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Abstract. In this article, we continue the analytical research loops of small orders. Namely,
we investigate loops of order 5. Recall that an element of a loop is called unipotent if its
square is the neutral element. A loop is called unipotent if all its elements are unipotent. It
is well known that there are six loops of order 5 up to isomorphy relation. One of these loops
is a semisymmetric anticommutative loop (SAC loop). The following property is true: “If a
unipotent loop is isotopic to an SAC loop, then the components of the isotopism coincide, so
the loops are isomorphic.” Since any SAC loop is unipotent, any isotopism (autotopism) is
an isomorphism (respectively, an automorphism) in the class of SAC loops. This property
allowed us to describe the isomorphy relation on the isotopes of the SAC loop. As a corollary,
we obtain a complete classification of loops of order 5 and their automorphism groups. In
addition, we managed to solve the recognition problem for all six loops of order 5. For
example, a loop of order 5 is isomorphic to: 1) the group if and only if the squares of all
elements are pairwise distinct; 2) SAC loop if and only if it has at least three unipotents.
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1. Introduction

Despite the growing use of Latin squares, in particular in such relatively new areas
as information coding and encryption, their research is mainly carried out by computer
methods and mainly combinatorial properties are studied. And the results of such research
are quantitative characteristics and some construction methods [1, 2]. Systematic analytical
research of small-order quasigroups is almost missing. So, for example, it is known that the
set of loops of order 5 are divided into 6 isomorphy classes and 5 of them are isotopic to each
other, but it is not known to which algebraic classes of loops they belong.
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This article is devoted to the systematic study of loops of order 5. In the class of SAC
loops, a property holds that is very similar to the corresponding property in the variety of
groups: “If a unipotent loop is isotopic to an SAC loop, then the components of the isotopy
coincide, so the loops are isomorphic.” Recall that an element of a loop is called a unipotent if
its square is the neutral element. A loop is called unipotent if all its elements are unipotent.
Since any SAC loop is unipotent, in the class of SAC loops any isotopism (autotopism)
is an isomorphism (respectively, an automorphism) (Theorem 8). This property allowed us
to describe the isomorphism relation on the isotopes of any SAC loop (Lemma 10). If the
group of automorphisms of an SAC loop is transitive on the set of pairs of distinct nonzero
elements, then the isotopes of the SAC loop are divided into 5 subsets by the isomorphy
relation (Theorem 11). Since all nonassociative loops of order 5 are isotopic to an SAC loop,
we obtain a complete classification of loops of order 5 and a description of their automorphism
groups (Theorem 14). In addition, we managed to solve the recognition problem for all six
loops of order 5. For example, a 5-order loop is isomorphic to the group Zs if and only if the
squares of all elements are pairwise distinct. These results were reported in [6].

2. Preliminaries

Let (-) be a binary operation defined on a set (). The pair (Q;-) is called a quasigroup
if for all @ and b in @) each of the equations

x-a =0, a-y==o

has a unique solution. In this case, the set @) is called a carrier set or a carrier, and the
operation (-) is called an invertible or a quasigroup operation.

A quasigroup is called a loop if it has a neutral element, that is, an element e such that
e-x=ux-e =z forall x € Q. The loop is also called an e-loop and is denoted by (Q;-,e).
An element a of an e-loop is called: unipotent if a®> = a - a = e; right inverse to bif b-a = e.
An element a of a quasigroup is called idempotent if a®> = a - a = a. It is clear that only the
neutral element is idempotent in a loop.

Isotopy relation. S denotes the symmetry group of the set (), that is, the group of all
bijections of the set (). Two operations f and g defined on () are called isotopic if there exist
bijections oy, as, as € Sg such that

g9(x,y) = aaflar'(x), a3 (y))
for all z, y in @, the triplet & := (a1, g, a3) is called an isotopism, and «z is its principal
component. These operations are called isomorphic if a1 = as = a3. The operation g is called
the isotope of the operation f and is denoted by ¢f. Every operation that is isotopic to an
invertible operation is also invertible. The equalities

a(éf) — abf °f = f, 0= (t,1,1)

imply that the group S% = 5g x Sg X Sg and the group Sg act on the set of all binary
operations and on the subset A of all invertible binary operations defined on (). Therefore,
the sets of all autotopisms Autt(f) and the sets of all automorphisms Aut(f) of an operation
f are its stabilizers under these actions and therefore they are subgroups of the groups Sé
and Sg, respectively. The cardinal m := |Q)] is called order of f where @ is its carrier. If the
order is finite, then the carrier is denoted by Z,, := {0,1,...,m — 1} and Z,, := (Z,; +,0)
denotes the group of integers modulo m.
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Lemma 1. 1. Every loop (Q;*,e) of order m is isomorphic to some loop (Z,;*,0):
zxy = o7 (2) * 97 (),
where ¢ : Q — Zy, is an arbitrary bijection with the property ¢(e) = 0.
2. Every quasigroup (Q;*) is isotopic to some loop (Q); e, axb), where
zey:=p, () x A (y),
where A\o(z) := 0%z, pp(z) :== z *b.
Proof. 1t is easy to verify. 0

Therefore, considering loops of order m up to isomorphism, it suffices to consider 0-loops
on the set Z,,.

Let us highlight a well-known trivial statement which is well known as a corollary of
Albert’s theorem.

Lemma 2. Every loop isotopic to a group is isomorphic to it. Every isotopism («, 3,7) of a
loop (A;*,0) on a commutative group (B;+,e€) has the form

(Oé, 67 ’Y) = (Raea Rbey Ra+b9)

for some elements a, b of the group (B;+,e) and an isomorphism 0 of the loop on the group,
where R,(z) := z + a.

Proof. Let (a, 8,7) be an isotopism of a loop (A;x,e) onto a commutative group (B;+,0),
ie.

a(z) + py) = v(z*y). (1)
Denote a := af(e), b := f(e), ¢ :== ~(e), then a + b = c. Let’s define

b1(x) == —c+ a(z) + b, 02(y) == —b+ B(y), O(z) := —c+~(x).

Substituting the relations in (1) we obtain 6, (z) + 62(y) = 6(x * y). Therefore, 6, = 6 = 6,
because 0;(e) = 0s(e) = 0(e) = 0 and so # is an isomorphism. O
Theorem 3 (|2]). There exist exactly two loops of order 5 up to isotopy.

Theorem 4. FEvery loop of order m = 2, 3,4 is isomorphic to one of the following group Zs,
L, Ty X Lo, Zy. A loop of order 4 is isomorphic to Zy X Zo if and only if it is unipotent.

Quasigroups of order 4 are described in |5, 7].

Theorem 5 (|!]). If Q is a quasigroup of order m and P is its proper subquasigroup of order
k, then 2k < m.

3. SAC loops

In this section, we introduce the concept of SAC loops and study some of their properties
that allow us to analytically describe all loops of order 5.
Definition 6. A loop (Q;o0,0) is called:

o semisymmetric if it satisfies the identity z o (y o ) = y or the equivalent identity

(oy)ox =y
e anticommutative if for all distinct nonzero elements xoy # yox holds. In other words,
if it satisfies the condition

roy=yore (x=0Vy=0Vr=y);
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o SAC loop if it is semisymmetric and anticommutative. We will denote the SAC loop
of order m by L,, or L.

Let L := (Q;0,0) be an SAC loop and a,b € @, then the quasigroup defined by
xﬁjy::(box)o(yoa) (2)
is called (a,b)-loop and denoted it by (Q; (ﬁb), aob). If there is no misunderstanding, we will
simplify the notation and write ab-loop and (Q; (%], a o b), respectively. The neutral element
in this loop is a o b. Indeed,
(aob) Ay =(bo(aoh))o(yoa) = ao(yon) =y,
xﬁ)(aob) =(box)o((aob)oa)=(box)ob=u.
The defining identities
rzo(yox)=y and (roy)ox=y
of semisymmetric loops can be written as L, R, = ¢ and R,L, = ¢, i.e.
L;'=R, and R,'=1L,.

Hence, each translation of a semisymmetric loop has only two directions |8, 9].

Every semisymmetric loop is unipotent. Indeed, if y = 0, then x o x = 0. In other
terminology [3], it is a three-sided loop, i.e. its neutral element is left, right and middle
neutral. Therefore, all parastrophes of a unipotent loop are loops with the same neutral
element.

3.1. Isotopes of SAC loops. It is well known that any loop that is isotopic to a group
is also a group that is isomorphic to that group. Here, in Theorem 8, we prove a similar
property for SA-loops.

Lemma 7. Let («a, 3,60) be an isotopism of some e-loop onto the SAC loop (Q);0,0). Then
a= L0, B = R,0, where a := a(e) and b := [(e).

Proof. Let («, 3,0) be an isotopism of the loop (A;*,e) onto the SAC loop (Q;0,0), i.e.

a(z) o Bly) = 0(x +y) (3)

for all z, y in A. The equality a o b = #(e) follows from (3) for x = y = e. Substituting y = e
and x = e in turn, we obtain

a= R0 = L, B=L,"0=R,0. (4)
O
Theorem 8. Any isotopism of a unipotent loop onto an SAC loop is an isomorphism.

Proof. Let («, 3,0) be an isotopism of some unipotent loop (A;*,e) onto an SAC loop L :=
(Q;0,0), i.e. the equality (3) holds. By Lemma 7 we obtain

Lyf(x) o R,0(y) = 0(x * y).
Replace x with 671(z) and y with 67! (y):
(box)o(yoa)=0(0""(x) 07 (y)). (5)
68



Sokhatsky F. SAC loops and loops of order five

Since the loop (A; %, e) is unipotent, i.e. u x u = e for all u,

00~ (x) 071 (2)) = O(e) = (e x e) 2L a(e) o Ble) = aob.

Therefore, the equality (5) for = y can be written as

(bozx)o(xoa)=aob. (6)
If x =0, then boa = aob. As the loop (Q;0,0) is anticommutative, then

a=0 VvV b=0 V a=0
For each of these cases, (6) can be written as
(box)ox=b V zo(xoa)=a V (aoxz)o(roa)=0,
respectively. Using the operation (o), we apply: 1) the element x on the left to the first
equality; 2) the element x from the right of the second equality; and 3) the element a o z
from the right of the third equality:
zo((box)ox)=xz0b V (ro(xoa))ox=aox V ((aox)o(roa))o(aox)=aoux.
Since the loop LL is semisymmetric,
bor=xz0b V xoa=aox V xzoa=aou.

The value of the variable x can be chosen in such a way that x ¢ {0, a,b}. Therefore, from
the first equality it follows that b = 0, and from the second and third a = 0. Therefore, each
of these three cases leads to the equalities a = b = 0 and therefore the equalities o = L0,
B = R.0 lead to a = 8 = 6, i.e. the isotopism (a, 3, 0) is an isomorphism. O

Corollary 9. Any autotopism of an SAC loop is its automorphism.

Proof. Each SAC loop is unipotent therefore by Theorem 8, any autotopism of an SAC loop
is its automorphism. O

3.2. Isomorphy relation on SAC loops. In this subsection we will give a complete analyti-
cal description of the isomorphy relation on loops order 5 using only the fact that they are
divided into two isotopy classes. First, we prove the following lemma.

Lemma 10. Let L := (Q;0,0) be an SAC loop. Then

(1) every loop isotopic to a loop L is isomorphic to some ab-loop;

(2) the triplet (o, B, 0) is an autotopism of the ab-loop if and only if 0 is an automorphism
of the loop L and o« = Ry0Ly, 5 = L,OR,;

(3) the bigection 0 of the set Q is an isomorphism of the operations Ab and /Ab, if and only
if d =0(a) and b = 0(b);

(4) the bijection 0 of the set Q) is an automorphism of the operation Ab of and only if
6(a) = a and 6(b) = 0.

Proof. 1. Let aloop (A; %, e) be isotopic to the SAC loop L. It means that there exist bijections
a, B, 6 of the set A onto the set @ such that the equality (3) holds. Using Lemma 7, we
obtain (5), and taking into account notations (2), we have

Ay =007 0% 07 (), e 0(x) A 0(y) =0 +y)

for all x, y in Q. Therefore, 6 is an isomorphism of the loops (A;x,e) and (Q; Ab, aob).
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Let the triplet of bijections «, 3, € of the set () be an isotopism of the operations Ab
a,

and A, i.e.
a't!

0(v8y)=alz) & Bly)

a'ty
for all z, y € Q. Using the equality (2), we have
0 (Lo(z) © Ra(y)) = Lya(z) o Ry 5(y).
Replacing = with L, '(z) and y with R;!(y), we obtain
0 (zoy) = LyaL;'(x) o RuBR, (y).
Hence, (LyaL; ', RyBR;L,0) is an autotopism of the SAC loop L. By Theorem 8
LyaLy' = RyBR;" = 0. (7)

Therefore, 0 is an automorphism of the SAC loop L.
2. If the triplet (o, 3, 0) is an autotopism of the operation ﬁ), then for ' = aand v/ = b
we obtain
a=L,'0L, = Ry0Ly, B=R;'0R, = L,OR,.
3. If the triplet (o, £, 6) is an isomorphism of the operations a/Ab/ and ﬁ), thena=p05=14
and (7) implies

Therefore, Ly = Ly, Ro = Ry(a), which is equivalent to ' = 0(b), a’ = 0(a).
4. It follows from 3. when @’ = a and &’ = b. O

Theorem 11. If the automorphism group of an SAC loop (Q;0,0) is transitive on the set of
pairs of distinct nonzero elements, then every loop that is isotopic to (Q;0,0) is isomorphic
to exactly one of the following loops:

(@0,0), (@a1), (@41, (@40, (Qa203)

Proof. If the automorphism group Aut(o) of the SAC loop (Q;0,0) is transitive on the set
of pairs of distinct nonzero elements, then the action of the group Aut(o) on the set Q? has
five orbits:

{(0,00y, {0,y ly#0},  {(z,0) |z #0},

{(@2)[z#0},  {(z,y) |[0#zF#y#0}

A set of representatives of these orbits are the pairs (0, 0), (0,1), (1,0), (1, 1), (2,3). It remains
to use item 3 of Lemma 10. O]

4. Loops of order five

Each semisymmetric loop is unipotent since x o x = x o (0 o ) = 0. Formally speaking,
the smallest order of an SAC loop is 2. We call this case degenerate.
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4.1. Elementary properties. In this subsection, we prove some elementary properties of
loops of order 5.

Lemma 12. The smallest order of a nondegenerate SAC loop is 5. The loop Ly := (Z5;0,0),
where

= O W N DD
DN O | | W[ W
Ol | QI DO || >

—~~

0.¢]

Sa—

1s an SAC loop.

Proof. Theorem 4 implies that the loops of the order 2 and 3 are commutative and therefore
they are not SAC loops. It is easy to verify that the loop L5 is anticommutative and satisfies
the identity z o (yox) = y. O]

Let Ls := (Z5; 0,0) denote the SAC loop given in (8), L,(x) := aox, R,(x) := zoa and
S} (A]) denotes a symmetric (alternating) group of degree 4, i.e. the group of all (respectively,
even) bijections of the set {1,2,3,4}. Before giving a final theorem in which we describe the
basic concepts in each loop of order 5, we prove the following statement.

Lemma 13. If a, b are distinct nonzero elements of the loop LLs, then

(1) Zs ={0,a,b,aob,boa};

(2) ao(aob)=boa;

(3) (aob)o(boa)=a.
Proof. By the condition, the elements 0, a, b are distinct; by the definition of the SAC loop,
aob+#boa. Suppose boa =0or aob=0, but aoa =0, therefore b = 0. A contradiction.
So,boa#0and aob # 0. Finally, b #Aaob # a since ao0)=a and 0o b =b.

The element a o (a o b) is not equal to any of the elements 0, a, b, a o b, therefore

ao (aob)=boa by item 1. To obtain item 3, we multiply the equality a o (a 0b) =boa by
a o b on the left and use the semisymmetry identity. [l

Theorem 14. Let Ls := (Z5;0,0) be the SAC loop ginen in (8). The following statements
are true:
(1) every autotopism of Ly is its automorphism, namely,

AuwtLs = {04 | a #0b, a,b=1,2,3,4} = A}, (9)

012 3 4
where 9ab.:(0 0 b aoh boa)’ (10)
(2) every loop of order 5 is isomorphic to exactly one of the following loops:
LS? (Z570A171)7 (Z5>%71)7 (ZSaﬁ70)> (Z5a2A371>7 ZS (11)

(3) the autotopism group of the loop (Q; Ab), where ab € {01,10, 11,23}, is
Autt (ﬁ)) = {(Ry0Ly; R,OL,; 0)]6 € AutLs} ~ Al;

(4) the automorphism group of the loop (Zs; A, 1) is trivial: Aut (QAB) ={};

71



Coxanpkuit @. SAC jaynu Ta JIynu NOpsaaky m'sTb

(5) the automorphism group of the loop (Q; Ab), where ab € {01,10,11}, is

Aut (8) = {t, (234), (243)} ~ A

(6) each autotopism («, 3,7) of the group Zs has the form
a(z) = kx + a, p(x) = kx + b, v(z) = kx +a+0.

The group of autotopisms is a subgroup of the group L X L x L, where L denotes the
group of linear transformations of the field Zs.

(7) Each loop of order 5 has only trivial normal subloops, i.e. they are simple loops; each
proper subloop of a loops is a subloops generated by a nonzero unipotent.

Proof. (1). Theorem 8 implies that every autotopism of an SAC loop is its automorphism.
Suppose that ¢ is an automorphism of the loop L; and let a := (1) and b := ¢(2), then

o(3) 2 p(102) = (1) 0 p(2) = aob,

8)
o) 2 p(201) = p(2) 0 p(1) = boa.
Therefore, every automorphism can be represented in the form (10).
Vice versa, let a transformation 6,, be defined by the equality (10) for some distinct
nonzero elements a and b of the loop LLs. Lemma 13 implies that 0, is a bijection of the set
Zs. Let us prove that

Oab(z 0 y) = Oap(2) 0 Ou(y) (12)

is true for all z, y in Z5. In the cases = 0, y = 0, x = y the equality (12) is obvious.
Consider the case z = 1. The equality (12) can be written as follows:

Ou(Loy) =aolbyu(y).

If y = 2, then the equality is aob = aob. If y = 3, then we have the equality boa = ao (aob)
which is proved in item 2 of Lemma 13. If y = 4, then we get b = a o (b o a), which follows
from the identity x o (y o x) = y.

In the cases x = 2, = 3 and x = 4, the equality (12) can be written as:

O (20y) =00 0u(y), Oup(302)=(aob)obu(z), Ou(dou)=(boa)olyu(u).

Let us consider only the non-obvious cases: if y = 1, then aob =bo (boa); if z = 2, then
boa = (aob)ob;if u =3, then b = (boa)o(aob). All these items are proved in the Lemma 13.
Hence, the trasformation 6,, is an automorphism of Ls.

Therefore, the loop L5 has as many automorphisms as there are pairs of nonzero
elements, i.e. 12. There is only one subgroup in the group S) with 12 elements. Hence,
Aut Lg, = Ail

(2). Theorem 3 implies that every loop is isotopic to either the group Zs or the SAC
loop Ls. If a loop is isotopic to a group, then it is isomorphic to it, therefore it is a group
(Lemma 2). Consequently, all nonassociative loops of order 5 are isotopic to SAC loop Ls.

From the just proved item 1) it follows that for any distinct nonzero elements a, b € Z
the automorphism 6,, maps the pair (1,2) to an arbitrary pair (a,b) of distinct non-zero
elements. Therefore, the automorphism 6,46, maps the pair (a,b) to the pair (c, d). It means
that the automorphism group AutILs is transitive on the set of all pairs of distinct nonzero
elements of the set Z5. By Theorem 11, every nonassociative loop is isomorphic to exactly
one of the specified loops, except Zs.
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(3). Item 2 of Lemma 10.
(4). According to item 4 of Lemma 10, the automorphism of the operation 2A3 is the

bijection ¢ which satisfies the conditions ¢(0) = 0, ¢(2) = 2, ¢(3) = 3. Consequently,
©(1) =p(203) =p(2) o p(3) =203 =1. Hence, ¢ = ¢ and

Aut <2A3> ={i}.

(5). The general form of the automorphism 6 of the operations oAl’ %, A is

11
01 2 3 4
SOZ(O 1 =z 1lox :1301>’ z =234

Therefore,
Aut (OA1> — Aut <1A0> — Aut (ﬁ) — {1,(234), (243)}.

(6). Tt follows from Lemma 2.

(7). Since the order of the normal subloop divides the order of the loop, the loop of
order 5 has only trivial normal subloops {0} and Z. Since the order of its own subquasigroup
does not exceed half the order of the quasigroup (Theorem 5), the only proper subloops of
loops of order 5 are subloops generated by unipotents. O

4.2. Recognition of loops of order 5. In this subsection, we find a criterion for each of
the six loops (11).

Theorem 15. An arbitrary loop of order &5 is isomorphic to:

(1) the group if and only if the squares of all elements are pairwise different;

(2) a loop-23 if and only if it has exactly one unipotent and the squares of some other
elements coincide;

(3) the loop-11 if and only if it has exactly two unipotents and the squares of some other
elements coincide;

(4) the loop-01 if and only if it has exactly two unipotents, the squares of the other
elements are pairwise different and the right inverse of some element is its square;

(5) the loop-10 if and only if it has exactly two unipotents, the squares of the other
elements are pairwise different, and the right inverse of some nonunipotent is not
its square;

(6) the SAC loop if and only if it has at least three unipotents.

Proof. Recall that an element of a loop is called unipotent if its square is the unit of the loop.
All unipotents is on the main diagonal of the respective Latin square. It is obvious that the
number of equal squares (in particular, unipotents) and so distinct suares in a finite loop are
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invariant under any isomorphism. The table

unit | square | 0 [ 1|2 |3 |4 | the number of | the number of
unipotents | distinct squares
0 |z4+2x |0]2]4]1]3 1 5
1 x 2A3 x |4]1,4]14/|0 1 3
0 |z 1Al x |0/0[1]1|1 2 3
1 |z oA1 x |1|1]4]2|3 2 4
1 |z le x |1]1]3[4]2 2 4
0 zox |[0|0]0|0]0 5 1

and the equalities

2 22 = (102)o4 =304 =1, 3 A 32 =(103)o2=402=1, 4 A 4? = (lo4)o3 = 203 = 1,

24 22 = 20(301) =202=0, 3 A 3% =30(401) =303 =0, 4 A 4? = 40(201) = 404 = 0.

imply that each of these six operations (11) satisfies exactly one of the conditions given in
items (1)—(6).

For example, let consider item (2). Two operations have exactly one unipotent + and
2A3, but the sequence all squares of + are repetition-free and 0 2A3 0=4=2 2A3 2. Therefore,

the condition of item 2 uniquely defines the operation 2A3

Now, consider item (4). There are two operations which have exactly two unipotents

and the squares of the other elements are pairwise different. Those operations are 0A1 and %.

Moreover, the right inverse to 2 is 2%: 2 A 22 = 1 and none of 22, 32, 42 is the right inverse

respectively to 2, 3, 4 under the operation 1A0' 0

Corollary 16. Let (Q;0) be a quasigroup of order 5 and u be its arbitrary element. Then
(Q;0) is a group isotope if and only if the mapping v, defined by v,(x) := R, (z) o L, (z)
18 a bijection of the set Q.

Proof. Every quasigroup is isotopic to a loop of the same order (Lemma 1). Theorem 15
implies that every loop is isotopic to either a group or SAC loop.

Since a loop isotopic to a group is also isomorphic to it (Lemma 2), the group and the
SA-loop are not isotopic. Lemma 1 implies that the quasigroup (Q;e), where

rey: =R (z)o L (), L,(z):=uox, R,(y):=you,
is a loop with neutral element u ¢ u. In this loop, the square of the element x is equal to

r e x = 7,(x). According to Theorem 15, a loop is a group if and only if the squares of all
elements are pairwise distinct, i.e. -, is a bijection of the set Q). O
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4.3. Some applications of Theorem 15. Consider the quasigroups (Zs;*,2),
(Q;©) and (Zs; ®) which are defined by the following Cayley tables:

x10]1]2(34 olalblcldl|e ®(0|1(23(4
01412013 alblclalel|d 0143|0112
113(0[1(4]2 claleld|c|b 112113410
2101112314 blecld|blale 213121401
3111413210 eldlale|b]|c 31110(2]3|4
41213(4(0|1 dle|blc|d|a 4101411123

Ezxzample 1. To which loop the loop (Zs; *,2) is isomorphic?

From the Cayley table, it follows that the neutral element of the loop (Zs;*,2) is 2,
therefore only 2 and 3 are unipotents: 2x2 = 2 and 3 %3 = 2. The squares of the elements 0,
1, 4 are respectively equal to 4, 0, 1, therefore they are pairwise distinct. The right inverse
of 0 is not its square. Indeed, the element 4 = 0% 0 and 0 x4 # 2. Hence, the loop (Z5; *,2)
is isomorphic to the 10-loop.

Ezxzample 2. To which loop is isotopic the quasigroup (Q;<)?
We use Corollary 16. Consider the case u = a, then

a b c d e a b c d e
R“_(bacde)’ L“_<bcaed)'
Yala) = RN a) o L (a) =boc=1b;  7.(b) = RN (b)o L, (b) =aoa=0b.

Since y,(a) = 74(b), the transformation =, is not a bijection of the set Z5. By Corollary 16,
the quasigroup (Q; <) is not isotopic to a group, so it is isotopic to the SAC loop.

Ezxzample 3. Ts the quasigroup (Z5; ®) a group isotope?
Again, we use Corollary 16. Let u = 0, then

ne(1230) ne(0123h)
Let’s find the values of the function vo(z) = Ry '(z) ® Ly' (), ©=0,1,2,3,4
(0) =Ry (0)® Lyt (0) =4®@2=1, y(l)=R()®L;'(l)=3®3=3,
W0(2) =Ry'(2)® Lyt (2)=1®4=0, %B)=R;'B)®L;'(3)=281=2,

Yo(4) = Ry'(4) ® Ly (4) =0® 0 = 4.

The quasigroup (Zs; ®) is isotopic to the group Zs, because all values of the function ~y, are
different.
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UDC 512.548.7

SAC gynm i aynm m’aToro mopaaKy

®Deqnip CoxanpbKuii

Anomauia. Y miit craTTi MU TPOJOBKYEMO aHATITHIHE ITOCTIIKEHHS JYI MaJauX II0-
paakiB. A came, MU J10CaiIzKyeMo Jynu nopsaky 5. Harajgaemo, mo eeMenT Jynu Ha3HBae-
ThCHA YHINOMEHMHUM, TKIITO HOTO KBaIpaT HeHTpaabHU. JIyna Ha3uBa€ThCA YHINOMEHMHOT0,
SAKINO Bcil 11 eJleMeHTH YHITOTEHTH.

OjtHa 3 Iy TOPSJKY 5 € HANBCUMETPUYHOK AHTUKOMYTAaTHBHOW Jynoo (SAC-ayma).
BukonyeThcs Taka BIACTUBICTD: « ZIKIMMO yHimOTeHTHA JTyTa i30TomHa SAC-1yTi, TO KOMIIOHEH-
TH i30Tomii 30iralThes, orxke, Jaynu i3omopdHiy. Ockiabku Oyab-ska SAC-nyna € yHinoren-
THOIO, TO OyIb-sKuil i30T0mi3M (aBroTOM3M) € i30MopdizMom (BigmosiaHo, aBroMopdizMom)
y kaaci SAC-nyn. s BracTuBicTh 103BOJIN/IA HAM ONUCATH BiHOIIEHHS i30MOpQI3My Ha
izoronax SAC-aymu. 9k HACTIIOK MU OTPUMYEMO TOBHY KJIACUMIKAIII0 JYT TOPSIIKY D Ta
KOXKHY 3 iXHIX rpyn aBromopdizmip. Kpim Toro, Ham Bjiajiocsd BUPIIIUTH TpobJieMy po3Ii3Ha-
BAHHsI JIJIS BCIX IMECTH JIynm Hopsaky 5. Hampukiam, jayna mopsaiaky 5 izomopdra: 1) rpymi
TOMI 1 TLIBKH TOMi, KOJIM KBaJIpaTH BCiX 11 eaeMedTiB nmomapHo pizai; SAC jymi Tomi i TLIbKH
TO/Il, KOJIM BOHA Ma€ MPWHANMHI TP YHIMOTEHTH.

Karouosi caosa: kBasirpyna, Jjyma, i3oron, SAC jyna, kBasirpynum Majux MOPsIKiB,
JIYIIF MAJIUX TOPSAKIB, JIyTa TOPSAKY O.
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