism)
is an isomorphism (respectively, an automorphism) (Theorem 8). This property allowed us
to describe the isomorphism relation on the isotopes of any SAC loop (Lemma 10). If the
group of automorphisms of an SAC loop is transitive on the set of pairs of distinct nonzero
elements, then the isotopes of the SAC loop are divided into 5 subsets by the isomorphy
relation (Theorem 11). Since all nonassociative loops of order 5 are isotopic to an SAC loop,
we obtain a complete classi�cation of loops of order 5 and a description of their automorphism
groups (Theorem 14). In addition, we managed to solve the recognition problem for all six
loops of order 5. For example, a 5-order loop is isomorphic to the group Z5 if and only if the
squares of all elements are pairwise distinct. These results were reported in [6].

2. Preliminaries

Let (·) be a binary operation de�ned on a set Q. The pair (Q; ·) is called a quasigroup
if for all a and b in Q each of the equations

x · a = b, a · y = b

has a unique solution. In this case, the set Q is called a carrier set or a carrier, and the
operation (·) is called an invertible or a quasigroup operation.

A quasigroup is called a loop if it has a neutral element, that is, an element e such that
e · x = x · e = x for all x ∈ Q. The loop is also called an e-loop and is denoted by (Q; ·, e).
An element a of an e-loop is called: unipotent if a2 = a · a = e; right inverse to b if b · a = e.
An element a of a quasigroup is called idempotent if a2 = a · a = a. It is clear that only the
neutral element is idempotent in a loop.

Isotopy relation. SQ denotes the symmetry group of the set Q, that is, the group of all
bijections of the set Q. Two operations f and g de�ned on Q are called isotopic if there exist
bijections α1, α2, α3 ∈ SQ such that

g(x, y) = α3f(α
−1
1 (x), α−1

2 (y))

for all x, y in Q, the triplet ᾱ := (α1, α2, α3) is called an isotopism, and α3 is its principal
component. These operations are called isomorphic if α1 = α2 = α3. The operation g is called
the isotope of the operation f and is denoted by ᾱf . Every operation that is isotopic to an
invertible operation is also invertible. The equalities

ᾱ
(
β̄f
)
= ᾱβ̄f, ῑf = f, ῑ := (ι, ι, ι)

imply that the group S3
Q := SQ × SQ × SQ and the group SQ act on the set of all binary

operations and on the subset ∆ of all invertible binary operations de�ned on Q. Therefore,
the sets of all autotopisms Autt(f) and the sets of all automorphisms Aut(f) of an operation
f are its stabilizers under these actions and therefore they are subgroups of the groups S3

Q

and SQ, respectively. The cardinal m := |Q| is called order of f where Q is its carrier. If the
order is �nite, then the carrier is denoted by Zm := {0, 1, . . . ,m − 1} and Zm := (Zm; +, 0)
denotes the group of integers modulo m.
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Lemma 1. 1. Every loop (Q; ∗, e) of order m is isomorphic to some loop (Zm; ⋆, 0):

x ⋆ y := φ(φ−1(x) ∗ φ−1(y)),

where φ : Q → Zm is an arbitrary bijection with the property φ(e) = 0.
2. Every quasigroup (Q; ⋆) is isotopic to some loop (Q; •, a ⋆ b), where

x • y := ρ−1
b (x) ⋆ λ−1

a (y),

where λ0(x) := 0 ⋆ x, ρb(x) := x ⋆ b.

Proof. It is easy to verify. □

Therefore, considering loops of orderm up to isomorphism, it su�ces to consider 0-loops
on the set Zm.

Let us highlight a well-known trivial statement which is well known as a corollary of
Albert's theorem.

Lemma 2. Every loop isotopic to a group is isomorphic to it. Every isotopism (α, β, γ) of a
loop (A; ∗, 0) on a commutative group (B; +, e) has the form

(α, β, γ) = (Raθ, Rbθ, Ra+bθ)

for some elements a, b of the group (B; +, e) and an isomorphism θ of the loop on the group,
where Ra(x) := x+ a.

Proof. Let (α, β, γ) be an isotopism of a loop (A; ∗, e) onto a commutative group (B; +, 0),
i.e.

α(x) + β(y) = γ(x ∗ y). (1)

Denote a := α(e), b := β(e), c := γ(e), then a+ b = c. Let's de�ne

θ1(x) := −c+ α(x) + b, θ2(y) := −b+ β(y), θ(x) := −c+ γ(x).

Substituting the relations in (1) we obtain θ1(x) + θ2(y) = θ(x ∗ y). Therefore, θ1 = θ2 = θ,
because θ1(e) = θ2(e) = θ(e) = 0 and so θ is an isomorphism. □

Theorem 3 ([2]). There exist exactly two loops of order 5 up to isotopy.

Theorem 4. Every loop of order m = 2, 3, 4 is isomorphic to one of the following group Z2,
Z3, Z2 × Z2, Z4. A loop of order 4 is isomorphic to Z2 × Z2 if and only if it is unipotent.

Quasigroups of order 4 are described in [5, 7].

Theorem 5 ([4]). If Q is a quasigroup of order m and P is its proper subquasigroup of order
k, then 2k ⩽ m.

3. SAC loops

In this section, we introduce the concept of SAC loops and study some of their properties
that allow us to analytically describe all loops of order 5.

De�nition 6. A loop (Q; ◦, 0) is called:
• semisymmetric if it satis�es the identity x ◦ (y ◦ x) = y or the equivalent identity
(x ◦ y) ◦ x = y;

• anticommutative if for all distinct nonzero elements x◦y ̸= y◦x holds. In other words,
if it satis�es the condition

x ◦ y = y ◦ x ⇔ (x = 0 ∨ y = 0 ∨ x = y);
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• SAC loop if it is semisymmetric and anticommutative. We will denote the SAC loop
of order m by Lm or L.

Let L := (Q; ◦, 0) be an SAC loop and a, b ∈ Q, then the quasigroup de�ned by

x △
ab
y := (b ◦ x) ◦ (y ◦ a) (2)

is called (a, b)-loop and denoted it by (Q; △
(a,b)

, a ◦ b). If there is no misunderstanding, we will

simplify the notation and write ab-loop and (Q;△
ab
, a ◦ b), respectively. The neutral element

in this loop is a ◦ b. Indeed,
(a ◦ b) △

ab
y = (b ◦ (a ◦ b)) ◦ (y ◦ a) = a ◦ (y ◦ a) = y,

x △
ab
(a ◦ b) = (b ◦ x) ◦ ((a ◦ b) ◦ a) = (b ◦ x) ◦ b = x.

The de�ning identities

x ◦ (y ◦ x) = y and (x ◦ y) ◦ x = y

of semisymmetric loops can be written as LxRx = ι and RxLx = ι, i.e.

L−1
x = Rx and R−1

x = Lx.

Hence, each translation of a semisymmetric loop has only two directions [8, 9].
Every semisymmetric loop is unipotent. Indeed, if y = 0, then x ◦ x = 0. In other

terminology [3], it is a three-sided loop, i.e. its neutral element is left, right and middle
neutral. Therefore, all parastrophes of a unipotent loop are loops with the same neutral
element.

3.1. Isotopes of SAC loops. It is well known that any loop that is isotopic to a group
is also a group that is isomorphic to that group. Here, in Theorem 8, we prove a similar
property for SA-loops.

Lemma 7. Let (α, β, θ) be an isotopism of some e-loop onto the SAC loop (Q; ◦, 0). Then
α = Lbθ, β = Raθ, where a := α(e) and b := β(e).

Proof. Let (α, β, θ) be an isotopism of the loop (A; ∗, e) onto the SAC loop (Q; ◦, 0), i.e.
α(x) ◦ β(y) = θ(x ∗ y) (3)

for all x, y in A. The equality a ◦ b = θ(e) follows from (3) for x = y = e. Substituting y = e
and x = e in turn, we obtain

α = R−1
b θ = Lbθ, β = L−1

a θ = Raθ. (4)

□

Theorem 8. Any isotopism of a unipotent loop onto an SAC loop is an isomorphism.

Proof. Let (α, β, θ) be an isotopism of some unipotent loop (A; ∗, e) onto an SAC loop L :=
(Q; ◦, 0), i.e. the equality (3) holds. By Lemma 7 we obtain

Lbθ(x) ◦Raθ(y) = θ(x ∗ y).
Replace x with θ−1(x) and y with θ−1(y):

(b ◦ x) ◦ (y ◦ a) = θ(θ−1(x) ∗ θ−1(y)). (5)
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Since the loop (A; ∗, e) is unipotent, i.e. u ∗ u = e for all u,

θ(θ−1(x) ∗ θ−1(x)) = θ(e) = θ(e ∗ e) (3)
= α(e) ◦ β(e) = a ◦ b.

Therefore, the equality (5) for x = y can be written as

(b ◦ x) ◦ (x ◦ a) = a ◦ b. (6)

If x = 0, then b ◦ a = a ◦ b. As the loop (Q; ◦, 0) is anticommutative, then
a = 0 ∨ b = 0 ∨ a = b.

For each of these cases, (6) can be written as

(b ◦ x) ◦ x = b ∨ x ◦ (x ◦ a) = a ∨ (a ◦ x) ◦ (x ◦ a) = 0,

respectively. Using the operation (◦), we apply: 1) the element x on the left to the �rst
equality; 2) the element x from the right of the second equality; and 3) the element a ◦ x
from the right of the third equality:

x ◦ ((b ◦ x) ◦ x) = x ◦ b ∨ (x ◦ (x ◦ a)) ◦ x = a ◦ x ∨ ((a ◦ x) ◦ (x ◦ a)) ◦ (a ◦ x) = a ◦ x.
Since the loop L is semisymmetric,

b ◦ x = x ◦ b ∨ x ◦ a = a ◦ x ∨ x ◦ a = a ◦ x.
The value of the variable x can be chosen in such a way that x ̸∈ {0, a, b}. Therefore, from
the �rst equality it follows that b = 0, and from the second and third a = 0. Therefore, each
of these three cases leads to the equalities a = b = 0 and therefore the equalities α = Lbθ,
β = Raθ lead to α = β = θ, i.e. the isotopism (α, β, θ) is an isomorphism. □

Corollary 9. Any autotopism of an SAC loop is its automorphism.

Proof. Each SAC loop is unipotent therefore by Theorem 8, any autotopism of an SAC loop
is its automorphism. □

3.2. Isomorphy relation on SAC loops. In this subsection we will give a complete analyti-
cal description of the isomorphy relation on loops order 5 using only the fact that they are
divided into two isotopy classes. First, we prove the following lemma.

Lemma 10. Let L := (Q; ◦, 0) be an SAC loop. Then

(1) every loop isotopic to a loop L is isomorphic to some ab-loop;
(2) the triplet (α, β, θ) is an autotopism of the ab-loop if and only if θ is an automorphism

of the loop L and α = RbθLb, β = LaθRa;
(3) the bijection θ of the set Q is an isomorphism of the operations △

ab
and △

a′b′
if and only

if a′ = θ(a) and b′ = θ(b);
(4) the bijection θ of the set Q is an automorphism of the operation △

ab
if and only if

θ(a) = a and θ(b) = b.

Proof. 1. Let a loop (A; ∗, e) be isotopic to the SAC loop L. It means that there exist bijections
α, β, θ of the set A onto the set Q such that the equality (3) holds. Using Lemma 7, we
obtain (5), and taking into account notations (2), we have

x △
ab
y = θ(θ−1(x) ∗ θ−1(y)), i.e. θ(x) △

ab
θ(y) = θ(x ∗ y)

for all x, y in Q. Therefore, θ is an isomorphism of the loops (A; ∗, e) and (Q;△
ab
, a ◦ b).
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Let the triplet of bijections α, β, θ of the set Q be an isotopism of the operations △
ab

and △
a′b′

, i.e.

θ
(
x △

ab
y
)
= α(x) △

a′b′
β(y)

for all x, y ∈ Q. Using the equality (2), we have

θ (Lb(x) ◦Ra(y)) = Lb′α(x) ◦Ra′β(y).

Replacing x with L−1
b (x) and y with R−1

a (y), we obtain

θ (x ◦ y) = Lb′αL
−1
b (x) ◦Ra′βR

−1
a (y).

Hence, (Lb′αL
−1
b , Ra′βR

−1
a , θ) is an autotopism of the SAC loop L. By Theorem 8

Lb′αL
−1
b = Ra′βR

−1
a = θ. (7)

Therefore, θ is an automorphism of the SAC loop L.
2. If the triplet (α, β, θ) is an autotopism of the operation △

ab
, then for a′ = a and b′ = b

we obtain

α = L−1
b θLb = RbθLb, β = R−1

a θRa = LaθRa.

3. If the triplet (α, β, θ) is an isomorphism of the operations △
a′b′

and △
ab
, then α = β = θ

and (7) implies

θ = Lb′θL
−1
b = Lb′L

−1
θ(b)θ, θ = Ra′θR

−1
a = Ra′R

−1
θ(a)θ.

Therefore, Lb′ = Lθ(b), Ra′ = Rθ(a), which is equivalent to b′ = θ(b), a′ = θ(a).
4. It follows from 3. when a′ = a and b′ = b. □

Theorem 11. If the automorphism group of an SAC loop (Q; ◦, 0) is transitive on the set of
pairs of distinct nonzero elements, then every loop that is isotopic to (Q; ◦, 0) is isomorphic
to exactly one of the following loops:

(Q; ◦, 0), (Q;△
01
, 1), (Q;△

10
, 1), (Q;△

11
, 0), (Q;△

23
, 2 ◦ 3).

Proof. If the automorphism group Aut(◦) of the SAC loop (Q; ◦, 0) is transitive on the set
of pairs of distinct nonzero elements, then the action of the group Aut(◦) on the set Q2 has
�ve orbits:

{(0, 0)}, {(0, y) | y ̸= 0}, {(x, 0) | x ̸= 0},

{(x, x) | x ̸= 0}, {(x, y) | 0 ̸= x ̸= y ̸= 0}.

A set of representatives of these orbits are the pairs (0, 0), (0, 1), (1, 0), (1, 1), (2, 3). It remains
to use item 3 of Lemma 10. □

4. Loops of order �ve

Each semisymmetric loop is unipotent since x ◦ x = x ◦ (0 ◦ x) = 0. Formally speaking,
the smallest order of an SAC loop is 2. We call this case degenerate.
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4.1. Elementary properties. In this subsection, we prove some elementary properties of
loops of order 5.

Lemma 12. The smallest order of a nondegenerate SAC loop is 5. The loop L5 := (Z5; ◦, 0),
where

◦ 0 1 2 3 4

0 0 1 2 3 4
1 1 0 3 4 2
2 2 4 0 1 3
3 3 2 4 0 1
4 4 3 1 2 0

(8)

is an SAC loop.

Proof. Theorem 4 implies that the loops of the order 2 and 3 are commutative and therefore
they are not SAC loops. It is easy to verify that the loop L5 is anticommutative and satis�es
the identity x ◦ (y ◦ x) = y. □

Let L5 := (Z5; ◦, 0) denote the SAC loop given in (8), La(x) := a◦x, Ra(x) := x◦a and
S ′
4 (A

′
4) denotes a symmetric (alternating) group of degree 4, i.e. the group of all (respectively,

even) bijections of the set {1, 2, 3, 4}. Before giving a �nal theorem in which we describe the
basic concepts in each loop of order 5, we prove the following statement.

Lemma 13. If a, b are distinct nonzero elements of the loop L5, then

(1) Z5 = {0, a, b, a ◦ b, b ◦ a};
(2) a ◦ (a ◦ b) = b ◦ a;
(3) (a ◦ b) ◦ (b ◦ a) = a.

Proof. By the condition, the elements 0, a, b are distinct; by the de�nition of the SAC loop,
a ◦ b ̸= b ◦ a. Suppose b ◦ a = 0 or a ◦ b = 0, but a ◦ a = 0, therefore b = 0. A contradiction.
So, b ◦ a ̸= 0 and a ◦ b ̸= 0. Finally, b ̸= a ◦ b ̸= a since a ◦ 0 = a and 0 ◦ b = b.

The element a ◦ (a ◦ b) is not equal to any of the elements 0, a, b, a ◦ b, therefore
a ◦ (a ◦ b) = b ◦ a by item 1. To obtain item 3, we multiply the equality a ◦ (a ◦ b) = b ◦ a by
a ◦ b on the left and use the semisymmetry identity. □

Theorem 14. Let L5 := (Z5; ◦, 0) be the SAC loop ginen in (8). The following statements
are true:

(1) every autotopism of L5 is its automorphism, namely,

AutL5 = {θab | a ̸= b, a, b = 1, 2, 3, 4} = A′
4, (9)

where θab :=

(
0 1 2 3 4
0 a b a ◦ b b ◦ a

)
; (10)

(2) every loop of order 5 is isomorphic to exactly one of the following loops:

L5, (Z5;△
01
, 1), (Z5;△

10
, 1), (Z5;△

11
, 0), (Z5;△

23
, 1), Z5. (11)

(3) the autotopism group of the loop (Q;△
ab
), where ab ∈ {01, 10, 11, 23}, is

Autt (△
ab
) = {(RbθLb; RaθLa; θ) | θ ∈ AutL5} ≃ A′

4;

(4) the automorphism group of the loop (Z5;△
23
, 1) is trivial: Aut (△

23
) = {ι};
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(5) the automorphism group of the loop (Q;△
ab
), where ab ∈ {01, 10, 11}, is

Aut (△
ab
) = {ι, (234), (243)} ≃ A′

3;

(6) each autotopism (α, β, γ) of the group Z5 has the form

α(x) = kx+ a, β(x) = kx+ b, γ(x) = kx+ a+ b.

The group of autotopisms is a subgroup of the group L×L×L, where L denotes the
group of linear transformations of the �eld Z5.

(7) Each loop of order 5 has only trivial normal subloops, i.e. they are simple loops; each
proper subloop of a loops is a subloops generated by a nonzero unipotent.

Proof. (1). Theorem 8 implies that every autotopism of an SAC loop is its automorphism.
Suppose that φ is an automorphism of the loop L5 and let a := φ(1) and b := φ(2), then

φ(3)
(8)
= φ(1 ◦ 2) = φ(1) ◦ φ(2) = a ◦ b,

φ(4)
(8)
= φ(2 ◦ 1) = φ(2) ◦ φ(1) = b ◦ a.

Therefore, every automorphism can be represented in the form (10).
Vice versa, let a transformation θab be de�ned by the equality (10) for some distinct

nonzero elements a and b of the loop L5. Lemma 13 implies that θab is a bijection of the set
Z5. Let us prove that

θab(x ◦ y) = θab(x) ◦ θab(y) (12)

is true for all x, y in Z5. In the cases x = 0, y = 0, x = y the equality (12) is obvious.
Consider the case x = 1. The equality (12) can be written as follows:

θab(1 ◦ y) = a ◦ θab(y).
If y = 2, then the equality is a◦ b = a◦ b. If y = 3, then we have the equality b◦a = a◦ (a◦ b)
which is proved in item 2 of Lemma 13. If y = 4, then we get b = a ◦ (b ◦ a), which follows
from the identity x ◦ (y ◦ x) = y.

In the cases x = 2, x = 3 and x = 4, the equality (12) can be written as:

θab(2 ◦ y) = b ◦ θab(y), θab(3 ◦ z) = (a ◦ b) ◦ θab(z), θab(4 ◦ u) = (b ◦ a) ◦ θab(u).
Let us consider only the non-obvious cases: if y = 1, then a ◦ b = b ◦ (b ◦ a); if z = 2, then
b◦a = (a◦b)◦b; if u = 3, then b = (b◦a)◦(a◦b). All these items are proved in the Lemma 13.
Hence, the trasformation θab is an automorphism of L5.

Therefore, the loop L5 has as many automorphisms as there are pairs of nonzero
elements, i.e. 12. There is only one subgroup in the group S ′

4 with 12 elements. Hence,
AutL5 = A′

4.
(2). Theorem 3 implies that every loop is isotopic to either the group Z5 or the SAC

loop L5. If a loop is isotopic to a group, then it is isomorphic to it, therefore it is a group
(Lemma 2). Consequently, all nonassociative loops of order 5 are isotopic to SAC loop L5.

From the just proved item 1) it follows that for any distinct nonzero elements a, b ∈ Z5

the automorphism θab maps the pair (1,2) to an arbitrary pair (a, b) of distinct non-zero
elements. Therefore, the automorphism θcdθ

−1
ab maps the pair (a, b) to the pair (c, d). It means

that the automorphism group AutL5 is transitive on the set of all pairs of distinct nonzero
elements of the set Z5. By Theorem 11, every nonassociative loop is isomorphic to exactly
one of the speci�ed loops, except Z5.
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(3). Item 2 of Lemma 10.
(4). According to item 4 of Lemma 10, the automorphism of the operation △

23
is the

bijection φ which satis�es the conditions φ(0) = 0, φ(2) = 2, φ(3) = 3. Consequently,
φ(1) = φ(2 ◦ 3) = φ(2) ◦ φ(3) = 2 ◦ 3 = 1. Hence, φ = ι and

Aut
(
△
23

)
= {ι}.

(5). The general form of the automorphism θ of the operations △
01
, △
10
, △
11
is

φ =

(
0 1 2 3 4
0 1 x 1 ◦ x x ◦ 1

)
, x = 2, 3, 4.

Therefore,

Aut
(
△
01

)
= Aut

(
△
10

)
= Aut

(
△
11

)
= {ι, (234), (243)}.

(6). It follows from Lemma 2.
(7). Since the order of the normal subloop divides the order of the loop, the loop of

order 5 has only trivial normal subloops {0} and Z5. Since the order of its own subquasigroup
does not exceed half the order of the quasigroup (Theorem 5), the only proper subloops of
loops of order 5 are subloops generated by unipotents. □

4.2. Recognition of loops of order 5. In this subsection, we �nd a criterion for each of
the six loops (11).

Theorem 15. An arbitrary loop of order 5 is isomorphic to:

(1) the group if and only if the squares of all elements are pairwise di�erent;
(2) a loop-23 if and only if it has exactly one unipotent and the squares of some other

elements coincide;
(3) the loop-11 if and only if it has exactly two unipotents and the squares of some other

elements coincide;
(4) the loop-01 if and only if it has exactly two unipotents, the squares of the other

elements are pairwise di�erent and the right inverse of some element is its square;
(5) the loop-10 if and only if it has exactly two unipotents, the squares of the other

elements are pairwise di�erent, and the right inverse of some nonunipotent is not
its square;

(6) the SAC loop if and only if it has at least three unipotents.

Proof. Recall that an element of a loop is called unipotent if its square is the unit of the loop.
All unipotents is on the main diagonal of the respective Latin square. It is obvious that the
number of equal squares (in particular, unipotents) and so distinct suares in a �nite loop are
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invariant under any isomorphism. The table

unit square 0 1 2 3 4 the number of the number of
unipotents distinct squares

0 x+ x 0 2 4 1 3 1 5
1 x △

23
x 4 1 4 4 0 1 3

0 x △
11
x 0 0 1 1 1 2 3

1 x △
01
x 1 1 4 2 3 2 4

1 x △
10
x 1 1 3 4 2 2 4

0 x ◦ x 0 0 0 0 0 5 1

and the equalities

2 △
01
22 = (1◦2)◦4 = 3◦4 = 1, 3 △

01
32 = (1◦3)◦2 = 4◦2 = 1, 4 △

01
42 = (1◦4)◦3 = 2◦3 = 1,

2 △
10
22 = 2◦(3◦1) = 2◦2 = 0, 3 △

10
32 = 3◦(4◦1) = 3◦3 = 0, 4 △

10
42 = 4◦(2◦1) = 4◦4 = 0.

imply that each of these six operations (11) satis�es exactly one of the conditions given in
items (1)�(6).

For example, let consider item (2). Two operations have exactly one unipotent + and
△
23
, but the sequence all squares of + are repetition-free and 0 △

23
0 = 4 = 2 △

23
2. Therefore,

the condition of item 2 uniquely de�nes the operation △
23
.

Now, consider item (4). There are two operations which have exactly two unipotents
and the squares of the other elements are pairwise di�erent. Those operations are △

01
and △

10
.

Moreover, the right inverse to 2 is 22: 2 △
01

22 = 1 and none of 22, 32, 42 is the right inverse

respectively to 2, 3, 4 under the operation △
10
. □

Corollary 16. Let (Q; ⋄) be a quasigroup of order 5 and u be its arbitrary element. Then
(Q; ⋄) is a group isotope if and only if the mapping γu de�ned by γu(x) := R−1

u (x) ⋄ L−1
u (x)

is a bijection of the set Q.

Proof. Every quasigroup is isotopic to a loop of the same order (Lemma 1). Theorem 15
implies that every loop is isotopic to either a group or SAC loop.

Since a loop isotopic to a group is also isomorphic to it (Lemma 2), the group and the
SA-loop are not isotopic. Lemma 1 implies that the quasigroup (Q; •), where

x • y := R−1
u (x) ⋄ L−1

u (x), Lu(x) := u ⋄ x, Ru(y) := y ⋄ u,

is a loop with neutral element u ⋄ u. In this loop, the square of the element x is equal to
x • x = γu(x). According to Theorem 15, a loop is a group if and only if the squares of all
elements are pairwise distinct, i.e. γu is a bijection of the set Q. □
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4.3. Some applications of Theorem 15. Consider the quasigroups (Z5; ∗, 2),
(Q; ⋄) and (Z5;⊛) which are de�ned by the following Cayley tables:

∗ 0 1 2 3 4
0 4 2 0 1 3
1 3 0 1 4 2
2 0 1 2 3 4
3 1 4 3 2 0
4 2 3 4 0 1

⋄ a b c d e
a b c a e d
c a e d c b
b c d b a e
e d a e b c
d e b c d a

⊛ 0 1 2 3 4
0 4 3 0 1 2
1 2 1 3 4 0
2 3 2 4 0 1
3 1 0 2 3 4
4 0 4 1 2 3

,

Example 1. To which loop the loop (Z5; ∗, 2) is isomorphic?
From the Cayley table, it follows that the neutral element of the loop (Z5; ∗, 2) is 2,

therefore only 2 and 3 are unipotents: 2 ∗ 2 = 2 and 3 ∗ 3 = 2. The squares of the elements 0,
1, 4 are respectively equal to 4, 0, 1, therefore they are pairwise distinct. The right inverse
of 0 is not its square. Indeed, the element 4 = 0 ∗ 0 and 0 ∗ 4 ̸= 2. Hence, the loop (Z5; ∗, 2)
is isomorphic to the 10-loop.

Example 2. To which loop is isotopic the quasigroup (Q; ⋄)?
We use Corollary 16. Consider the case u = a, then

Ra =

(
a b c d e
b a c d e

)
, La =

(
a b c d e
b c a e d

)
.

γa(a) = R−1
a (a) ⋄ L−1

a (a) = b ⋄ c = b; γa(b) = R−1
a (b) ⋄ L−1

a (b) = a ⋄ a = b.

Since γa(a) = γa(b), the transformation γa is not a bijection of the set Z5. By Corollary 16,
the quasigroup (Q; ⋄) is not isotopic to a group, so it is isotopic to the SAC loop.

Example 3. Is the quasigroup (Z5;⊛) a group isotope?
Again, we use Corollary 16. Let u = 0, then

R0 =

(
0 1 2 3 4
4 2 3 1 0

)
, L0 =

(
0 1 2 3 4
4 3 0 1 2

)
.

Let's �nd the values of the function γ0(x) = R−1
0 (x)⊛ L−1

0 (x), x = 0, 1, 2, 3, 4:

γ0(0) = R−1
0 (0)⊛ L−1

0 (0) = 4⊛ 2 = 1, γ0(1) = R−1
0 (1)⊛ L−1

0 (1) = 3⊛ 3 = 3,

γ0(2) = R−1
0 (2)⊛ L−1

0 (2) = 1⊛ 4 = 0, γ0(3) = R−1
0 (3)⊛ L−1

0 (3) = 2⊛ 1 = 2,

γ0(4) = R−1
0 (4)⊛ L−1

0 (4) = 0⊛ 0 = 4.

The quasigroup (Z5;⊛) is isotopic to the group Z5, because all values of the function γ0 are
di�erent.
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UDC 512.548.7

SAC ëóïè i ëóïè ï'ÿòîãî ïîðÿäêó

Ôåäið Ñîõàöüêèé

Àíîòàöiÿ. Ó öié ñòàòòi ìè ïðîäîâæó¹ìî àíàëiòè÷íå äîñëiäæåííÿ ëóï ìàëèõ ïî-
ðÿäêiâ. À ñàìå, ìè äîñëiäæó¹ìî ëóïè ïîðÿäêó 5. Íàãàäà¹ìî, ùî åëåìåíò ëóïè íàçèâà¹-
òüñÿ óíiïîòåíòíèì, ÿêùî éîãî êâàäðàò íåéòðàëüíèé. Ëóïà íàçèâà¹òüñÿ óíiïîòåíòíîþ,
ÿêùî âñi ¨¨ åëåìåíòè óíiïîòåíòíi.

Îäíà ç ëóï ïîðÿäêó 5 ¹ íàïiâñèìåòðè÷íîþ àíòèêîìóòàòèâíîþ ëóïîþ (SAC-ëóïà).
Âèêîíó¹òüñÿ òàêà âëàñòèâiñòü: ¾ßêùî óíiïîòåíòíà ëóïà içîòîïíà SAC-ëóïi, òî êîìïîíåí-
òè içîòîïi¨ çáiãàþòüñÿ, îòæå, ëóïè içîìîðôíi¿. Îñêiëüêè áóäü-ÿêà SAC-ëóïà ¹ óíiïîòåí-
òíîþ, òî áóäü-ÿêèé içîòîïiçì (àâòîòîïiçì) ¹ içîìîðôiçìîì (âiäïîâiäíî, àâòîìîðôiçìîì)
ó êëàñi SAC-ëóï. Öÿ âëàñòèâiñòü äîçâîëèëà íàì îïèñàòè âiäíîøåííÿ içîìîðôiçìó íà
içîòîïàõ SAC-ëóïè. ßê íàñëiäîê ìè îòðèìó¹ìî ïîâíó êëàñèôiêàöiþ ëóï ïîðÿäêó 5 òà
êîæíó ç ¨õíiõ ãðóï àâòîìîðôiçìiâ. Êðiì òîãî, íàì âäàëîñÿ âèðiøèòè ïðîáëåìó ðîçïiçíà-
âàííÿ äëÿ âñiõ øåñòè ëóï ïîðÿäêó 5. Íàïðèêëàä, ëóïà ïîðÿäêó 5 içîìîðôíà: 1) ãðóïi
òîäi i òiëüêè òîäi, êîëè êâàäðàòè âñiõ ¨¨ åëåìåíòiâ ïîïàðíî ðiçíi; SAC ëóïi òîäi i òiëüêè
òîäi, êîëè âîíà ìà¹ ïðèíàéìíi òðè óíiïîòåíòè.

Êëþ÷îâi ñëîâà: êâàçiãðóïà, ëóïà, içîòîï, SAC ëóïà, êâàçiãðóïè ìàëèõ ïîðÿäêiâ,
ëóïè ìàëèõ ïîðÿäêiâ, ëóïà ïîðÿäêó 5.
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