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Êëàñ äîäàòíî âèçíà÷åíèõ ÿäåð iç êóái÷íîþ
ñèìåòðèçàöi¹þ
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Àíîòàöiÿ. Äîñëiäæó¹òüñÿ êëàñ äîäàòíî âèçíà÷åíèõ ÿäåð K(x, y), ùî ïîðîäæóþòüñÿ
öiëîþ ôóíêöi¹þ k çà äîïîìîãîþ ñèìåòðèçàöi¨, ïîâ'ÿçàíî¨ ç êóái÷íèì êîðåíåì ç îäèíèöi.
Äëÿ ÿäåð, óçãîäæåíèõ iç ñïåêòðàëüíîþ ñòðóêòóðîþ çàäà÷i òðåòüîãî ïîðÿäêó u′′′ = λu,
îòðèìàíî ÿâíå iíòåãðàëüíå ïîäàííÿ ôóíêöi¨ k ÷åðåç íåâiä'¹ìíó ñïåêòðàëüíó ìiðó dρ(λ)
ç êîìïàêòíèì íîñi¹ì. Îòðèìàíà ôîðìóëà çàäà¹ êîíñòðóêòèâíó ïàðàìåòðèçàöiþ äîïó-
ñòèìèõ ÿäåð ó ðîçãëÿíóòîìó êëàñi òà âñòàíîâëþ¹ ïðÿìèé çâ'ÿçîê ìiæ äîäàòíîþ âèçíà-
÷åíiñòþ i ñïåêòðàëüíèìè äàíèìè.

Êëþ÷îâi ñëîâà: iíòåãðàëüíi çîáðàæåííÿ, ÿäðî, äîäàòíî âèçíà÷åíi ôóíêöi¨.

1. Âñòóï

Òåîðiÿ äîäàòíî âèçíà÷åíèõ ôóíêöié òà ÿäåð ñòàíîâèòü ôóíäàìåíòàëüíå ïiä ðóíòÿ
ñó÷àñíîãî ìàòåìàòè÷íîãî àíàëiçó, òåîði¨ éìîâiðíîñòåé òà ìàòåìàòè÷íî¨ ôiçèêè. Çàâäÿ-
êè ñâî¨ì ñòðóêòóðíèì âëàñòèâîñòÿì öi îá'¹êòè çàáåçïå÷óþòü óíiâåðñàëüíèé ìàòåìàòè-
÷íèé àïàðàò äëÿ îïèñó êîâàðiàöiéíèõ ÿäåð âèïàäêîâèõ ïðîöåñiâ, ãàðìîíi÷íîãî àíàëiçó
íà ãðóïàõ òà ôóíêöiîíàëüíèõ ïðîñòîðiâ Ãiëüáåðòà ç âiäòâîðþâàëüíèì ÿäðîì (Reproduci-
ng Kernel Hilbert Spaces, RKHS). Ñó÷àñíèé ñòàí òåîði¨ RKHS, ç îñîáëèâèì àêöåíòîì íà

e-ISSN 3041-1955 DOI: https://doi.org/10.31652/3041-1955-2026-03-01-01
2020 Mathematics Subject Classi�cation: 47N20.
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¨¨ êîíñòðóêòèâíi àñïåêòè òà øèðîêå êîëî ïðèêëàäíèõ çàñòîñóâàíü, äåòàëüíî âèñâiòëåíî
ó ôóíäàìåíòàëüíèõ ïðàöÿõ [1, 2].

Ó êîíòåêñòi ôóíêöiîíàëüíîãî àíàëiçó iíòåãðàëüíi çîáðàæåííÿ äîäàòíî âèçíà÷åíèõ
ÿäåð âiäiãðàþòü ðîëü, àíàëîãi÷íó ñïåêòðàëüíèì ðîçêëàäàì ó òåîði¨ Ôóð'¹. Çîêðåìà, äëÿ
êëàñó çñóâíî-iíâàðiàíòíèõ ÿäåð òàêi çîáðàæåííÿ áåçïîñåðåäíüî ïîâ'ÿçàíi çi ñïåêòðàëü-
íèìè ìiðàìè çãiäíî ç êëàñè÷íèìè ðåçóëüòàòàìè òèïó òåîðåìè Áîõíåðà. Äëÿ áiëüø çà-
ãàëüíèõ ñòðóêòóð åôåêòèâíèì iíñòðóìåíòîì äîñëiäæåííÿ âèñòóïà¹ îïåðàòîðíèé ïiäõiä,
ùî áàçó¹òüñÿ íà ñïåêòðàëüíié òåîði¨ ñàìîñïðÿæåíèõ îïåðàòîðiâ. Ó ìåæàõ öüîãî ïiäõîäó
äîäàòíî âèçíà÷åíi ÿäðà äîïóñêàþòü ïîäàííÿ ÷åðåç âëàñíi ôóíêöi¨ âiäïîâiäíèõ äèôå-
ðåíöiàëüíèõ îïåðàòîðiâ, ùî âñòàíîâëþ¹ ãëèáîêèé çâ'ÿçîê ìiæ òåîði¹þ ÿäåð òà òåîði¹þ
êðàéîâèõ çàäà÷ i ñïåöiàëüíèõ ôóíêöié (äèâ., çîêðåìà, [3, 4]).

Ìåòîäîëîãiÿ ÿäåð îòðèìàëà çíà÷íèé ðîçâèòîê ó çàäà÷àõ îá÷èñëþâàëüíî¨ ìàòåìà-
òèêè òà àíàëiçó äàíèõ (Data-Driven Science). Âàãîìèé âíåñîê ó ðîçðîáêó ìåòîäiâ íà-
áëèæåííÿ íà îñíîâi ðàäiàëüíî-áàçèñíèõ ôóíêöié òà ñòàòèñòè÷íîãî íàâ÷àííÿ çðîáëåíî
ó ïðàöÿõ Ì. Ä. Áþìàíà [5] òà Á. Øîëêîïôà [6]. Ôóíäàìåíòàëüíi àñïåêòè çàñòîñóâàííÿ
RKHS ó éìîâiðíiñíèõ ìîäåëÿõ òà ñïåêòðàëüíié òåîði¨ îïåðàòîðiâ òàêîæ ñèñòåìàòèçîâàíî
ó êëàñè÷íié ðîáîòi Þ. Ì. Áåðåçàíñüêîãî [9].

Ñïèðàþ÷èñü íà ìåòîäè ñïåêòðàëüíî¨ òåîði¨, âèäà¹òüñÿ ïðèðîäíèì ïîøóê àíàëiòè-
÷íèõ âèðàçiâ äëÿ äîäàòíî âèçíà÷åíèõ ÿäåð ó ôîðìi ðîçêëàäiâ çà âëàñíèìè ôóíêöiÿìè
äèôåðåíöiàëüíèõ îïåðàòîðiâ. Ôóíäàìåíòàëüíó òåîðåòè÷íó áàçó äëÿ òàêîãî àíàëiçó ñòâî-
ðþ¹ ñïåêòðàëüíà òåîðåìà äëÿ íåîáìåæåíèõ ñàìîñïðÿæåíèõ îïåðàòîðiâ [3, 4].

Ìåòîþ äàíî¨ ðîáîòè ¹ âèâåäåííÿ ÿâíîãî iíòåãðàëüíîãî çîáðàæåííÿ äëÿ ñïåöèôi-
÷íîãî êëàñó äîäàòíî âèçíà÷åíèõ ÿäåð, ùî ãåíåðóþòüñÿ öiëîþ ôóíêöi¹þ, àñîöiéîâàíèõ
ç ëiíiéíèì äèôåðåíöiàëüíèì ðiâíÿííÿì òðåòüîãî ïîðÿäêó u′′′ = λu. Îñíîâíèì îá'¹êòîì
äîñëiäæåííÿ ¹ iíòåãðàëüíå çîáðàæåííÿ âèãëÿäó:

K(x, y) =

∞∫
−∞

r−1∑
j,k=0

χj(x;λ)χk(y;λ) dσjk(λ),

äå χ0(x;λ), χ1(x;λ), . . . , χr−1(x;λ) � ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ äèôåðåíöiàëü-
íîãî ðiâíÿííÿ Lu = λu. Îòðèìàíî iíòåãðàëüíi çîáðàæåííÿ ÿäåð òèïó K(y − x), K(x −

y), K(x + y), ïîâ'ÿçàíèõ ç äèôåðåíöiàëüíèìè îïåðàòîðàìè
d

dx
,− d2

dx2
, i

d

dx
, à òàêîæ äî-

âåäåíà òåîðåìà ïðî iíòåãðàëüíå ïðåäñòàâëåííÿ äîäàòíî âèçíà÷åíèõ ÿäåð, ïîâ'ÿçàíèõ ç

äèôåðåíöiàëüíèì îïåðàòîðîì òðåòüîãî ïîðÿäêó
d3

dx3
.

2. Ïîáóäîâà ÿäðà òà îñíîâíèé ðåçóëüòàò

Ó äàíîìó ðîçäiëi ââîäèòüñÿ ôîðìàëüíå îçíà÷åííÿ äîäàòíî âèçíà÷åíî¨ öiëî¨ ôóí-
êöi¨, ùî âèêîðèñòîâó¹òüñÿ â ïîäàëüøèõ òåîðåòè÷íèõ ïîáóäîâàõ, òà ôîðìóëþ¹òüñÿ ãîëîâ-
íå òâåðäæåííÿ ïðî iíòåãðàëüíå çîáðàæåííÿ äîñëiäæóâàíîãî êëàñó ÿäåð. Ðîçãëÿäà¹òüñÿ
ÿäðî K(x, y), ïîáóäîâàíå íà îñíîâi ñêàëÿðíî¨ ôóíêöi¨ k øëÿõîì êîìïîçèöi¨ ¨¨ çíà÷åíü íà
òðüîõ àôiííèõ ôîðìàõ âiä (x, y), ÿêi iíäóêîâàíi êóái÷íèìè êîðåíÿìè ç îäèíèöi. Ïðîïî-
íîâàíà ïðîöåäóðà ñèìåòðèçàöi¨ ¹ âíóòðiøíüî óçãîäæåíîþ çi ñïåöèôiêîþ ñïåêòðàëüíîãî
àíàëiçó äèôåðåíöiàëüíèõ ðiâíÿíü òðåòüîãî ïîðÿäêó âèãëÿäó u′′′ = λu.
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Îçíà÷åííÿ 1. Öiëó ôóíêöiþ C ∋ s 7→ k(s) ∈ C∞ áóäåìî íàçèâàòè äîäàòíî âèçíà÷åíîþ,
ÿêùî

N∑
i,j=1

K(xi, xj)ξiξj ≥ 0, ∀x1, . . . , xN ; ξ1, . . . , ξN ∈ R, (1)

äå

K(x, y) =
1

3

[
k(x+ y) + k

(
−1 + i

√
3

2
x+

−1− i
√
3

2
y

)
+ k

(
−1− i

√
3

2
x+

−1 + i
√
3

2
y

)]
,

à òàêîæ âèêîíó¹òüñÿ

K(0, 0) = 0;
∂K

∂x
(0, 0) = 0;

∂2K

∂x2
(0, 0) = 0;

∂K

∂y
(0, 0) = 0;

∂2K

∂y2
(0, 0) = 0;

∂2K

∂x∂y
(0, 0) = 0.

(2)

Íàñòóïíà òåîðåìà ñòàíîâèòü öåíòðàëüíèé ðåçóëüòàò öi¹¨ ðîáîòè. Ó íié îòðèìàíî
ÿâíå iíòåãðàëüíå çîáðàæåííÿ ïîðîäæóâàëüíî¨ ôóíêöi¨ k (à îòæå, i ÿäðà K) ÷åðåç ñïå-
êòðàëüíó ìiðó dρ(λ). Ïîäàííÿ òàêîãî òèïó ¹ ïðèíöèïîâî âàæëèâèìè ç äâîõ ïðè÷èí:
ïî-ïåðøå, âîíè çàáåçïå÷óþòü êîíñòðóêòèâíó ïàðàìåòðèçàöiþ âñiõ äîïóñòèìèõ äîäàòíî
âèçíà÷åíèõ ÿäåð ó ìåæàõ ðîçãëÿäóâàíîãî êëàñó; ïî-äðóãå, âñòàíîâëþþòü áåçïîñåðåäíié
çâ'ÿçîê ìiæ âëàñòèâiñòþ äîäàòíî¨ âèçíà÷åíîñòi òà ñïåêòðàëüíèìè õàðàêòåðèñòèêàìè ðiâ-
íÿííÿ u′′′ = λu.

Òåîðåìà 2. Íåõàé öiëà äîäàòíî âèçíà÷åíà ôóíêöiÿ k(s) (s ∈ Z) çàäîâîëüíÿ¹ óìîâó

k(s) + k

(
−1 + i

√
3

2
s

)
+ k

(
−1− i

√
3

2
s

)
= 0, (3)

òà îöiíêó

|k(s)| ≤ Ce|s| (C > 0). (4)

Òîäi ìà¹ ìiñöå çîáðàæåííÿ

k(x) =

0∫
−1

[
1

3
e−

3
√

|λ|x − 1

3
e

3
√

|λ|
2

x cos

√
3

2
3
√
|λ|x+

1√
3
e

3
√

|λ|
2

x sin

√
3

2
3
√
|λ|x

]
1

3
√
λ2

dρ(λ)+

+

1∫
0

[
1

3
e

3√
λx − 1

3
e−

3√
λx
2 cos

√
3

2
3
√
λx+

1√
3
e−

3√
λ

2
x sin

√
3

2
3
√
λx

]
1

3
√
λ2

dρ(λ),

(5)

äå dρ(λ) � äåÿêà ìiðà, ïðè÷îìó

1∫
−1

1
3
√
λ2

dρ(λ) < ∞. (6)

Íàâïàêè, ôóíêöiÿ âèãëÿäó (5) ¹ äîäàòíî âèçíà÷åíîþ i çàäîâîëüíÿ¹ (2)�(4).
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3. Äîâåäåííÿ îñíîâíî¨ òåîðåìè

Äîâåäåííÿ. Îñêiëüêè äëÿ äîäàòíî âèçíà÷åíîãî ÿäðà (1) âèêîíó¹òüñÿ ðiâíiñòü

∂3

∂x3
K (x, y) =

∂3

∂y3
K (x, y) ,

òî äëÿ ÿäðàK(x, y) ìîæíà çàñòîñóâàòè Òåîðåìó 3.7 ([9], ñ.659) i âèêîðèñòàòè çîáðàæåííÿ
(3.20).

Äëÿ öüîãî íàì ïîòðiáíî çíàéòè ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ
χ0(x;λ), χ1(x;λ), χ2(x;λ) ðiâíÿííÿ

d3u

dx3
= λu, (7)

ÿêi çàäîâîëüíÿþòü óìîâè

dk

dxk
χj (x;λ)|x=0 = δjk (j, k = 0, 1, 2) .

Îñêiëüêè êîðåíÿìè õàðàêòåðèñòè÷íîãî ðiâíÿííÿ K3−λ = 0 ¹ K1 =
3
√
λ, ÿêùî λ ≥ 0

òà K1 = − 3
√

|λ|, ÿêùî λ < 0, K2,3 =
− 3
√
λ± i

√
3 3
√
λ

2
, òî çàãàëüíèé ðîçâ'ÿçîê (7), ÿêùî

λ ≥ 0 ìàòèìå âèãëÿä

y = C1e
3√
λx + C2e

−
3√
λx
2 cos

√
3

2
3
√
λx+ C3e

−
3√
λx
2 sin

√
3

2
3
√
λx.

ßêùî æ λ < 0, òî çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (7) áóäå ìàòè âèãëÿä

y = C1e
− 3
√

|λ|x + C2e
3
√

|λ|
2

x cos

√
3

2
3
√

|λ|x+ C3e
3
√

|λ|x
2 sin

√
3

2
3
√

|λ|x.

Òîìó ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ (7) ìàòèìå òàêèé âèãëÿä:

χ0 (x;λ) =


1

3
e−

3
√

|λ|x +
2

3
e

3
√

|λ|x
2 cos

√
3

2
3
√

|λ|x (λ < 0) ,

1

3
e

3√
λx +

2

3
e

− 3√
λx

2 cos

√
3

2
3
√
λx (λ ≥ 0) ;

χ1(x;λ)=



(
1

3
e−

3
√

|λ|x−1

3
e

3
√

|λ|x
2 cos

√
3

2
3
√
|λ|x+ 1√

3
e

3
√

|λ|
2

x sin

√
3

2
3
√
|λ|x

)
1

3
√
λ2

(λ < 0) ,(
1

3
e

3√
λx−1

3
e−

3√
λx

2 cos

√
3

2
3
√
λx+

1√
3
e

− 3√
λ

2
x sin

√
3

2
3
√
λx

)
1

3
√
λ2

(λ ≥ 0) ;

χ2(x;λ)=



(
1

3
e−

3
√

|λ|x−1

3
e

3
√

|λ|x
2 cos

√
3

2
3
√
|λ|x− 1√

3
e

3
√

|λ|x
2 sin

√
3

2
3
√
|λ|x

)
1

3
√
λ2

(λ < 0),(
1

3
e

3√
λx−1

3
e−

3√
λx
2 cos

√
3

2
3
√
λx− 1√

3
e

− 3√
λ

2
x sin

√
3

2
3
√
λx

)
1

3
√
λ2

(λ ≥ 0).
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Çîáðàæåííÿ (3.7) ç òåîðåìè 3.1 ([9], ñ.643)

K (x, y) =

+∞∫
−∞

Ωλ (x, y) dρ (λ) ,

äå

Ωλ (x, y) =
2∑

j,k=0

(
∂j+kΩλ

∂xj∂yk

)
(0, 0)χj (x;λ)χk (y;λ); dσjk (λ) =

(
∂j+kΩλ

∂xj∂yk

)
(0, 0) dρ (λ)

áóäå ìàòè òàêèé âèãëÿä:

K (x, y) =
2∑

j,k=0

χj(x;λ)χk(y;λ), (8)

Îñêiëüêè K(x, y) çàäîâîëüíÿ¹ óìîâó (2), òî ìiðè dσjk(λ) = 0 (j, k = 0, 2, êðiì j =
k = 2) i çîáðàæåííÿ (8) ìàòèìå âèãëÿä:

K(x; y) =

∫
R1

χ2(x;λ)χ2(y;λ)dσ22(λ) =

∫
R1

χ2(x;λ)χ2(y;λ)dρ(λ). (9)

Äàëi, ÿêùî ó ÿäðî K(x, y) ïîêëàñòè y = x, òî óìîâó (9) ïåðåïèøåìî

1

3
[k(2x) + k(−x) + k(−x)] =

1

3
[k(2x) + 2k(−x)] =

∫
R1

χ2
2(x;λ)dρ(λ) =

=

0∫
−∞

[
1

3
e−

3
√

|λ|x−1

3
e

3
√

|λ|
2

x cos

√
3

2
3
√
|λ|x− 1√

3
e

3
√

|λ|
2

x sin

√
3

2
3
√
|λ|x

]2
dρ (λ)

3
√
λ2

+

+

∞∫
0

[
1

3
e

3√
λx − 1

3
e

− 3√
λx

2 cos

√
3

2
3
√
λx− 1√

3
e−

3√
λ

2
x sin

√
3

2
3
√
λx

]2
dρ (λ)

3
√
λ2

.

(10)

Ïðàâó ÷àñòèíó (10) ìîæíà ñïðîñòèòè íàñòóïíèì ÷èíîì. Íåõàé λ ≥ 0, òî ìà¹ìî
∞∫
0

[
1

3
e

3√
λx − 1

3
e

− 3√
λx

2 cos

√
3

2
3
√
λx− 1√

3
e−

3√
λ

2
x sin

√
3

2
3
√
λx

]2
dρ (λ)

3
√
λ2

=

=

∞∫
0

[
1

9
e2

3√
λx+

1

9
e−

3√
λxcos2

√
3

2
3
√
λx+

1

3
e−

3√
λxsin2

√
3

2
3
√
λx−2

1

9
e

3√
λ

2
xcos

√
3

2
3
√
λx−

−2
1

3
√
3
e

3√
λ

2
x sin

√
3

2
3
√
λx+ 2

1

3
√
3
cos

√
3

2
3
√
λx sin

√
3

2
3
√
λx

]
dρ (λ)

3
√
λ2

=

=

∞∫
0

[
1

9
e2

3√
λx +

1

9
e−

3√
λx

(
1 + cos

√
3 3
√
λx

2

)
+

1

3
e−

3√
λx

(
1− cos

√
3 3
√
λx

2

)
−

−2

9
e

3√
λ

2
x cos

√
3

2
3
√
λx− 2

3
√
3
e

3√
λ

2
x sin

√
3

2
3
√
λx+

1

3
√
3
e−

3√
λx sin

√
3

3
√
λx

]
dρ (λ)

3
√
λ2

=
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=

∞∫
0

[
1

9
e2

3√
λx − 1

9
e−

3√
λx cos

√
3

3
√
λx+

1

3
√
3
e−

3√
λx sin

√
3

3
√
λx+

2

9
e−

3√
λx−

−2

9
e−

3√
λx
2 cos

√
3

2
3
√
λx− 2

3
√
3
e

3√
λ

2
x sin

√
3

2
3
√
λx

]
1

3
√
λ2

dρ(λ).

Îòæå, âèðàç (10), ÿêùî λ ≥ 0, ìà¹ âèãëÿä

1

3
[k(2x) + 2k(−x)] =

∞∫
0

[
1

9
e2

3√
λx − 1

9
e−

3√
λx cos

√
3

3
√
λx+

+
1

3
√
3
e−

3√
λx sin

√
3

3
√
λx+

2

9
e−

3√
λx − 2

9
e−

3√
λx
2 cos

√
3

2
3
√
λx−

− 2

3
√
3
e

3√
λ

2
x sin

√
3

2
3
√
λx

]
1

3
√
λ2

dρ(λ),

(11)

çâiäêè âèïëèâà¹, ùî

k(x)=

∞∫
0

[
1

3
e

3√
λx − 1

3
e−

3√
λ

2
x cos

√
3

2
3
√
λx+

1√
3
e−

3√
λ

2
x sin

√
3

2
3
√
λx

]
1

3
√
λ2

dρ(λ),

à öå ñïiââiäíîøåííÿ (5) äëÿ âèïàäêó λ ≥ 0.
Àíàëîãi÷íî ç (10) ìîæíà îòðèìàòè çîáðàæåííÿ (5) äëÿ âèïàäêó λ < 0.
Ç óìîâè (6) âèïëèâà¹, ùî ìiðà dρ(λ) çîñåðåäæåíà íà ïðîìiæêó [−1, 1].
Çàâäÿêè òîìó, ùî íîñié ìiðè dρ(λ) ¹ êîìïàêòíèì (îáìåæåíèì), ôóíêöiÿ k(x) äîïó-

ñêà¹ àíàëiòè÷íå ïðîäîâæåííÿ íà âñþ êîìïëåêñíó ïëîùèíó, òîáòî äî ôóíêöi¨ k(s) (s ∈ C).
Îñòàíí¹ òâåðäæåííÿ òåîðåìè äîâîäèòüñÿ íàñòóïíèì ÷èíîì. Iç çîáðàæåííÿ (5) çíà-

õîäèìî âñi ÷ëåíè ÿäðà K(x; y).
Îòæå, äëÿ λ ≥ 0 ìà¹ìî

1

3
k(x+ y)=

1∫
0

1

9
e

3√
λ(x+y) − 1

9

e(− 1
2
+i

√
3

2

)
3√
λ(x+y)

+e

(
− 1

2
−i

√
3

2

)
3√
λ(x+y)

2

+

+
1

3
√
3

e(− 1
2
+i

√
3
2

)
3√
λ(x+y) − e

(
− 1

2
−i

√
3
2

)
3√
λ(x+y)

2i

 1
3
√
λ2

dρ(λ);

(12)

1

3
k

(
−1 + i

√
3

2
x+

−1− i
√
3

2
y

)
=

1∫
0

{
1

9
e

3√
λ
(
− 1

2
+i

√
3

2

)
x+
(
− 1

2
−i

√
3

2

)
y−

− 1

18

[
e

3√
λ
(
− 1

2
−i

√
3

2

)
x+

3√
λy + e

3√
λx+

3√
λ
(
− 1

2
+i

√
3

2

)
y

]
+

+
1

3
√
3

[
e

3√
λ
(
− 1

2
−i

√
3
2

)
x+

3√
λy − e

3√
λx+

3√
λ
(
− 1

2
+i

√
3

2

)
y

2i

]}
1

3
√
λ2

dρ(λ);

(13)
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1

3
k

(
−1− i

√
3

2
x+

−1 + i
√
3

2
y

)
=

1∫
0

{
1

9
e

3√
λ
(
− 1

2
−i

√
3

2

)
x+

(
− 1

2
+i

√
3

2

)
y−

− 1

18

[
e

3√
λx+

3√
λ
(
− 1

2
−i

√
3

2

)
y
+ e

3√
λ
(
− 1

2
+i

√
3

2

)
x+

3√
λy

]
+

+
1

3
√
3

[
e

3√
λx+

3√
λ
(
− 1

2
−i

√
3

2

)
y − e

3√
λ
(
− 1

2
+i

√
3

2

)
x+

3√
λy

2i

]}
1

3
√
λ2

dρ(λ).

(14)

Òåïåð ÿêùî äîäàòè ðiâíîñòi (12), (13) òà (14), òî ç óðàõóâàííÿì òîãî, ùî

1

9

[
e

3√
λ
(
− 1

2
+i

√
3
2

)
x+

3√
λ
(
− 1

2
−i

√
3

2

)
y
+ e

3√
λ
(
− 1

2
−i

√
3

2

)
x+

3√
λ
(
− 1

2
+i

√
3
2

)
y

]
=

=
2

9
e−

3√
λ

2
(x+y)

(
cos

√
3

2
3
√
λx cos

√
3

2
3
√
λy + sin

√
3

2
3
√
λx sin

√
3

2
3
√
λy

)
,

îòðèìà¹ìî

K(x, y) =

=
1

3

[
k(x+ y)+k

(
−1+i

√
3

2
x+

−1−i
√
3

2
y

)
+k

(
−1−i

√
3

2
x+

−1+i
√
3

2
y

)]
=

=

1∫
0

{
1

9
e

3√
λ(x+y) +

1

9
e

3√
λ(x+y)

2 cos

√
3

2
3
√
λx cos

√
3

2
3
√
λy+

+
1

3
e

3√
λ

2
(x+y) sin

√
3

2
3
√
λx sin

√
3

2
3
√
λy − 1

9
e−

3√
λ

2
x cos

√
3

2
3
√
λx · e

3√
λy−

−1

9
e−

3√
λ

2
y cos

√
3

2
3
√
λy · e

3√
λx +

1

3
√
3
e−

3√
λ(x+y)

2 cos

√
3

2
3
√
λx sin

√
3

2
3
√
λy+

+
1

3
√
3
e−

3√
λ(x+y)

2 sin

√
3

2
3
√
λx · cos

√
3

2
3
√
λy − 1

3
√
3
e−

3√
λx
2 sin

√
3

2
3
√
λx · e

3√
λy−

− 1

3
√
3
e−

3√
λy
2 sin

√
3

2
3
√
λy · e

3√
λx

}
1

3
√
λ2

dρ (λ) =

1∫
0

χ2(x)χ2(y)dρ(λ). (15)

Ïiäñòàâëÿþ÷è (15) â (1), îòðèìó¹ìî äîäàòíó âèçíà÷åíiñòü ÿäðàK(x, y) äëÿ âèïàäêó
λ ≥ 0.

Àíàëîãi÷íî, ïåðåâiðÿ¹òüñÿ äîäàòíà âèçíà÷åíiñòü ÿäðà K(x, y) äëÿ âèïàäêó λ < 0.
Óìîâà (2) âèïëèâà¹ ç (15).
Ïiäñòàâëÿþ÷è y = 0 ó ñïiââiäíîøåííÿ (15), îòðèìó¹ìî âèêîíàííÿ óìîâè (3). Äàëi,

ç óðàõóâàííÿì óìîâè (6), áåçïîñåðåäíüî ïåðåâiðÿ¹ìî, ùî âèêîíó¹òüñÿ é óìîâà (4).

|k(x)| ≤
0∫

−1

∣∣∣∣13e− 3
√

|λ|x − 1

3
e

3
√

|λ|
2

x cos

√
3

2
3
√

|λ|x+

+
1√
3
e

3
√

|λ|
2

x sin

√
3

2
3
√

|λ|x
∣∣∣∣ 1

3
√
λ2

dρ(λ)+
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+

1∫
0

∣∣∣∣13e 3√
λx − 1

3
e−

3√
λ

2
x cos

√
3

2
3
√
λx+

1√
3
e−

3√
λ

2
x sin

√
3

2
3
√
λx

∣∣∣∣ 1
3
√
λ2

dρ(λ) ≤

≤
0∫

−1

(
1

3
e|x| +

1

3
e

|x|
2 +

1√
3
e

|x|
2

)
1

3
√
λ2

dρ(λ) +

1∫
0

(
1

3
e|x| +

1

3
e

|x|
2 +

+
1√
3
e

|x|
2

)
1

3
√
λ2

dρ(λ) ≤ C1e
|x|

1∫
−1

dρ(λ)
3
√
λ2

= Ce|x|.

Òåîðåìó äîâåäåíî

Âèñíîâêè. Ó ðîáîòi îòðèìàíî iíòåãðàëüíi çîáðàæåííÿ äëÿ êëàñó äîäàòíî âèçíà-
÷åíèõ ÿäåð K(x, y), ùî ïîðîäæóþòüñÿ öiëîþ ôóíêöi¹þ k òà óçãîäæåíi çi ñïåêòðàëüíîþ
ñòðóêòóðîþ ðiâíÿííÿ òðåòüîãî ïîðÿäêó u′′′ = λu. Çîáðàæåííÿ çàäàíî ÷åðåç íåâiä'¹ìíó
ñïåêòðàëüíó ìiðó dρ(λ) ç êîìïàêòíèì íîñi¹ì, ùî çàáåçïå÷ó¹ êîíñòðóêòèâíó ïàðàìåòðè-
çàöiþ ÿäåð ó ðîçãëÿíóòîìó êëàñi òà äîçâîëÿ¹ ïåðåâiðÿòè äîäàòíó âèçíà÷åíiñòü ÷åðåç
ñïåêòðàëüíi äàíi.

Ç ïîãëÿäó ñó÷àñíî¨ ëiòåðàòóðè ç òåîði¨ ÿäåð òà ïðîñòîðiâ RKHS, çîêðåìà [1, 10],
äàíèé ðåçóëüòàò äîïîâíþ¹ çàãàëüíi ïiäõîäè êîíêðåòíîþ îïåðàòîðíî-óçãîäæåíîþ ïîáóäî-
âîþ ÿäðà i ÿâíîþ ôîðìóëîþ iíòåãðàëüíîãî çîáðàæåííÿ. Íà âiäìiíó âiä àïðîêñèìàöiéíî-
÷èñåëüíèõ ïiäõîäiâ [2, 7] òà ïðèêëàäíî¨ ïåðñïåêòèâè â çàäà÷àõ ìàøèííîãî íàâ÷àííÿ [6],
ó öåíòði óâàãè òóò � ÿäðà, ùî âèíèêàþòü iç ðîçêëàäiâ çà âëàñíèìè ôóíêöiÿìè äèôå-
ðåíöiàëüíèõ îïåðàòîðiâ.

Ïîðiâíÿíî ç îïåðàòîðíî-ñïåêòðàëüíèì òëîì [3, 4], îñíîâíèé âíåñîê ñòàòòi ïîëÿãà¹
â îòðèìàííi ÿâíî¨ ôîðìóëè äëÿ ïîðîäæóâàëüíî¨ ôóíêöi¨ k (i, âiäïîâiäíî, ÿäðà K) ÷åðåç
ñïåêòðàëüíèé ïàðàìåòð λ, àäàïòîâàíî¨ äî êóái÷íî-êîðåíåâî¨ ñòðóêòóðè çàäà÷i òðåòüîãî
ïîðÿäêó. Îòðèìàíi ôîðìóëè ìîæóòü áóòè âèêîðèñòàíi äëÿ ïîáóäîâè ïðèêëàäiâ i ÿê
îñíîâà äëÿ ïîäàëüøèõ óçàãàëüíåíü íà ñïîðiäíåíi îïåðàòîðè âèùèõ ïîðÿäêiâ òà ðiçíi
êðàéîâi óìîâè.

Êîíôëiêò iíòåðåñiâ i åòèêà. Àâòîðè çàÿâëÿþòü, ùî íå ìàþòü êîíôëiêòiâ iíòå-
ðåñiâ. Àâòîðè òàêîæ çàÿâëÿþòü ïðî ïîâíå äîòðèìàííÿ âñiõ ïðàâèë åòèêè æóðíàëüíèõ
äîñëiäæåíü.

Ïîäÿêè. Àâòîðè çàÿâëÿþòü ïðî âiäñóòíiñòü ñïåöiàëüíîãî ôiíàíñóâàííÿ öi¹¨ ðîáî-
òè.
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A Class of positive de�nite kernels with cubic symmetrization

Ivanna Andrusyak, Oksana Brodyak

Abstract. The class of positive de�nite kernels K(x, y) generated by an entire functi-
on k by means of symmetrization associated with cube roots of unity is investigated. For
kernels consistent with the spectral structure of the third-order problem u′′′ = λu, an expli-
cit integral representation of the function k in terms of a nonnegative spectral measure
dρ(λ) with compact support is obtained. The obtained formula determines the constructi-
ve parameterization of admissible kernels in the considered class and establishes a direct
connection between positive de�niteness and spectral data.

Keywords: integral representation, kernels, positive de�nite function.
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Àíîòàöiÿ. Ó ñòàòòi çàïðîïîíîâàíî ìàòåìàòè÷íó ìîäåëü äèíàìiêè ôîðìóâàííÿ êîì-
ïåòåíòíîñòåé çäîáóâà÷iâ îñâiòè ó ïðîöåñi íàâ÷àííÿ, ïîáóäîâàíó íà îñíîâi àíàëîãi¨ ç
êîìïàðòìåíòíèìè òà åïiäåìiîëîãi÷íèìè ìîäåëÿìè. Ìîäåëü âðàõîâó¹ ï'ÿòü ðiâíiâ ñôîð-
ìîâàíîñòi êîìïåòåíòíîñòåé (âõiäíèé, íèçüêèé, ñåðåäíié, äîñòàòíié i âèñîêèé) òà îïèñó¹
ÿê ïðîãðåñèâíi, òàê i ðåãðåñèâíi ïåðåõîäè ìiæ íèìè ç óðàõóâàííÿì êîíòàêòíèõ i áåçêîí-
òàêòíèõ ìåõàíiçìiâ âçà¹ìîäi¨. Îòðèìàíî ñèñòåìó íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü,
ùî îïèñó¹ ÷àñîâó åâîëþöiþ âiäïîâiäíèõ ãðóï çäîáóâà÷iâ îñâiòè. Äëÿ ïîáóäîâàíî¨ ìîäåëi
äîñëiäæåíî çàäà÷ó Êîøi: äîâåäåíî îáìåæåíiñòü ðîçâ'ÿçêiâ, à òàêîæ iñíóâàííÿ i ¹äèíiñòü
ðîçâ'ÿçêó çà äîïîìîãîþ ñòàíäàðòíèõ ðåçóëüòàòiâ òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü. Çà-
ïðîïîíîâàíèé ïiäõiä äîçâîëÿ¹ ôîðìàëiçóâàòè ïðîöåñ ôîðìóâàííÿ êîìïåòåíòíîñòåé òà
ñòâîðþ¹ îñíîâó äëÿ ïîäàëüøîãî àíàëiçó, çîêðåìà äîñëiäæåííÿ ñòiéêîñòi, ÷óòëèâîñòi ïà-
ðàìåòðiâ i çàäà÷ îïòèìàëüíîãî êåðóâàííÿ îñâiòíiì ïðîöåñîì.

Êëþ÷îâi ñëîâà: ìàòåìàòè÷íå ìîäåëþâàííÿ, ôîðìóâàííÿ êîìïåòåíòíîñòåé, êîìïàðò-
ìåíòíi ìîäåëi, åïiäåìiîëîãi÷íi ìîäåëi, çàäà÷à Êîøi, iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó.

1. Âñòóï

Îñòàííiì ÷àñîì ñïîñòåðiãà¹òüñÿ çðîñòàííÿ iíòåðåñó äî çàñòîñóâàííÿ ìåòîäiâ ìàòå-
ìàòè÷íîãî ìîäåëþâàííÿ äëÿ àíàëiçó îñâiòíiõ ïðîöåñiâ ([4, 5, 7, 10, 12]). Îñîáëèâå ìiñöå
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ñåðåä òàêèõ ïiäõîäiâ ïîñiäàþòü åïiäåìiîëîãi÷íi òà êîìïàðòìåíòíi ìîäåëi ([3, 6, 8]), ÿêi
çàâäÿêè ñâî¨é ñòðóêòóðíié ãíó÷êîñòi äîçâîëÿþòü îïèñóâàòè äèíàìiêó ïîøèðåííÿ çíàíü,
íàâ÷àëüíî¨ ìîòèâàöi¨ òà ïîâåäiíêîâèõ õàðàêòåðèñòèê ñòóäåíòiâ.

Êëàñè÷íi ðîáîòè ç ìàòåìàòè÷íî¨ áiîëîãi¨ òà åïiäåìiîëîãi¨ çàêëàëè òåîðåòè÷íi îñíî-
âè ïîäiëó ïîïóëÿöi¨ íà ïiäãðóïè òà àíàëiçó ïåðåõîäiâ ìiæ íèìè çà äîïîìîãîþ ñèñòåì
äèôåðåíöiàëüíèõ ðiâíÿíü ([9, 13]). Íàäàëi öi ïiäõîäè áóëè óñïiøíî àäàïòîâàíi äëÿ ìî-
äåëþâàííÿ ñîöiàëüíèõ ïðîöåñiâ, çîêðåìà ïîøèðåííÿ iíôîðìàöi¨ òà çíàíü.

Ó êîíòåêñòi ìàòåìàòè÷íî¨ îñâiòè íèçêà äîñëiäæåíü ïðèñâÿ÷åíà àíàëiçó âïëèâó ìî-
òèâàöi¨, ñîöiàëüíî¨ âçà¹ìîäi¨ òà ïîâåäiíêîâèõ ôàêòîðiâ íà íàâ÷àëüíi ðåçóëüòàòè. Çîêðå-
ìà, ó ðîáîòi [5] ïîáóäîâàíî ìàòåìàòè÷íó ìîäåëü ïðîöåñó íàâ÷àííÿ ñòóäåíòiâ â ðàìêàõ
ìàòåìàòè÷íî¨ îñâiòè, âèêîíàíî àíàëiç ÷óòëèâîñòi ïàðàìåòðiâ i ñôîðìóëüîâàíî çàäà÷ó
îïòèìàëüíîãî êåðóâàííÿ îñâiòíiì ïðîöåñîì, ùî ïiäòâåðäæó¹ äîöiëüíiñòü âèêîðèñòàííÿ
äèôåðåíöiàëüíèõ ìîäåëåé äëÿ äîñëiäæåííÿ íàâ÷àëüíî¨ äèíàìiêè.

Âàæëèâèì êðîêîì ó öüîìó íàïðÿìêó ¹ ðîáîòà [10], ó ÿêié çàïðîïîíîâàíî åïiäåìiî-
ëîãi÷íó ìîäåëü íàâ÷àëüíî¨ ïîâåäiíêè ñòóäåíòiâ, ïîáóäîâàíó çà àíàëîãi¹þ ç êëàñè÷íîþ
SIR-ìîäåëëþ. Àâòîðè iíòåðïðåòóþòü ïðîöåñ íàâ÷àííÿ ÿê ïîøèðåííÿ ¾íàâ÷àëüíî¨ ïî-
âåäiíêè¿ â ñòóäåíòñüêîìó ñåðåäîâèùi òà äåìîíñòðóþòü, ùî ñîöiàëüíà âçà¹ìîäiÿ, ìîòè-
âàöiÿ òà iíòåíñèâíiñòü íàâ÷àëüíîãî âïëèâó âiäiãðàþòü êëþ÷îâó ðîëü ó ïåðåõîäàõ ìiæ
ðiçíèìè ðiâíÿìè íàâ÷àëüíî¨ àêòèâíîñòi. Öÿ ðîáîòà ïiäòâåðäæó¹ óíiâåðñàëüíiñòü ìåòîäó
àíàëîãié i éîãî ïðèäàòíiñòü äëÿ ôîðìàëiçàöi¨ ñêëàäíèõ îñâiòíiõ ÿâèù. Çàóâàæèìî, ùî
âïåðøå SIR-ìîäåëü áóëà çàïðîïíîâíà Â. Êåðìàêîì i À. Ìàêêåíäðiêîì ([9]) â 1927 ðîöi
äëÿ ìîäåëþâàííÿ ïîøèðåííÿ iíôåêöiéíîãî çàõâîðþâàííÿ. Òóò ëþäè õàðàêòåðèçóþòüñÿ
òðüîìà êëàñàìè: ñïðèéíÿòëèâi (Susceptible), iíôiêîâàíi (Infected) òà âèäóæàëi/âèëó÷åíi
(Recovered/Removed).

Ðàçîì iç òèì çàçíà÷åíi ìîäåëi ïåðåâàæíî çîñåðåäæåíi íà çàãàëüíèõ õàðàêòåðèñòè-
êàõ íàâ÷àëüíî¨ ïîâåäiíêè àáî îáiçíàíîñòi òà íå âðàõîâóþòü óñþ ñïåöèôiêó ôîðìóâàííÿ
êîìïåòåíòíîñòåé ó ïðîöåñi íàâ÷àííÿ. Íà âiäìiíó âiä ìîäåëåé, çàïðîïîíîâàíèõ ó [5, 6, 10],
äå îñíîâíà óâàãà ïðèäiëÿ¹òüñÿ çàãàëüíié íàâ÷àëüíié ïîâåäiíöi àáî îáiçíàíîñòi, ó öié ðî-
áîòi êîìïàðòìåíòíà ñòðóêòóðà àäàïòó¹òüñÿ äî ñïåöèôiêè ôîðìóâàííÿ êîìïåòåíòíîñòåé
ó ïðîöåñi íàâ÷àííÿ âiäïîâiäíî äî ðiâíiâ ¨õ ñôîðìîâàíîñòi. Çîêðåìà, òóò ïåðåäáà÷à¹òüñÿ
íàÿâíiñòü ÿê ïðîãðåñèâíèõ, òàê i ðåãðåñèâíèõ ïåðåõîäiâ, ïîâ'ÿçàíèõ iç âòðàòîþ ïåâíèõ
êîìïåòåíòíîñòåé íà êîæíîìó ðiâíi. Òàêèé ïiäõiä äîçâîëÿ¹ áiëüø àäåêâàòíî âiäîáðàçèòè
ðåàëüíi ïðîöåñè, ÿêi âèíèêàþòü ïiä ÷àñ íàâ÷àííÿ.

2. Ïîñòàíîâêà çàäà÷i

Ðîçãëÿíåìî äåÿêó ïåäàãîãi÷íó ìîäåëü ôîðìóâàííÿ ïåâíèõ êîìïåòåíòíîñòåé çäîáó-
âà÷iâ îñâiòè ó ïðîöåñi íàâ÷àííÿ. Â öié ìîäåëi âèçíà÷èìî ÷îòèðè ðiâíi ñôîðìîâàíîñòi êîì-
ïåòåíòíîñòåé: íèçüêèé (ïî÷àòêîâèé), ñåðåäíié (ðåïðîäóêòèâíèé), äîñòàòíié (êîíñòðóê-
òèâíèé) i âèñîêèé (òâîð÷èé).

Íèçüêèé (ïî÷àòêîâèé) ðiâåíü � çäîáóâà÷i îñâiòè ïåðåáóâàþòü íà ïî÷àòêîâîìó åòà-
ïi ôîðìóâàííÿ êîìïåòåíòíîñòåé, çóñòði÷àþòüñÿ ç òðóäíîùàìè â îïàíóâàííi íàâ÷àëüíî-
ãî ìàòåðiàëó, çäàòíi âiäòâîðþâàòè ëèøå íåçíà÷íó éîãî ÷àñòèíó, ïîòðåáóþòü ïîñòiéíî¨
äîïîìîãè, âèÿâëÿþòü ïàñèâíiñòü â íàâ÷àííi, çàñòîñóâàííÿ çíàíü íà ïðàêòèöi âiäñóòí¹
(êîìïåòåíòíîñòi ìàéæå íå ñôîðìîâàíi).

Ñåðåäíié (ðåïðîäóêòèâíèé) ðiâåíü � çäîáóâà÷i ìàþòü ñòàáiëüíî ñôîðìîâàíi áàçîâi
çíàííÿ, âìiííÿ i íàâè÷êè, âiäòâîðþþòü öi çíàííÿ i âèêîíóþòü òèïîâi çàâäàííÿ çà çðàç-
êîì, àëå íå âèÿâëÿþòü äîñòàòíüî¨ ñàìîñòiéíîñòi (êîìïåòåíòíîñòi ñôîðìîâàíi ÷àñòêîâî).
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Äîñòàòíié (êîíñòðóêòèâíèé) ðiâåíü � çäîáóâà÷i çäàòíi ñàìîñòiéíî âèêîíóâàòè òè-
ïîâi çàâäàííÿ, âìiþòü çàñòîñîâóâàòè çíàííÿ, âìiííÿ i íàâè÷êè ó ñòàíäàðòíèõ ñèòóàöiÿõ,
àëå ïðè âèðiøåííi íîâèõ ïðîáëåì ìîæóòü çíàäîáèòèñÿ íåçíà÷íà äîïîìîãà àáî ïiäêàçêè
(êîìïåòåíòíîñòi ñôîðìîâàíi).

Âèñîêèé (òâîð÷èé) ðiâåíü � çäîáóâà÷i ìàþòü ïîâíiñòþ ñôîðìîâàíi êîìïòåíòíîñòi,
çäàòíi àêòèâíî, ñâiäîìî i òâîð÷î çàñòîñîâóâàòè ¨õ ó íàâ÷àëüíié òà ïðîôåñiéíié äiÿëüíî-
ñòi.

Çàóâàæèìî, ùî ¹ áàãàòî äîñëiäæåíü, ïðèñâÿ÷åíèõ ïîáóäîâi ïåäàãîãi÷íèõ ìîäåëåé
ôîðìóâàííÿ ðiçíîìàíiòíèõ êîìïåòåíòíîñòåé ôàõiâöiâ êîíêðåòíèõ¨ ãàëóçåé. Íàïðèêëàä,
ñòàòòÿ [1] ïðèñâÿ÷åíà ïîáóäîâi ïåäàãîãi÷íî¨ ìîäåëi ôîðìóâàííÿ ïðàêòè÷íèõ óìiíü i íà-
âè÷îê ðîáîòè ç âèäàâíè÷îþ ñèñòåìîþ LATEX ó ìàéáóòíiõ áàêàëàâðiâ ìàòåìàòèêè, ÿêà
 ðóíòó¹òüñÿ íà ïîåòàïíîìó ðîçâèòêó ìîòèâàöi¨, ïðàêòè÷íî¨ äiÿëüíîñòi òà ðåôëåêñi¨. Â
ñòàòòi [2] ðîçðîáëåíà ïåäàãîãi÷íà ìîäåëü ôîðìóâàííÿ åíåðãîåôåêòèâíî¨ êîìïåòåíòíîñòi
ìàéáóòíiõ êâàëiôiêîâàíèõ ðîáiòíèêiâ áóäiâåëüíî¨ ãàëóçi, ÿêà ñêëàäà¹òüñÿ ç öiëüîâîãî,
ìåòîäîëîãi÷íîãî, çìiñòîâîãî, íàâ÷àëüíî-ìîäåëüîâàíîãî òà ðåçóëüòàòèâíî-îöiíþâàëüíîãî
áëîêiâ. À â [11] çàïðîïîíîâàíî ïåäàãîãi÷íó ìîäåëü ôîðìóâàííÿ ïðîôåñiéíèõ êîìïåòåíò-
íîñòåé þðèñòà ÷åðåç äiÿëüíiñòíèé ïiäõiä. Ïðîòå çàçíà÷åíi ìîäåëi íå îïèñóþòü ÷àñîâó
äèíàìiêó ïåðåõîäiâ ìiæ ðiâíÿìè ñôîðìîâàíîñòi êîìïåòåíòíîñòåé. Ó çâ'ÿçêó ç öèì àêòó-
àëüíîþ ¹ çàäà÷à ìàòåìàòè÷íî¨ ôîðìàëiçàöi¨ ïåäàãîãi÷íî¨ ìîäåëi äèíàìiêè ôîðìóâàííÿ
êîìïåòåíòíîñòåé ó ïðîöåñi íàâ÷àííÿ ç óðàõóâàííÿì ïðîãðåñèâíèõ i ðåãðåñèâíèõ ïåðå-
õîäiâ ìiæ ðiâíÿìè ¨õ ñôîðìîâàíîñòi íà îñíîâi ìåòîäó àíàëîãié ç êîìïàðòìåíòíèìè òà
åïiäåìiîëîãi÷íèìè ìîäåëÿìè.

Ìåòà ñòàòòi: ïîáóäóâàòè ìàòåìàòè÷íó ìîäåëü äèíàìiêè ôîðìóâàííÿ êîìïåòåí-
òíîñòåé ó ïðîöåñi íàâ÷àííÿ âiäïîâiäíî äî ðiâíiâ ¨õ ñôîðìîâàíîñòi òà çäiéñíèòè àíàëiç
öi¹¨ ìîäåëi, çîêðåìà, äîñëiäèòè îáìåæåíiñòü, iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó çàäà÷ó
Êîøi.

3. Îñíîâíi ðåçóëüòàòè

3.1. Ïîáóäîâà ìàòåìàòè÷íî¨ ìîäåëi. Ó êîíòåêñòi öi¹¨ ðîáîòè âèêîðèñòîâó¹-
òüñÿ àíàëîãiÿ ìiæ:

- ïîøèðåííÿì iíôåêöié àáî iíôîðìàöi¨;
- ôîðìóâàííÿì êîìïåòåíòíîñòåé ó ïðîöåñi íàâ÷àííÿ.
Ó êîìïàðòìåíòíèõ ìîäåëÿõ ïîïóëÿöiÿ ïîäiëÿ¹òüñÿ íà ïiäãðóïè, ìiæ ÿêèìè âiäáó-

âàþòüñÿ ïåðåõîäè ç ïåâíîþ iíòåíñèâíiñòþ. Àíàëîãi÷íî, ó íàâ÷àëüíîìó ïðîöåñi ñòóäåíòè
ìîæóòü ïåðåáóâàòè íà ðiçíèõ ðiâíÿõ ñôîðìîâàíîñòi êîìïåòåíòíîñòåé òà ïåðåõîäèòè ìiæ
íèìè ïiä âïëèâîì íàâ÷àëüíèõ, ìîòèâàöiéíèõ i ñîöiàëüíèõ ÷èííèêiâ.

Öåé ïiäõiä äîçâîëÿ¹:
1) ÷iòêî ôîðìàëiçóâàòè ïåäàãîãi÷íi ïðèïóùåííÿ;
2) îòðèìàòè áàëàíñíi ñïiââiäíîøåííÿ;
3) çàáåçïå÷èòè ìàòåìàòè÷íó êîðåêòíiñòü ìîäåëi.
Çàóâàæèìî, ùî ïðîöåñ ôîðìóâàííÿ êîìïåòåíòíîñòåé ¹ ïîåòàïíèì i íåîäíîðiäíèì.

Öå çóìîâëþ¹ äîöiëüíiñòü âèäiëåííÿ êiëüêîõ êîìïàðòìåíòiâ.
Ïîçíà÷èìî ÷åðåç N(t) � êiëüêiñòü çäîáóâà÷iâ îñâiòè ó ìîìåíò ÷àñó t ≥ 0, ÿêi

ïðîõîäÿòü íàâ÷àííÿ âiäïîâiäíî äî äàíî¨ ïåäàãîãi÷íî¨ ìîäåëi. Íåõàé

• E(t) � êiëüêiñòü çäîáóâà÷iâ, ÿêi ïåðåáóâàþòü íà åòàïi ïåðâèííî¨ ìîòèâàöi¨ òà
îçíàéîìëåííÿ ç íàâ÷àëüíèì ìàòåðiàëîì, ôàêòè÷íî íå âîëîäiþòü âiäïîâiäíèìè
êîìïòåíòíîñòÿìè (Entry level � âõiäíèé ðiâåíü);
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• L(t) � êiëüêiñòü çäîáóâà÷iâ ç íèçüêèì (ïî÷àòêîâèì) ðiâíåì ñôîðìîâàíîñòi êîì-
ïåòåíòíîñòåé (Low level � íèçüêèé ðiâåíü);

• M(t) � êiëüêiñòü çäîáóâà÷iâ ç ñåðåäíiì (ðåïðîäóêòèâíèì) ðiâíåì ñôîðìîâàíîñòi
êîìïåòåíòíîñòåé (Medium level � ñåðåäíié ðiâåíü);

• S(t) � êiëüêiñòü çäîáóâà÷iâ ç äîñòàòíiì (êîíñòðóêòèâíèì) ðiâíåì ñôîðìîâàíîñòi
êîìïåòåíòíîñòåé (Su�cient level � äîñòàòíié ðiâåíü);

• H(t)� êiëüêiñòü çäîáóâà÷iâ ç âèñîêèì (òâîð÷èì) ðiâíåì ñôîðìîâàíîñòi êîìïòåíò-
íîñòåé (High level � âèñîêèé ðiâåíü).

Òîäi

N(t) = E(t) + L(t) +M(t) + S(t) +H(t).

Âñi öi ôóíêöi¨ ââàæàþòüñÿ íåâiä'¹ìíèìè i íåïåðåðâíî äèôåðåíöiéîâíèìè íà [0,+∞).
Ïåðåäáà÷à¹òüñÿ, ùî çäîáóâà÷i îñâiòè ïîñòóïîâî ïåðåõîäÿòü âiä íèæ÷èõ ðiâíiâ ñôîð-

ìîâàíîñòi êîìïåòåíòíîñòåé äî âèùèõ ó ïðîöåñi íàâ÷àííÿ. Ç óðàõóâàííÿì ïiäõîäiâ, çà-
ïðîïîíîâàíèõ ó [5], ââàæà¹ìî, ùî øâèäêiñòü ïåðåõîäó çäîáóâà÷iâ ìiæ ðiâíÿìè ïiäãîòîâ-
êè çàëåæèòü íå ëèøå âiä ¨õ ïîòî÷íîãî ñòàíó, à é âiä âçà¹ìîäi¨ ç áiëüø ïiäãîòîâëåíèìè
çäîáóâà÷àìè. Òàêà âçà¹ìîäiÿ âiäîáðàæà¹ åôåêòè êîëåêòèâíîãî íàâ÷àííÿ, êîíñóëüòàöié,
íàñòàâíèöòâà òà ñïiëüíî¨ ðîáîòè. Âiäïîâiäíî ââåäåìî òàêi äîäàòêîâi ïàðàìåòðè:

• Λ � iíòåíñèâíiñòü âõiäíîãî ïîòîêó çäîáóâà÷iâ îñâiòè, ÿêi ðîçïî÷èíàþòü íàâ÷àííÿ
âiäïîâiäíî äî ïåäàãîãi÷íî¨ ìîäåëi (êiëüêiñòü îñiá çà îäèíèöþ ÷àñó);

• α � êîåôiöi¹íò iíòåíñèâíîñòi êîíòàêòíîãî ïåðåõîäó çäîáóâà÷iâ îñâiòè ç ðiâíÿ
E äî ðiâíÿ L, òîáòî êîåôiöi¹íò êîíòàêòíî¨ êîíâåðñi¨ ìiæ âõiäíèì E i íèçüêèì
L ðiâíÿìè, ÿêèé õàðàêòåðèçó¹ ñîöiàëüíî çóìîâëåíèé ïåðåõiä çäîáóâà÷iâ îñâiòè ç
ðiâíÿ E äî ðiâíÿ L âíàñëiäîê âçà¹ìîäi¨ ç iíøèìè ó÷àñíèêàìè íàâ÷àëüíîãî ïðîöåñó
(öåé êîåôiöi¹íò ¹ àíàëîãîì êî¹ôiöi¹íòà çàðàæåííÿ â SIR-ìîäåëÿõ);

• β � êîåôiöi¹íò iíòåíñèâíîñòi áåçêîíòàòíîãî ïåðåõîäó çäîáóâà÷iâ îñâiòè ç âõiäíîãî
ðiâíÿ E äî ñåðåäíüîãî M ;

• γ1 � êîåôiöi¹íò iíòåíñèâíîñòi áåçêîíòàòíîãî ïåðåõîäó çäîáóâà÷iâ îñâiòè ç íèçü-
êîãî ðiâíÿ L äî ñåðåäíüîãî M ;

• γ2 � êîåôiöi¹íò iíòåíñèâíîñòi áåçêîíòàòíîãî ïåðåõîäó çäîáóâà÷iâ îñâiòè ç ñåðå-
äíüîãî ðiâíÿ M äî íèçüêîãî L;

• δ1 � êîåôiöi¹íò iíòåíñèâíîñòi áåçêîíòàòíîãî ïåðåõîäó çäîáóâà÷iâ îñâiòè ç ñåðå-
äíüîãî M ðiâíÿ äî äîñòàòíüîãî S áåç æîäíèõ êîíòàêòiâ;

• δ2 � êîåôiöi¹íò iíòåíñèâíîñòi áåçêîíòàòíîãî ïåðåõîäó çäîáóâà÷iâ îñâiòè ç ñåðå-
äíüîãî ðiâíÿ M äî âèñîêîãî H;

• δ3 � êîåôiöi¹íò iíòåíñèâíîñòi áåçêîíòàòíîãî ïåðåõîäó çäîáóâà÷iâ îñâiòè ç äîñòà-
òíüîãî ðiâíÿ S äî ñåðåäíüîãî M áåç æîäíèõ êîíòàêòiâ;

• θ1 � êîåôiöi¹íò iíòåíñèâíîñòi áåçêîíòàòíîãî ïåðåõîäó çäîáóâà÷iâ îñâiòè ç äîñòà-
òíüîãî ðiâíÿ S äî âèñîêîãî H;

• θ2 � êîåôiöi¹íò iíòåíñèâíîñòi áåçêîíòàòíîãî ïåðåõîäó çäîáóâà÷iâ îñâiòè ç âèñî-
êîãî ðiâíÿ H äî äîñòàòíüîãî S áåç æîäíèõ êîíòàêòiâ;

• σ � êîåôiöi¹íò iíòåíñèâíîñòi âèáóòòÿ çäîáóâà÷iâ îñâiòè ç íàâ÷àëüíîãî ïðîöåñó
íà áóäü-ÿêîìó åòàïi.

Íà ðèñóíêó 1 çîáðàæåíî ñõåìó, ÿêà iëþñòðó¹ äàíó ìîäåëü. Òàêèé ïîäië áåçïîñå-
ðåäíüî âiäîáðàæà¹ ëîãiêó ïåäàãîãi÷íî¨ ìîäåëi òà äîçâîëÿ¹ âðàõóâàòè ÿê ïðîãðåñ, òàê i
ìîæëèâèé ðåãðåñ ó íàâ÷àííi.
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Ðèñ. 1. Ñõåìà ìîäåëi äèíàìiêè ôîðìóâàííÿ êîìïåòåíòíîñòåé

×èñåëüíiñòü çäîáóâà÷iâ âõiäíîãî ðiâíÿ çðîñòà¹ çà ðàõóíîê ïðèïëèâó íîâèõ çäîáóâà-
÷iâ Λ. Çìåíøåííÿ öi¹¨ ãðóïè âiäáóâà¹òüñÿ âíàñëiäîê äâîõ îñíîâíèõ ïðîöåñiâ. Ïî-ïåðøå,
÷àñòèíà çäîáóâà÷iâ ïåðåõîäèòü äî íèçüêîãî ðiâíÿ L óíàñëiäîê ñîöiàëüíî çóìîâëåíî¨ âçà-
¹ìîäi¨ ç iíøèìè çäîáóâà÷àìè, ùî îïèñó¹òüñÿ íåëiíiéíèì êîíòàêòíèì ÷ëåíîì αEL. Ïî-
äðóãå, çäîáóâà÷i ìîæóòü áåçêîíòàêòíî ïåðåõîäèòè áåçïîñåðåäíüî äî ñåðåäíüîãî ðiâíÿ M
ç êîåôiöi¹íòîì iíòåíñèâíîñòi β, ùî âiäïîâiäà¹ iíäèâiäóàëüíîìó çàñâî¹ííþ íàâ÷àëüíîãî
ìàòåðiàëó. Êðiì òîãî, âðàõîâó¹òüñÿ ïðèïèíåííÿ íàâ÷àííÿ ç êîåôiöi¹íòîì σ. Îòæå, çìiíà
êiëüêîñòi çäîáóâà÷iâ âõiäíîãî ðiâíÿ îïèñó¹òüñÿ ðiâíÿííÿì

dE

dt
= Λ− αEL− (β + σ)E.

Ãðóïà çäîáóâà÷iâ ç íèçüêèì ðiâíåì L ïîïîâíþ¹òüñÿ çà ðàõóíîê êîíòàêòíîãî ïåðå-
õîäó ç ðiâíÿ E òà áåçêîíòàêòíîãî ïåðåõîäó ç ðiâíÿ M ç êîåôiöi¹íòàìè iíòåíñèâíîñòi α i
γ2 âiäïîâiäíî. Çìåíøåííÿ ÷èñåëüíîñòi öi¹¨ ãðóïè çóìîâëåíå áåçêîíòàêòíèì ïåðåõîäîì äî
ñåðåäíüîãî ðiâíÿ M ç êîåôiöi¹íòîì iíòåíñèâíîñòi γ1 òà ïðèïèíåííÿì íàâ÷àííÿ. Òàêèì
÷èíîì, çìiíà êiëüêîñòi íèçüêîãî ðiâíÿ îïèñó¹òüñÿ ðiâíÿííÿì

dL

dt
= αEL+ γ2M − (γ1 + σ)L.

×èñåëüíiñòü çäîáóâà÷iâ ñåðåäíüîãî ðiâíÿ M çáiëüøó¹òüñÿ çà ðàõóíîê áåçêîíòà-
êòíèõ ïåðåõîäiâ ç ðiâíiâ E, L òà S ç êîåôiöi¹íòàìè β, γ1 i δ3 âiäïîâiäíî. Çìåíøåííÿ
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öi¹¨ ãðóïè ïîâ'ÿçàíå ç ïåðåõîäàìè äî íèçüêîãî, äîñòàòíüîãî òà âèñîêîãî ðiâíiâ ç êîåôi-
öi¹íòàìè γ2,δ1 i δ2, à òàêîæ ç ïðèïèíåííÿì íàâ÷àííÿ. Îòæå,

dM

dt
= βE + γ1L+ δ3S − (γ2 + δ1 + δ2 + σ)M.

Ðiâåíü S ôîðìó¹òüñÿ âíàñëiäîê ïåðåõîäó çäîáóâà÷iâ iç ñåðåäíüîãî ðiâíÿ ç iíòåí-
ñèâíiñòþ δ1, à òàêîæ çà ðàõóíîê çâîðîòíîãî ïåðåõîäó ç âèñîêîãî ðiâíÿ H ç êîåôiöi¹íòîì
θ2. Çìåíøåííÿ ÷èñåëüíîñòi öi¹¨ ãðóïè çóìîâëåíå ïåðåõîäîì äî âèñîêîãî òà ñåðåäíüîãî
ðiâíiâ ç êîåôiöi¹íòàìè θ1 i δ3, òà ïðèïèíåííÿì íàâ÷àííÿ. Òàêèì ÷èíîì, ìà¹ìî ðiâíÿííÿ

dS

dt
= δ1M + θ2H − (δ3 + θ1 + σ)S.

Âèñîêèé ðiâåíü H ôîðìó¹òüñÿ çà ðàõóíîê ïåðåõîäiâ iç ñåðåäíüîãî òà äîñòàòíüîãî
ðiâíiâ ç êîåôiöi¹íòàìè δ2 òà θ1 âiäïîâiäíî. Çìåíøåííÿ ÷èñåëüíîñòi öi¹¨ ãðóïè âiäáóâà¹-
òüñÿ âíàñëiäîê çâîðîòíîãî ïåðåõîäó äî ðiâíÿ S òà ïðèïèíåííÿ íàâ÷àííÿ. Òîáòî ìà¹ìî
ðiâíÿííÿ

dH

dt
= δ2M + θ1S − (θ2 + σ)H.

Îòæå, äèíàìiêà ôîðìóâàííÿ êîìïåòåíòíîñòåé âiäïîâiäíî äî âèçíà÷åíèõ ðiâíiâ îïè-
ñó¹òüñÿ ñèñòåìîþ äèôåðåíöiàëüíèõ ðiâíÿíü:

dE

dt
= Λ− αEL− (β + σ)E,

dL

dt
= αEL+ γ2M − (γ1 + σ)L,

dM

dt
= βE + γ1L+ δ3S − (γ2 + δ1 + δ2 + σ)M,

dS

dt
= δ1M + θ2H − (δ3 + θ1 + σ)S,

dH

dt
= δ2M + θ1S − (θ2 + σ)H.

(1)

3.2. Çàäà÷à Êîøi: îáìåæåíiñòü, iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó.
Ðîçãëÿíåìî çàäà÷ó Êîøi äëÿ ñèñòåìè (1) ç ïî÷àòêîâèìè óìîâàìè

E(0) = E0, L(0) = L0, M(0) = M0, S(0) = S0, H(0) = H0, (2)

äå
E0, L0,M0, S0, H0 ≥ 0.

Òåîðåìà 1. Äëÿ áóäü-ÿêèõ íåâiä'¹ìíèõ ïî÷àòêîâèõ äàíèõ ðîçâ'ÿçîê

(E(t), L(t),M(t), S(t), H(t)) ∈ C1([0,+∞),R5
+)

çàäà÷i Êîøi (1), (2) ¹ îáìåæåíèì.

Äîâåäåííÿ. Äîäàâøè âñi ðiâíÿííÿ ñèñòåìè (1) i âðàõóâàâøè, ùî N(t) = E(t) + L(t) +
M(t) + S(t) +H(t), îòðèìà¹ìî äèôåðåíöiàëüíå ðiâíÿííÿ

dN

dt
= Λ− σN(t)

àáî
dN

dt
+ σN(t) = Λ. (3)
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ç ïî÷àòêîâîþ óìîâîþ

N(0) = N0 := E0 + L0 +M0 + S0 +H0. (4)

Ðîçâ'ÿçîê çàäà÷i Êîøi (3), (4) ìà¹ âèãëÿä

N(t) =
Λ

σ
+

(
N0 −

Λ

σ

)
e−σt.

Î÷åâèäíî, ùî

lim
t→+∞

N(t) =
Λ

σ
.

Íåõàé

N0 ≤
Λ

σ
.

Òîäi

0 ≤ N(t) ≤ Λ

σ
äëÿ âñiõ t ≥ 0. Çâiäñè âèïëèâà¹, ùî ôóíêöiÿ N(t) ¹ îáìåæåíîþ äëÿ âñiõ t ≥ 0. Îñêiëüêè
âñi êîìïîíåíòè ðîçâ'ÿçêó íåâiä'¹ìíi i íå ïåðåâèùóþòü N(t), âîíè òàêîæ ¹ îáìåæåíèìè.

□

Òåîðåìà 2. Äëÿ áóäü-ÿêèõ íåâiä'¹ìíèõ ïî÷àòêîâèõ äàíèõ çàäà÷à Êîøi (1), (2) ìà¹
¹äèíèé ðîçâ'ÿçîê

(E(t), L(t),M(t), S(t), H(t)) ∈ C1([0,+∞),R5
+).

Äîâåäåííÿ. Ïåðåïèøåìî ñèñòåìó (1) ó âåêòîðíié ôîðìi

dX

dt
= F (X) := LX +N (X),

äå

X = (E,L,M, S,H)T ,

L =


−(β + σ) 0 0 0 0

0 −(γ1 + σ) γ2 0 0
β γ1 −(γ2 + δ1 + δ2 + σ) δ3 0
0 0 δ1 −(δ3 + θ1 + σ) θ2
0 0 δ2 θ1 −(θ2 + σ)

 ,

à íåëiíiéíèé îïåðàòîð N âèçíà÷à¹òüñÿ ðiâíiñòþ

N (X) =


Λ− αEL
αEL
0
0
0

 .

Äëÿ äîâåäåííÿ òåîðåìè äîðñòàòíüî ïîêàçàòè, ùî îïåðàòîð F ¹ ëiïøèöåâèì. Ñïðàâ-
äi, íåõàé

X1 = (E1, L1,M1, S1, H1)
T , X2 = (E2, L2,M2, S2, H2)

T ∈ C1([0,+∞),R5
+).
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Ðîçãëÿíåìî ðiçíèöþ

N (X1)−N (X2) =


−α(E1L1 − E2L2)
α(E1L1 − E2L2)

0
0
0

 .

Òîäi
∥N (X1)−N (X2)∥ ≤ 2α |E1L1 − E2L2|.

Ðîçêëàäåìî ðiçíèöþ:

E1L1 − E2L2 = E1(L1 − L2) + L2(E1 − E2).

Òîäi
|E1L1 − E2L2| ≤ E1|L1 − L2|+ L2|E1 − E2|.

Âèêîðèñòîâóþ÷è îáìåæåíiñòü ðîçâ'ÿçêiâ

Ei, Li ≤
Λ

σ
, i = 1, 2,

îäåðæó¹ìî

|E1L1 − E2L2| ≤
Λ

σ

(
|L1 − L2|+ |E1 − E2|

)
.

Îòæå,

∥N (X1)−N (X2)∥ ≤ 2αΛ

σ

(
|E1 − E2|+ |L1 − L2|

)
.

Îñêiëüêè âñi íîðìè â R5 åêâiâàëåíòíi, òî iñíó¹ ñòàëà C1 > 0 òàêà, ùî

|E1 − E2|+ |L1 − L2| ≤ C1∥X1 −X2∥.
Òîìó

∥N (X1)−N (X2)∥ ≤ C∥X1 −X2∥, C =
2αΛ

σ
C1.

Îñêiëüêè îïåðàòîð L ¹ ëiíiéíèì, òî

∥LX1 − LX2∥ ≤ ∥L∥ ∥X1 −X2∥.
Îòæå,

∥F (X1)− F (X2)∥ = ∥LX1 +N (X1)− (LX2 +N (X2))∥ ≤ (∥L∥+ C)∥X1 −X2∥.
Òàêèì ÷èíîì, ïðàâà ÷àñòèíà ñèñòåìè ¹ ëiïøèöåâîþ, ùî é äîâîäèòü íåîáõiäíå.

□

Âèñíîâêè. Òàêèì ÷èíîì, ó ðîáîòi ïîáóäîâàíî ìàòåìàòè÷íó ìîäåëü äèíàìiêè ôîð-
ìóâàííÿ êîìïåòåíòíîñòåé çäîáóâà÷iâ îñâiòè íà îñíîâi êîìïàðòìåíòíîãî ïiäõîäó. Çàïðî-
ïîíîâàíà ìîäåëü âðàõîâó¹ ïîåòàïíèé õàðàêòåð íàâ÷àëüíîãî ïðîöåñó òà äîçâîëÿ¹ îïèñàòè
ÿê ïðîãðåñèâíi, òàê i ðåãðåñèâíi ïåðåõîäè ìiæ ðiâíÿìè ñôîðìîâàíîñòi êîìïåòåíòíîñòåé.
Ó ðåçóëüòàòi ïðîâåäåíîãî àíàëiçó âñòàíîâëåíî, ùî ñóìàðíà ÷èñåëüíiñòü çäîáóâà÷iâ îñâi-
òè ¹ îáìåæåíîþ ôóíêöi¹þ ÷àñó, ùî çàáåçïå÷ó¹ êîðåêòíiñòü ìîäåëi ç òî÷êè çîðó ïðè-
êëàäíî¨ iíòåðïðåòàöi¨. Òàêîæ äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ
ïîáóäîâàíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü íà îñíîâi âëàñòèâîñòi ëiïøèöåâîñòi ïðà-
âî¨ ÷àñòèíè. Çàïðîïîíîâàíà ìîäåëü ìîæå áóòè âèêîðèñòàíà ÿê áàçîâà äëÿ ïîäàëüøèõ
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äîñëiäæåíü, çîêðåìà àíàëiçó ñòiéêîñòi ðiâíîâàæíèõ ñòàíiâ, äîñëiäæåííÿ âïëèâó ïàðàìå-
òðiâ òà ïîñòàíîâêè çàäà÷ îïòèìàëüíîãî êåðóâàííÿ îñâiòíiì ïðîöåñîì.

Êîíôëiêò iíòåðåñiâ i åòèêà. Ñåðãié Áàê ¹ ãîëîâíèì ðåäàêòîðîì, à Ãàëèíà Êîâ-
òîíþê ¹ ÷ëåíîì ðåäêîëåãi¨ äàíîãî æóðíàëó. Äëÿ óíèêíåííÿ êîíôëiêòó iíòåðåñiâ, ðóêîïèñ
ïðîéøîâ âiäïîâiäíó ïðîöåäóðó ðåöåíçóâàííÿ íåçàëåæíèìè ðåöåíçåíòàìè, à ïðèéíÿòòÿ
ðiøåííÿ ïðî ïóáëiêàöiþ çäiéñíþâàëîñÿ íåçàëåæíèì ðåäàêòîðîì. Àâòîðè òàêîæ çàÿâëÿ-
þòü ïðî ïîâíå äîòðèìàííÿ âñiõ ïðàâèë åòèêè æóðíàëüíèõ äîñëiäæåíü.

Ïîäÿêè. Àâòîðè çàÿâëÿþòü ïðî âiäñóòíiñòü ñïåöiàëüíîãî ôiíàíñóâàííÿ öi¹¨ ðîáî-
òè.
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Construction and analysis of a mathematical model of the dynamics
of competence formation in the learning process

Serhii Bak, Halyna Kovtoniuk

Abstract. The article proposes a mathematical model describing the dynamics of compe-
tence formation in the educational process. The model is developed based on an analogy
with compartmental and epidemiological approaches and considers �ve levels of competence
development: entry, low, medium, su�cient, and high. Both progressive and regressive transi-
tions between these levels are taken into account, including contact and non-contact interacti-
on mechanisms. The resulting model is formulated as a system of nonlinear ordinary di-
�erential equations that describe the temporal evolution of student groups across di�erent
competence levels. For the proposed system, the corresponding Cauchy problem is analyzed.
In particular, the boundedness of solutions is established, and the existence and uniqueness
of solutions are proved using standard results from the theory of di�erential equations, based
on the Lipschitz continuity of the right-hand side. The developed model provides a formal
framework for describing the competence formation process and can serve as a foundation for
further investigations, including stability analysis, sensitivity analysis of model parameters,
and optimal control of the educational process.

Keywords: mathematical modeling, competence formation, compartmental models, epi-
demiological models, Cauchy problem, existence and uniqueness of the solution.
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Ïiâëiíiéíi ïàðàáîëi÷íi ðiâíÿííÿ íà ãðàôàõ
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Àíîòàöiÿ. Ó ñòàòòi ðîçãëÿíóòî ìiøàíó çàäà÷ó äëÿ ïiâëiíiéíîãî ïàðàáîëi÷íîãî ðiâíÿ-
ííÿ íà ïðîñòîìó çâ'ÿçíîìó îði¹íòîâàíîìó ãðàôi. Âèçíà÷åíî ñëàáêèé ðîçâ'ÿçîê çàäà÷i
ó âiäïîâiäíèõ ôóíêöiéíèõ ïðîñòîðàõ òà íàâåäåíî óìîâè íåïåðåðâíîñòi é ñïðÿæåííÿ ó
âóçëàõ ãðàôà. Äîâåäåíî îäíîçíà÷íó ðîçâ'ÿçíiñòü çàäà÷i.

Êëþ÷îâi ñëîâà: ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè, ïàðàáîëi÷íi ðiâíÿííÿ, ìiøàíà çà-
äà÷à, çâ'ÿçíèé îði¹íòîâàíèé ãðàô, ñëàáêèé ðîçâ'ÿçîê.

1. Âñòóï

Íåõàé M,n ∈ N � äåÿêi ÷èñëà, G � äåÿêèé ïðîñòèé çâ'ÿçíèé îði¹íòîâàíèé ãðàô
iç âåðøèíàìè Pj (j = 1,M) òà ðåáðàìè Ωi (i = 1, n). Ïàðàìåòðèçó¹ìî êîæíå ðåáðî Ωi

iíòåðâàëîì (0, ℓi) (òîáòî, äëÿ çðó÷íîñòi, íåõàé Ωi := (0, ℓi), äå i = 1, n).
Íåõàé J−

j òà J+
j � öå ìíîæèíè óñiõ íîìåðiâ ðåáåð, ùî, âiäïîâiäíî, âõîäÿòü ó âåðøè-

íó Pj òà âèõîäÿòü iç íå¨ (äèâ. [1], [2]), j = 1,M . Òóò âõiä òà âèõiä ç âåðøèíè îáóìîâëåíî
ïàðàìåòðèçàöi¹þ ðåáåð. Íàïðèêëàä, äëÿ ãðàôà ç Ðèñ. 1 ìà¹ìî J−

1 = ∅, J+
1 = {1, 3, 4}

òîùî.
Äèôåðåíöiàëüíi ðiâíÿííÿ íà ãðàôàõ îïèñóþòü áàãàòî âàæëèâèõ ïðîöåñiâ îòî÷óþ-

÷î¨ äiéñíîñòi. Çîêðåìà, ó ñó÷àñíèõ äîñëiäæåííÿõ ïiâëiíiéíi ïàðàáîëi÷íi ñèñòåìè âèñòó-
ïàþòü öåíòðàëüíèì iíñòðóìåíòîì äëÿ ìîäåëþâàííÿ ñêëàäíèõ ïðîöåñiâ ðåàêöi¨-äèôóçi¨.
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Buhrii O., Yatseniak D. Semilinear parabolic equations on graphs

Â ñòàòòi [3] äåòàëüíî ðîçãëÿäà¹òüñÿ îäíîêîìïîíåíòíà ìîäåëü íà îñíîâi ðiâíÿííÿ Çåëü-
äîâè÷à, ùî ¹ ïàðàáîëi÷íèì ðiâíÿííÿì âèäó

∂u

∂t
= D∆u+R(u),

äå ìîëîäøèé íåëiíiéíèé ÷ëåí R(u) = Ku2(1−u) îïèñó¹ øâèäêiñòü õiìi÷íî¨ ðåàêöi¨, à ïà-
ðàìåòð K âèçíà÷à¹ iíòåíñèâíiñòü ïåðåòâîðåííÿ ðå÷îâèíè. Òàêå ôîðìóëþâàííÿ ¹ iäåéíî
áëèçüêèì äî çàäà÷i, ùî äîñëiäæó¹òüñÿ â íàøié ïðàöi, äå íåëiíiéíiñòü âèçíà÷à¹ âíóòði-
øíþ äèíàìiêó ñèñòåìè. Âiäïîâiäíi ìîäåëi äîçâîëÿþòü ç âèñîêîþ òî÷íiñòþ îïèñóâàòè
äèíàìiêó êîíöåíòðàöi¨ õiìi÷íèõ ðå÷îâèí, ïðîöåñè ãîðiííÿ, à òàêîæ ïðîöåñè ïîøèðåííÿ
íåðâîâèõ iìïóëüñiâ ó áiîëîãi÷íèõ ìåðåæàõ.

P1

P2 P3

P4

Ω1

Ω2

Ω 3

Ω4

Ω5

Ðèñ. 1. Ïðèêëàä ãðàôà.

Ðîçâèòîê òåîði¨ åâîëþöiéíèõ ðiâíÿíü íà ãðàôàõ òàêîæ òiñíî ïîâ'ÿçàíèé iç íîâiòíi-
ìè âèêëèêàìè â àíàëiçi äàíèõ òà îáðîáöi ñèãíàëiâ. ßê çàçíà÷åíî ó [4, ñ. 4-5], äèôåðåíöi-
àëüíi ìåòîäè íà ãðàôàõ ¹ îñíîâîþ äëÿ íåëîêàëüíî¨ ñåãìåíòàöi¨ çîáðàæåíü òà àëãîðèòìiâ
ìàøèííîãî íàâ÷àííÿ íà ñêëàäíèõ ìåðåæåâèõ ñòðóêòóðàõ. Çàñòîñóâàííÿ âàðiàöiéíèõ ïiä-
õîäiâ äî ïàðàáîëi÷íèõ çàäà÷ äîçâîëÿ¹ åôåêòèâíî ìîäåëþâàòè äèôóçiþ iíôîðìàöi¨ òà
äèíàìiêó âçà¹ìîäi¨ âóçëiâ ó ñîöiàëüíèõ i òåõíîëîãi÷íèõ ìåðåæàõ.

Ó ïðàöi [5] ðîçãëÿíóòî äåÿêi âëàñòèâîñòi äèíàìi÷íèõ ñèñòåì, ÿêi îïèñóþòüñÿ ðiâ-
íÿííÿìè ïàðàáîëi÷íîãî é ãiïåðáîëi÷íîãî òèïiâ íà ãðàôàõ. Çîêðåìà, äëÿ ðiâíÿííÿ òåïëî-
ïðîâiäíîñòi

∂u

∂t
− σ2∂

2u

∂x2
= 0

íà ãðàôàõ-äåðåâàõ àâòîðàìè äîâåäåíî çäàòíiñòü ïåðåâåñòè ñèñòåìó ç áóäü-ÿêîãî ïî÷à-
òêîâîãî ñòàíó â íóëüîâèé çà äîâiëüíèé iíòåðâàë ÷àñó τ > 0. Äëÿ ðîçãëÿäó ïðåäñòàâ-
ëåíà çàäà÷à, äå ãðàíè÷íå êåðóâàííÿ çäiéñíþ¹òüñÿ ÷åðåç óìîâè Äiðiõëå, çàñòîñîâàíi äî
ãðàíè÷íèõ âóçëiâ ãðàôà, ùî ìà¹ çíà÷åííÿ äëÿ ïðî¹êòóâàííÿ òà ñòàáiëiçàöi¨ ãíó÷êèõ
áàãàòîëàíêîâèõ iíæåíåðíèõ êîíñòðóêöié, çàáåçïå÷óþ÷è òåîðåòè÷íó áàçó äëÿ óïðàâëií-
íÿ êâàíòîâèìè ïðîöåñàìè ó íàíîñòðóêòóðàõ, äå òîïîëîãiÿ çâ'ÿçêiâ âèçíà÷à¹ äèíàìi÷íi
âëàñòèâîñòi âñi¹¨ ñèñòåìè.

Àêòóàëüíiñòü äîñëiäæåííÿ ïiäñèëþ¹òüñÿ ïîòðåáàìè ñó÷àñíî¨ íàóêè ïðî äàíi. Ñòà-
òòÿ [6] ïiäêðåñëþ¹ âàæëèâiñòü âèêîðèñòàííÿ åâîëþöiéíèõ ðiâíÿíü íà ãðàôàõ äëÿ îïèñó
íåëîêàëüíî¨ äèíàìiêè âåëèêèõ ìàñèâiâ äàíèõ. Çàäà÷i äëÿ ïiâëiíiéíèõ ïàðàáîëi÷íèõ ðiâ-
íÿíü, ùî ðîçãëÿäàþòüñÿ íàìè, ðîçøèðþþòü iñíóþ÷èé ìàòåìàòè÷íèé àïàðàò, äîçâîëÿþ-
÷è âðàõîâóâàòè ñêëàäíi âíóòðiøíi âçà¹ìîäi¨ â ìåðåæàõ, ùî íåìîæëèâî â ìåæàõ êëàñè-
÷íèõ åâêëiäîâèõ ìîäåëåé. Âiäïîâiäíî ðîçðîáêà ìåòîäiâ äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó
òàêèõ çàäà÷ ¹ íåîáõiäíèì êðîêîì äëÿ ñòâîðåííÿ íàäiéíèõ àëãîðèòìiâ ìîäåëþâàííÿ åâî-
ëþöiéíèõ ïðîöåñiâ íà ñêëàäíèõ ãåîìåòðè÷íèõ ñòðóêòóðàõ.
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Ó öié ñòàòòi ìè ðîçãëÿíåìî ìiøàíó çàäà÷ó äëÿ åâîëþöiéíîãî ðiâíÿííÿ íà ãðàôi
G. Ïîêàæåìî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó öi¹¨ çàäà÷i. Âiäïîâiäíi ìiøàíi çàäà÷i äëÿ
ëiíiéíèõ ðiâíÿíü íà ãðàôàõ ðîçãëÿíóòî â [1] òà [2].

2. Ïîñòàíîâêà çàäà÷i

Íåõàé T > 0, ℓi > 0, Ωi = (0, ℓi), Q
i
0,T = Ωi × (0, T ), i = 1, n. Òóò øóêàòèìåìî

ôóíêöiþ u = (u1, . . . , un) òàêó, ùî ui : Qi
0,T → R, i = 1, n. Ðîçãëÿíåìî ðiâíÿííÿ

ui
t − ai ui

xx + gi|ui|q−2ui = f i(x, t), (x, t) ∈ Qi
0,T , i = 1, n, (1)

ç âiäïîâiäíèìè êðàéîâèìè óìîâàìè
uk(ℓk, t) = ud(ℓd, t) = ur(0, t) = us(0, t), k, d ∈ J−

j , r, s ∈ J+
j ,∑

k∈J−
j

uk
x(ℓk, t)−

∑
r∈J+

j

ur
x(0, t) = 0,

j = 1,M, t ∈ (0, T ), (2)

òà ïî÷àòêîâèìè óìîâàìè

ui(x, 0) = ui
0(x), x ∈ Ωi, i = 1, n, (3)

äå ai, gi > 0 òà q > 1 � äåÿêi ÷èñëà, f i : Qi
0,T → R òà ui

0 : Ωi → R � äåÿêi ôóíêöi¨, i = 1, n.
Ââåäåìî íåîáõiäíi ïîçíà÷åííÿ:

Ω := Ω1 × . . .× Ωn, Q0,T := Q1
0,T × . . .×Qn

0,T , (4)

V1 :=
{
v ∈ H1(Ω1)× . . .×H1(Ωn)

∣∣∣
vk(ℓk) = vd(ℓd) = vr(0) = vs(0), k, d ∈ J−

j , r, s ∈ J+
j , j = 1,M

}
, (5)

V2 := H2(Ω1)× . . .×H2(Ωn), Y := Lq(Ω1)× . . .× Lq(Ωn), (6)

H := L2(Ω1)× . . .× L2(Ωn), V = V1 ∩ Y. (7)

Òóò V1 òà H ¹ ãiëüáåðòîâèìè ïðîñòîðàìè ç íîðìàìè

||v||V1 :=
( n∑

i=1

||vi||2H1(Ωi)

)1/2

, |v|H ≡ ||v||H :=
( n∑

i=1

||vi||2L2(Ωi)

)1/2

, (8)

âiäïîâiäíî. Çðîçóìiëî, ùî

||v||2V1
=

n∑
i=1

||vi||2H1(Ωi)
=

n∑
i=1

(
||vix||2L2(Ωi)

+ ||vi||2L2(Ωi)

)
= |vx|2H + |v|2H . (9)

Òóò i äàëi vx = (v1x, . . . , v
n
x). Ïðîñòið Y ðîçãëÿäàòèìåìî ç íîðìîþ

||v||Y =
( n∑

i=1

ℓi∫
0

|vi(x)|q dx
)1/q

, v = (v1, . . . , vn). (10)

Öåé ïðîñòið ¹ áàíàõîâèì ïðè q ≥ 1, à çà óìîâè q > 1 âií ¹ ðåôëåêñèâíèì.

Çàóâàæèìî òàêîæ, ùî V ⟲ H, òîáòî ïðîñòið V ùiëüíî é íåïåðåðâíî âêëàäåíèé

â H (äèâ. [1, ñ. 3]). Òîäi îòðèìà¹ìî V ⟲ H ∼= H∗ ⟲ V ∗ (äèâ. [7, ñ. 232-233] äëÿ áiëüø
äåòàëüíî¨ iíôîðìàöi¨).
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Àíàëîãi÷íî äî ïðîñòîðó Y ç (6) ââåäåìî ïðîñòið

Y(Q0,T ) := Lq(Q1
0,T )× . . .× Lq(Qn

0,T ), (11)

ç íîðìîþ

||u;Y(Q0,T )|| =
( n∑

i=1

||ui;Lq(Qi
0,T )||q

)1/q

=
( n∑

i=1

∫
Qi

0,T

|ui(x, t)|q dxdt
)1/q

.

Ñïðÿæåíèì äî Y ¹ ïðîñòið

Y ∗ = Lq′(Ω1)× . . .× Lq′(Ωn), (12)

à äî Y(Q0,T ) � ïðîñòið Y∗(Q0,T ) = Lq′(Q1
0,T ) × . . . × Lq′(Qn

0,T ), äå q′ > 1 � ñïðÿæåíèé äî

q > 1 ïîêàçíèê, òîáòî ÷èñëî, ùî çàäîâîëüíÿ¹ óìîâó
1

q
+

1

q′
= 1. Çðîçóìiëî, ùî

q′ =
q

q − 1
. (13)

Íåõàé
U(Q0,T ) = L2(0, T ;V1) ∩ Y(Q0,T ). (14)

Íàäiëèìî öåé ïðîñòið ñòàíäàðòíîþ íîðìîþ ïåðåòèíó áàíàõîâèõ ïðîñòîðiâ

||u;U(Q0,T )|| = ||u;L2(0, T ;V1)||+ ||u;Y(Q0,T )||.
Ñïðÿæåíèì äî U(Q0,T ) ¹ ïðîñòið U∗(Q0,T ) = L2(0, T ;V ∗

1 ) + Y∗(Q0,T ). Ìîæíà ïîêàçàòè,
ùî ïðîñòið

W (Q0,T ) := {u ∈ U(Q0,T ) | ut ∈ U∗(Q0,T )} (15)

¹ áàíàõîâèì ïðîñòîðîì ç íîðìîþ

||u;W (Q0,T )|| = ||u;U(Q0,T )||+ ||ut;U
∗(Q0,T )||.

Êðiì òîãî, C1([0, T ];V ) ¹ ùiëüíèì ó W (Q0,T ), W (Q0,T ) ⊂ C([0, T ];H) é âèêîíó¹òüñÿ
íàñòóïíà ôîðìóëà iíòåãðóâàííÿ ÷àñòèíàìè

t2∫
t1

⟨ut(t),v(t)⟩V dt = (u(t2),v(t2))H − (u(t1),v(t1))H −
t2∫

t1

⟨vt(t),u(t)⟩V dt, (16)

äå 0 ≤ t1 < t2 ≤ T òà u,v ∈ W (Q0,T ). Çðîçóìiëî, ùî ïðè v = u ç (16) âèïëèâà¹, ùî

t2∫
t1

⟨ut(t),u(t)⟩V dt =
1

2
|u(t2)|2H − 1

2
|u(t1)|2H . (17)

Âèçíà÷èìî îïåðàòîðè A : V1 → V ∗
1 òà N : Y → Y ∗ òàê:

⟨Az,v⟩V1 =
n∑

i=1

ℓi∫
0

aizix(x)v
i
x(x) dx, z,v ∈ V1, (18)

⟨Nh,y⟩Y =
n∑

i=1

ℓi∫
0

gi|hi(x)|q−2hi(x)yi(x) dx, h,y ∈ Y, (19)

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ íàñòóïíi óìîâè.
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(A): ai > 0, i = 1, n; a0 := min{a1, . . . , an}, a0 := max{a1, . . . , an};
(G): gi > 0, i = 1, n; g0 := min{g1, . . . , gn}, g0 := max{g1, . . . , gn};
(F): f := (f 1, . . . , fn) ∈ L2(0, T ;H), äå H âçÿòî ç (7);
(U): u0 := (u1

0, . . . , u
n
0 ) ∈ H.

Îçíà÷åííÿ 1. Âåêòîð-ôóíêöiÿ u ∈ W (Q0,T ), íàçèâà¹òüñÿ óçàãàëüíåíèì ðîçâ'ÿçêîì çà-
äà÷i (1)-(3), ÿêùî äëÿ âñiõ v ∈ U(Q0,T ) âèêîíó¹òüñÿ ðiâíiñòü

T∫
0

⟨ut(t) + Au(t) +Nu(t),v(t)⟩V dt =

T∫
0

(f(t),v(t))H dt, (20)

à òàêîæ u çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

u(0) = u0. (21)

Çàóâàæåííÿ 2. Òå, ùî ðîçãëÿíóòèé íàìè ãðàô G ¹ îði¹íòîâàíèì, äîçâîëÿ¹ íàì çàïèñó-
âàòè êðàéîâi óìîâè (2) ó çðó÷íiøîìó äëÿ íàñ âèãëÿäi. Îòðèìàíi òóò ðåçóëüòàòè ïåðå-
íîñÿòüñÿ íà âèïàäîê íåîði¹íòîâàíèõ ãðàôiâ, áî äîâåäåííÿ òåîðåì iñíóâàííÿ i ¹äèíîñòi
ðîçâ'ÿçêó çàäà÷i (1)-(2) íå çàëåæèòü âiä ñïîñîáó âèáîðó òàêî¨ îði¹íòàöi¨.

3. Äîïîìiæíi ôàêòè

Ðîçiá'¹ìî öåé ïiäðîçäië íà êiëüêà ÷àñòèí.

3.1. Çàäà÷à Êîøi äëÿ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Íåõàé
d ∈ N,Q = (0, T )×Rm. Ðîçãëÿíåìî çàäà÷ó âiäøóêàííÿ ñëàáêîãî ðîçâ'ÿçêó φ : [0, T ] → Rm

òàêî¨ çàäà÷i Êîøi:

φ′(t) + L(t, φ(t)) = M(t), t ∈ [0, T ], φ(0) = φ0, (22)

äå L : Q → Rm òà M : [0, T ] → Rm � äåÿêi ôóíêöi¨ (äëÿ çðó÷íîñòi ïðèïóñêà¹ìî, ùî
L(t, 0) = 0 äëÿ êîæíîãî t ∈ [0, T ]), φ0 = (φ0

1, . . . , φ
0
d) ∈ Rm.

Íåõàé m ∈ N, p ∈ [1,∞], X � áàíàõiâ ïðîñòið, Wm,p(0, T ;X) � ïðîñòið Ñîáîë¹âà-
Áîõíåðà (äèâ. [8, ñ. 286]). Íàãàäà¹ìî êiëüêà ïîíÿòü.

Îçíà÷åííÿ 3. Âåêòîð-ôóíêöiÿ φ ∈ W 1,1(0, T ;Rm) íàçèâà¹òüñÿ ãëîáàëüíèì ñëàáêèì
ðîçâ'ÿçêîì çàäà÷i (22), ÿêùî φ çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó ç (22) òà çàäîâîëüíÿ¹ ñè-
ñòåìó ç (22) ìàéæå äëÿ âñiõ (ì.ä.â.) t ∈ (0, T ).

Îçíà÷åííÿ 4. Âåêòîð-ôóíêöiÿ L : Q → Rm çàäîâîëüíÿ¹ óìîâó Êàðàòåîäîði, ÿêùî: äëÿ
âñiõ (ä.â.) ζ ∈ Rm ôóíêöiÿ (0, T ) ∋ t 7→ L(t, ζ) ∈ Rm ¹ âèìiðíîþ; ì.ä.â. t ∈ (0, T ) ôóíêöiÿ
Rm ∋ ζ 7→ L(t, ζ) ∈ Rm ¹ íåïåðåðâíîþ.

Îçíà÷åííÿ 5. Âåêòîð-ôóíêöiÿ L : Q → Rm çàäîâîëüíÿ¹ Lp-óìîâó Êàðàòåîäîði, ÿêùî
âîíà çàäîâîëüíÿ¹ óìîâó Êàðàòåîäîði òà ä.â. R > 0 iñíó¹ ôóíêöiÿ hR ∈ Lp(0, T ) òàêà, ùî

|L(t, ζ)|Rm ≤ hR(t) (23)

ì.ä.â. t ∈ (0, T ) òà ä.â. ζ ∈ DR := {y ∈ Rm | |y|Rm ≤ R}.

Òâåðäæåííÿ 6 (òåîðåìà Êàðàòåîäîði-Ëàñàëëÿ, äèâ. [9] òà òåîðåìó 3.24, [10], ñ. 872).
Íåõàé p ≥ 2, ôóíêöiÿ L : Q → Rm çàäîâîëüíÿ¹ Lp-óìîâó Êàðàòåîäîði, M ∈ Lp(0, T ;Rm),
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φ0 ∈ Rm. ßêùî iñíóþòü íåâiä'¹ìíi ôóíêöi¨ α, β ∈ L1(0, T ) òàêi, ùî ä.â. ξ ∈ Rm òà
ì.ä.â. t ∈ [0, T ] âèêîíó¹òüñÿ íåðiâíiñòü

(L(t, ξ), ξ)Rm ≥ −α(t)|ξ|2Rm − β(t), (24)

òî çàäà÷à (22) ìà¹ ãëîáàëüíèé ñëàáêèé ðîçâ'ÿçîê φ ∈ W 1,p(0, T ;Rm).

3.2. Äîïîìiæíi íåðiâíîñòi. Íàñòóïíi äâà òâåðäæåííÿ ¹ âiäîìèìè. Äëÿ çðó÷íîñòi íà-
âåäåìî ¨õ äîâåäåííÿ.

Òâåðäæåííÿ 7 (íåðiâíiñòü Ïóàíêàðå íà ãðàôàõ, Ëåìà 1 [1], c. 4). Iñíó¹ ñòàëà C1 > 0
òàêà, ùî äëÿ êîæíîãî z ∈ V1 âèêîíó¹òüñÿ íåðiâíiñòü

|zx|2H +
( n∑

i=1

ℓi∫
0

zi(x) dx
)2

≥ C1|z|2H . (25)

Äîâåäåííÿ. Ïðèïóñòèìî ïðîòèëåæíå, òîáòî íåõàé äëÿ êîæíîãî C1 > 0 iñíó¹ òàêå
z ≡ zC1 ∈ V1, ùî

|zx|2H +
( n∑

i=1

ℓi∫
0

zi(x) dx
)2

< C1|z|2H .

Âiçüìåìî C1 =
1

k2
òà ïîçíà÷èìî zk := zC1 , vk :=

zk

|zk|H
, k ∈ N. Òåïåð |vk|H = 1 òà

|vk
x|2H +

( n∑
i=1

ℓi∫
0

vk,i(x) dx
)2

<
1

k2
.

Çâiäñè âèïëèâàþòü òàêi iìïëiêàöi¨:

|vk|H = 1 =⇒ {vk}H îáìåæåíà â H, (26)

|vk
x|H <

1

k2
=⇒ {vk

x}H îáìåæåíà â H, (27)

vk
x −→
k→∞

(0, . . . , 0) â H, (28)

∣∣∣ n∑
i=1

ℓi∫
0

vk,i(x) dx
∣∣∣ < 1

k
=⇒

n∑
i=1

ℓi∫
0

vk,i(x) dx −→
k→∞

0 â R. (29)

Ç (26) òà (28), âèïëèâà¹, ùî ïîñëiäîâíiñòü {vk}k∈N ¹ îáìåæåíîþ ó V1. Êîìïàêòíiñòü

âêëàäåííÿ V1

K

⊂ H îçíà÷à¹, ùî iñíó¹ ïiäïîñëiäîâíiñòü òàêà, ùî vkj −→
j→∞

v ñèëüíî â H.

Çâiäñè ñëiäó¹, ùî

|v|H = 1,
n∑

i=1

ℓi∫
0

vi(x) dx = 0. (30)

Êðiì òîãî, çi çáiæíîñòi (28) ìà¹ìî, ùî vx = (0, . . . , 0), ç ÷îãî ðîáèìî âèñíîâîê, ùî
vi ¹ ñòàëèìè äëÿ êîæíîãî i ∈ {1, . . . , n}. Ç ïîáóäîâè ïðîñòîðó V1 âèïëèâà¹, ùî âñi öi
êîíñòàíòè ðiâíi, òîáòî v = (β, . . . , β) ∈ Rn. Ç ðiâíîñòi íóëþ iíòåãðàëà â (30), âèïëèâà¹,
ùî v = (0, . . . , 0) ùî ïðîòèði÷èòü ïðèïóùåííþ |v|H = 1. □
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Òâåðäæåííÿ 8 (óçàãàëüíåíà ëåìà Ãðîíóîëà-Áåëìàíà). ßêùî ôóíêöiÿ y ∈ L1(0, T ) çà-
äîâîëüíÿ¹ íåðiâíiñòü

y(τ) ≤ C +K(τ) + L

τ∫
0

y(t) dt, τ ∈ [0, T ], (31)

ç äåÿêèìè ñòàëèìè C ≥ 0 òà L > 0 i äåÿêîþ ôóíêöi¹þ K(τ) =
∫ τ

0
B(t) dt, τ ∈ [0, T ], äå

b ∈ L1(0, T ), òî âèêîíó¹òüñÿ îöiíêà

y(τ) ≤
(
C +K(τ)

)
eLτ , τ ∈ [0, T ]. (32)

Äîâåäåííÿ. Ç îöiíêè (31) òà âiäîìî¨ ëåìè Ãðîíóîëà-Áåëìàíà (äèâ. [10, ñ. 872]), âèêîðè-
ñòàíî¨ ç ôóíêöi¹þ A(s) ≡ L, âèïëèâà¹ òàêå:

y(τ) ≤
(
C +

τ∫
0

B(t) e
−

t∫
0

A(s) ds
dt
)
e

τ∫
0

A(t) dt
=

(
C +

τ∫
0

B(t) e−Lt dt
)
eLτ ≤

≤
(
C +

τ∫
0

B(t) dt
)
eLτ .

Òîìó (32) äîâåäåíî. □

Ñëiäóþ÷ó ëåìó ìè âèêîðèñòîâóâàòèìåìî äàëi.

Ëåìà 9. Íåõàé âèêîíóþòüñÿ óìîâè (A), (G) é îïåðàòîðè A òà N âèçíà÷åíî çãiäíî ç
(18)-(19). Ïðèïóñòèìî, ùî {wj}j∈N ⊂ V , m ∈ N � äåÿêå ÷èñëî. Ðîçãëÿíåìî âèðàç

zm =
m∑

µ=1

ξµw
µ, ξ = (ξ1, . . . , ξm) ∈ Rm.

Âèçíà÷èìî âåêòîð-ôóíêöiþ L(t, ξ) = (L1(t, ξ), . . . , Lm(t, ξ)) çà ïðàâèëîì

Lµ(t, ξ) = ⟨Azm,wµ⟩V1 + ⟨Nzm,wµ⟩Y , µ = 0,m, t ∈ (0, T ).

Òîäi ìàéæå äëÿ âñiõ t ∈ (0, T ) òà äëÿ âñiõ ξ ∈ Rm ñïðàâåäëèâà îöiíêà

(L(t, ξ), ξ)Rm ≥
n∑

i=1

∫
Ωi

(
a0

n∑
i=1

|zm,i
x |2 + g0|zm,i|q

)
dx. (33)

Äîâåäåííÿ. Çà îçíà÷åííÿì ôóíêöi¨ L ìà¹ìî

(L(t, ξ), ξ)Rm =
m∑

µ=1

Lµ(t, ξ)ξµ =
m∑

µ=1

[
⟨Azm,wµ⟩V1 + ⟨Nzm,wµ⟩Y

]
ξµ =

=
m∑

µ=1

[
⟨Azm, ξµw

µ⟩V1 + ⟨Nzm, ξµw
µ⟩Y

]
= ⟨Azm,

m∑
µ=1

ξµw
µ⟩V1 + ⟨Nzm,

m∑
µ=1

ξµw
µ⟩Y =

= ⟨Azm, zm⟩V1 + ⟨Nzm, zm⟩Y .
Äëÿ ïåðøîãî äîäàíêà, âèêîðèñòîâóþ÷è óìîâó (A) òà âèçíà÷åííÿ (18), îäåðæó¹ìî

⟨Azm, zm⟩V1 =
n∑

i=1

ℓi∫
0

ai|zm,i
x |2 dx ≥ a0

n∑
i=1

ℓi∫
0

|zm,i
x |2 dx = a0|zx|2H .
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Äëÿ äðóãîãî äîäàíêà, âèêîðèñòîâóþ÷è óìîâó (G) òà âèçíà÷åííÿ (19), ìà¹ìî

⟨Nzm, zm⟩Y =
n∑

i=1

ℓi∫
0

gi|zm,i|q−2zm,izm,i dx ≥ g0

n∑
i=1

ℓi∫
0

|zm,i|q dx = g0||zm||qY .

Îá'¹äíóþ÷è îòðèìàíi íåðiâíîñòi, ïðèõîäèìî äî (33). Ëåìó äîâåäåíî. □

3.3. Áàçà äåÿêîãî ïðîñòîðó ôóíêöié, âèçíà÷åíèõ íà ãðàôàõ. Ñïåðøó íàãàäà¹ìî
äîïîìiæíi îçíà÷åííÿ.

Íåõàé X, Y � äâà áàíàõîâèõ ïðîñòîðè. Ôóíêöiÿ A iç ÷àñòèíè D(A) ïðîñòîðó X â
Y íàçèâà¹òüñÿ ëiíiéíèì îïåðàòîðîì, ÿêùî âîíà çáåðiãà¹ ëiíiéíiñòü. D(A) íàçèâà¹òüñÿ
îáëàñòþ âèçíà÷åííÿ A. ßêùî A ëiíiéíà, òî D(A) � ëiíiéíèé ïiäïðîñòið ó X. Ìíîæèíà
çíà÷åíü R(A) âèçíà÷à¹òüñÿ ÿê ìíîæèíà åëåìåíòiâ ïðîñòîðó Y âèãëÿäó Ax, äå x ∈ D(A).
ßêùî ìíîæèíà D(A) ùiëüíà â X, òî îïåðàòîð A íàçèâà¹òüñÿ ùiëüíî âèçíà÷åíèì.

Îïåðàòîð A íàçèâà¹òüñÿ íåïåðåðâíèì, ÿêùî çi çáiæíîñòi xi → x âèïëèâà¹, ùî
Axi → Ax (ó ñèëüíié òîïîëîãi¨). Äëÿ íåïåðåðâíîñòi ëiíiéíîãî îïåðàòîðà A íåîáõiäíî i
äîñòàòíüî éîãî îáìåæåíîñòi, òîáòî òàêîãî

||Ax|| ≤ M ||x|| ∀x ∈ D(A),

äå M > 0 � ñòàëà. Ìíîæèíó âñiõ ëiíiéíèõ îáìåæåíèõ îïåðàòîðiâ ïîçíà÷èìî L(X, Y ).
Îïåðàòîð A : X → Y íàçèâà¹òüñÿ çàìêíåíèì, ÿêùî

xi → x
Axi → y

}
=⇒

{
x ∈ D(A)
Ax = y.

Öå ðiâíîñèëüíî òîìó, ùîá ãðàôiê A (òîáòî ìíîæèíà ïàð (x, y) ∈ X × Y , òàêèõ, ùî
x ∈ D(A), y = Ax) áóâ çàìêíåíèé â X × Y .

Îïåðàòîð A ∈ L(X, Y ) íàçèâà¹òüñÿ êîìïàêòíèì àáî öiëêîì íåïåðåðâíèì, ÿêùî
îáðàç {Axi}i∈N îáìåæåíî¨ ïîñëiäîâíîñòi {xi}i∈N ìiñòèòü çáiæíó ïiäïîñëiäîâíiñòü.

Íåõàé A : B → B � çàìêíåíèé îïåðàòîð ó äåÿêîìó áàíàõîâîìó ïðîñòîði B òà
I : B → B � òîòîæíèé îïåðàòîð.

Îçíà÷åííÿ 10. Êîìïëåêñíå ÷èñëî λ íàçèâà¹òüñÿ âëàñíèì çíà÷åííÿì îïåðàòîðà
A : B → B, ÿêùî iñíó¹ íåíóëüîâèé åëåìåíò x ∈ B, òàêèé, ùî

Ax = λx.

Öåé åëåìåíò x íàçèâà¹òüñÿ âëàñíèì âåêòîðîì (âëàñíîþ ôóíêöi¹þ) îïåðàòîðà A.

Ùiëüíî âèçíà÷åíèé îïåðàòîð A, ùî âiäîáðàæà¹ ãiëüáåðòiâ ïðîñòið H ó ñåáå, íàçè-
âà¹òüñÿ ñèìåòðè÷íèì, ÿêùî

(Ax, y)H = (x,Ay)H ∀x, y ∈ D(A). (34)

Ñèìåòðè÷íèé îïåðàòîð íàïiâîáìåæåíèé çíèçó, ÿêùî iñíó¹ ñêií÷åííå ÷èñëî m, òàêå ùî:

m = inf
{
(Ax, x)H

∣∣∣ ïî âñiõ x ∈ D(A) òàêèõ, ùî |x|H = 1
}
. (35)

Ç (35) âèïëèâà¹, ùî íàïiâîáìåæåíèé çíèçó îïåðàòîð çàäîâîëüíÿ¹ îöiíêó

(Ax, x)H ≥ m|x|2H ∀x ∈ D(A). (36)

ßêùî òóò m > 0, òî îïåðàòîð A íàçèâà¹òüñÿ äîäàòíî âèçíà÷åíèì; ÿêùî m = 0, òî
A íàçèâà¹òüñÿ íåâiä'¹ìíèì.
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Òâåðäæåííÿ 11 (äèâ. òåîðåìó 4.1 [11], c. 27). Íåõàé A ∈ L(H,H) ¹ êîìïàêòíèì i
íåâiä'¹ìíèì òà çàäîâîëüíÿ¹ óìîâó Ax ̸= 0 ïðè x ̸= 0. Òîäi iñíó¹ íåñêií÷åííà ïîñëiäîâ-
íiñòü âëàñíèõ âåêòîðiâ {ei}i∈N, ÿêó ìîæíà âèáðàòè îðòîíîðìîâàíîþ (òîáòî |ei|H = 1,
(ei, ej)H = 0, ÿêùî i ̸= j) i ÿêà óòâîðþ¹ áàçó ïðîñòîðó H. Íóìåðàöiþ âëàñíèõ âåêòîðiâ
ìîæíà âèáðàòè òàê, ùîá âiäïîâiäíi âëàñíi çíà÷åííÿ λi (ÿêi ¹ äiéñíèìè òà äîäàòíèìè)
óòâîðþâàëè ìîíîòîííî ñïàäíó ïîñëiäîâíiñòü, ùî çáiãà¹òüñÿ äî íóëÿ:

λ1 ≥ λ2 ≥ . . . ≥ λn ≥ . . . → 0. (37)

Íåõàé X � äåÿêèé ãiëüáåðòiâ ïðîñòið. Ôóíêöiÿ a(u, v), âèçíà÷åíà íà X ×X, íàçè-
âà¹òüñÿ ëiíiéíîþ ôîðìîþ íà X, ÿêùî âîíà ëiíiéíà ïî ïåðøîìó é äðóãîìó àðãóìåíòó,
òîáòî:

a(λu, µv) = λµ a(u, v). (38)

Ëiíiéíà ôîðìà íåïåðåðâíà, ÿêùî iñíó¹ ñòàëà M , òàêà ùî:

|a(u, v)| ≤ M ||u||X ||v||X . (39)

Ñïðÿæåíèì (äâî¨ñòèì) äî X íàçèâà¹òüñÿ ïðîñòið X∗ (àáî X ′) âñiõ ëiíiéíèõ íåïå-
ðåðâíèõ íà X ôóíêöiîíàëiâ, òîáòî âiäîáðàæåíü ç X â R. Êóòîâi äóæêè ⟨ òà ⟩ îçíà÷àþòü
ñïiââiäíîøåííÿ äâî¨ñòîñòi ìiæ X∗ òà X, òîáòî, ÿêùî f ∈ X∗ òà v ∈ X, òî

f(v) = ⟨f, v⟩X = ⟨f, v⟩.

Òâåðäæåííÿ 12 (òåîðåìà Ëàêñà-Ìiëüãðàìà, äèâ. òåîðåìà 5.1 [11], c. 32). Íåõàé a(u, v)
� ëiíiéíà íåïåðåðâíà ôîðìà íà äåÿêîìó ãiëüáåðòîâîìó ïðîñòîði X, ÿêà ¹ êîåðöèòèâíîþ
â òîìó ñåíñi, ùî iñíó¹ òàêà ñòàëà a0 > 0, ùî

|a(v, v)| ≥ a0||v||2X ∀ v ∈ X. (40)

Íåõàé f ∈ X∗. Òîäi iñíó¹ ¹äèíèé åëåìåíò u ∈ X, òàêèé, ùî

a(u, v) = ⟨f, v⟩X ∀ v ∈ X. (41)

Ïîâ'ÿæåìî ç ôîðìîþ a(u, v) îïåðàòîð A : X → X∗, ÿêèé âèçíà÷åíî òàê: äëÿ äî-
âiëüíîãî u ∈ X åëåìåíò Au � öå òàêèé åëåìåíò X∗, ùî

⟨Au, v⟩X = a(u, v), v ∈ X. (42)

Îïåðàòîð A : X → X∗ íàçèâà¹òüñÿ êîåðöèòèâíèì, ÿêùî âèêîíó¹òüñÿ îöiíêà òèïó (36):

⟨Ax, x⟩X ≥ a0||x||2X ∀x ∈ X, (43)

äå a0 > 0 � äåÿêå ôiêñîâàíå ÷èñëî.
Çðîçóìiëî, ùî ïðàâèëî (42) äëÿ ëiíiéíî¨ íåïåðåðâíî¨ êîåðöèòèâíî¨ ôîðìè a(u, v)

ñòàâèòü ó âiäïîâiäíiñòü ëiíiéíèé íåïåðåðâíèé êîåðöèòèâíèé îïåðàòîð A.
Òåîðåìó Ëàêñà-Ìiëüãðàìà ìîæíà òîäi çàïèñàòè â òàêîìó åêâiâàëåíòíîìó âèãëÿäi

Òâåðäæåííÿ 13 (òåîðåìà Ëàêñà-Ìiëüãðàìà â îïåðàòîðíié ôîðìi). ßêùî X � ãiëüáåð-
òiâ ïðîñòið, A : X → X∗ � ëiíiéíèé íåïåðåðâíèé êîåðöèòèâíèé îïåðàòîð, òî äëÿ âñiõ
f ∈ X∗ iñíó¹ ¹äèíèé ðîçâ'ÿçîê u ∈ X ðiâíÿííÿ

Au = f. (44)

Íàñòóïíå òâåðäæåííÿ òåæ ¹ âiäîìèì â ëiòåðàòóði. Íàâåäåìî éîãî äîâåäåííÿ äëÿ
ïîâíîòè âèêëàäó ìàòåðiàëó.
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Òâåðäæåííÿ 14 (ïðî îðòîíîðìîâàíó áàçà íà ãðàôàõ, äèâ. ëåìó 2 [1], ñ. 5-6). Íåõàé V1

� ïðîñòið ç (5), H âçÿòî ç (7). Iñíóþòü ïîñëiäîâíîñòi {λµ}∞µ=0 òà {wµ}∞µ=0 òàêi, ùî:
(i) {wµ}∞µ=0 ⊂ V1 ¹ îðòîíîðìîâàíîþ áàçîþ äëÿ ïðîñòîðó H;

(ii) λ0 = 0, w0 =
(( n∑

i=1

ℓi

)−1/2

, . . . ,
( n∑
i=1

ℓi

)−1/2)
∈ Rn (òîäi |w0|H = 1);

(iii) êîæíà ôóíêöiÿ wµ = (wµ,1, . . . , wµ,n) ¹ ãëàäêîþ íà ðåáðàõ, çîêðåìà,

−wµ,i
xx = λµw

µ,i, i = 1, n. (45)

Äîâåäåííÿ. Âèçíà÷èìî íàñòóïíi ïðîñòîðè

Ṽ =
{
v ∈ V1

∣∣∣ n∑
i=1

ℓi∫
0

vi(x) dx = 0
}
, H̃ =

{
v ∈ H

∣∣∣ n∑
i=1

ℓi∫
0

vi(x) dx = 0
}
. (46)

Çíàéäåìî îðòîíîðìîâàíó áàçó çà äîïîìîãîþ ðîçâ'ÿçêó çàäà÷i íà âëàñíi çíà÷åííÿ:
çíàéòè ïàðó (λ, z) ∈ R× Ṽ , λ ̸= 0, z = (z1, . . . , zn) òàêó, ùî

(zx,vx)H = λ(z,v)H , v ∈ Ṽ . (47)

Ñïåðøó ðîçãëÿíåìî iíøó çàäà÷ó: äëÿ çàäàíîãî h ∈ H, çíàéòè z ∈ Ṽ òàêå, ùî

(zx,vx)H = (h,v)H , v ∈ Ṽ . (48)

Íåõàé âèçíà÷èìî îïåðàòîð K : H → Ṽ òàêèé, ùî Kh = z, äå z ¹ ðîçâ'ÿçêîì çàäà÷i (48).
Äîâåäåìî, ùî K ¹ êîðåêòíî âèçíà÷åíèì, êîìïàêòíèì, ñèìåòðè÷íèì òà äîäàòíèì, à ïî-
òiì, çàñòîñóâàâøè ñïåêòðàëüíó òåîðåìó (òâåðäæåííÿ 11), îòðèìà¹ìî iñíóâàííÿ ãëàäêî¨
íà êîæíîìó ðåáði ãðàôà îðòîíîðìîâàíî¨ áàçè.

1. Êîðåêòíiñòü âèçíà÷åííÿ. Ïåðø çà âñå, ïîòðiáíî ïîêàçàòè, ùî òàêèé îïåðàòîðK
ñïðàâäi iñíó¹, òîáòî, ùî çàäà÷à (48) ìà¹ ðîçâ'ÿçîê. Äîâåäåìî öå, çàñòîñóâàâøè òåîðåìó
Ëàêñà-Ìiëüãðàìà. Íåõàé áiëiíiéíó ôîðìó a : V1 × V1 → R âèçíà÷åíî òàêèì ïðàâèëîì:

a(z,v) :=
n∑

i=1

ℓi∫
0

zix(x)v
i
x(x) dx, z,v ∈ V1. (49)

Êîåðöèòèâíiñòü öi¹¨ ôîðìè âèïëèâà¹ ç òâåðäæåííÿ 7, áî îñêiëüêè z ∈ H̃, òî

n∑
i=1

ℓi∫
0

zi(x) dx = 0.

Òîìó ç (25) ìà¹ìî (ïîçíà÷èìî äëÿ çðó÷íîñòi C2 :=
1√
C1

> 0) îöiíêó

1

C2
2

|z|2H ≤ |zx|2H =
n∑

i=1

ℓi∫
0

|zix(x)|2 dx.

Íåïåðåðâíiñòü ôîðìè (49) âèïëèâà¹ ç òàêî¨ îöiíêè (äèâ. ôîðìóëó (9))

|a(z,v)| = |(zx,vx)H | ≤ |zx|H · |vx|H =

= (|zx|2H)
1
2 · (|vx|2H)

1
2 ≤ (|zx|2H + |z|2H)

1
2 · (|vx|2H + |v|2H)

1
2 = ||z||V1 · ||v||V1 .
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Òîìó ç òåîðåìè Ëàêñà-Ìiëüãðàìà âèïëèâà¹ òàêå: äëÿ äîâiëüíîãî h ∈ H ⊂ V ∗
1 iñíó¹

¹äèíèé åëåìåíò z ∈ V1 òàêèé, ùî

a(z,v) = (h,v)H ∀ v ∈ V1,

òîáòî (48) âèêîíó¹òüñÿ i îïåðàòîð K âèçíà÷åíî êîíêðåòíî.

2. Îáìåæåíiñòü. Íåõàé h ∈ H òà z = Kh, äå z ∈ Ṽ ¹ ðîçâ'ÿçêîì çàäà÷i (48).
Âèêîðèñòîâóþ÷è ôîðìóëó (48) ç v = z ìà¹ìî:

|zx|2H = (zx, zx)H = (h, z)H ≤ |h|H · |z|H .
Âèêîðèñòàâøè îöiíêó (25) ó ôîðìi

|z|H ≤ C2|zx|H , (50)

îòðèìó¹ìî, ùî |zx|2H ≤ |h|H · C2|zx|H . Çâiäñè âèïëèâà¹, ùî

|zx|H ≤ C2|h|H , (51)

à òîìó ç (25) ìàòèìåìî, ùî |z|H ≤ C2
2 |h|H . Âèêîðèñòîâóþ÷è îçíà÷åííÿ íîðìè V1 ç (9),

îäåðæèìî
||Kh||2V1

= ||z||2V1
= |z|2H + |zx|2H .

Ïiäñòàâëÿþ÷è ñþäè îòðèìàíi îöiíêè, îäåðæèìî íåðiâíiñòü

||Kh||2V1
≤ (C2

2 |h|H)2 + (C2|h|H)2 = (C4
2 + C2

2)|h|2H .
Îòæå,

||Kh||V1 ≤ C2

√
1 + C2

2 |h|H , (52)

ùî äîâîäèòü îáìåæåíiñòü îïåðàòîðà K : H → Ṽ .
3. Êîìïàêòíiñòü. Íåõàé {hi}i∈N � îáìåæåíà ïîñëiäîâíiñòü â H. Òîäi |hi|H ≤ C3.

Òîìó äëÿ zi = Khi ç îöiíêè (52) îäåðæèìî òàêå:

||zi||V1 = ||Khi||V1 ≤ C2

√
1 + C2

2 · C3.

Çàâäÿêè êîìïàêòíîñòi âêëàäåííÿ Ṽ ⊂ V1

K

⊂ H âèïëèâà¹, ùî ïîñëiäîâíiñòü {zi}i∈N ìà¹
çáiæíó ïiäïîñëiäîâíiñòü, òîáòî K ¹ êîìïàêòíèì îïåðàòîðîì.

4. Ñèìåòðè÷íiñòü. Âiçüìåìî äîâiëüíi h, g ∈ H. Íåõàé Kh = z òà Kg = v. Ç (48)
îòðèìà¹ìî, ùî

(zx,vx)H = (h, Kg)H . (53)

Ç àíàëîãà (48) (çàìiíèâøè h íà g òà çìiíèâøè z òà v ìiñöÿìè) ìàòèìåìî, ùî
(vx, zx)H = (g, z)H i òîìó

(vx, zx)H = (g, Kh)H . (54)

Çðîçóìiëî, ùî ëiâi ÷àñòèíè (53) òà (54) îäíàêîâi. Òîìó ïðàâi òåæ:

(h, Kg)H = (g, Kh)H = (Kh, g)H .

Îòðèìà¹ìî, ùî îïåðàòîð K ¹ ñèìåòðè÷íèì.
5. Äîäàòíiñòü. Ìà¹ìî ç (48) ïðè v = z òàêå:

(Kh,h)H = (z,h)H = (zx, zx)H ≥ 0,

òîáòî K ¹ äîäàòíî âèçíà÷åíèì îïåðàòîðîì.
6. Iñíóâàííÿ áàçè. Îñêiëüêè K ¹ ñèìåòðè÷íèì, äîäàòíî âèçíà÷åíèì òà êîìïàêòíèì

ëiíiéíèì îïåðàòîðîì, òî ç òâåðäæåííÿ 11 âèïëèâà¹, ùî âñi éîãî âëàñíi çíà÷åííÿ {ηµ}µ∈N
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¹ äiéñíèìè íåâiä'¹ìíèìè i ïðÿìóþòü äî íóëÿ, à âëàñíi ôóíêöi¨ {wµ}µ∈N óòâîðþþòü

îðòîíîðìîâàíó áàçó ó H̃.
Çàóâàæèìî, ùî äëÿ ηµ ̸= 0, ðiâíiñòü Kwµ = ηµw

µ âèêîíó¹òüñÿ òîäi i òiëüêè òîäi,
êîëè wµ ¹ âëàñíîþ ôóíêöi¹þ çàäà÷i íà âëàñíi çíà÷åííÿ (47) äëÿ âëàñíîãî çíà÷åííÿ
λµ = 1/ηµ, ïðè µ ∈ N.

Çâåðíåìî óâàãó, ùî â øóêàíié áàçi ìè íå ìà¹ìî ñòàëèõ âåêòîðiâ ç V1 (âîíè íå

íàëåæàòü äî ïðîñòîðó Ṽ ). Îòæå, ÿêùî âiçüìåìî z ∈ Ṽ òà r = (α, . . . , α) ∈ Rn, äå α ∈ R
ìîæíà âçÿòè äîâiëüíèì ôiêñîâàíèì ÷èñëîì, íàïðèêëàä, òàêèì, ùîá |r|H = 1, òî ìà¹ìî

(z, r)H =
n∑

i=1

ℓi∫
0

zi(x)α dx = α
n∑

i=1

ℓi∫
0

zi(x) dx = 0 =⇒ H = H̃ ⊕ (α, . . . , α).

Îòæå, íàáið âåêòîð-ôóíêöié r,w1,w2, . . . óòâîðèâ îðòîíîðìîâàíó â H áàçó ïðîñòîðó V1.
7. Ãëàäêiñòü. Íà êîæíîìó ðåáði ãðàôà é äëÿ êîæíî¨ âëàñíî¨ ïàðè (λµ,w

µ), ìà¹ìî
(45). Çðîçóìiëî, ùî êîæíà ôóíêöiÿ wµ,i ¹ ãëàäêîþ, ùî ìîæíà äîâåñòè, âèêîðèñòîâóþ÷è
ñòàíäàðòíó ïðîöåäóðó ïiäâèùåííÿ ãëàäêîñòi. Òåîðåìó äîâåäåíî. □

3.4. Çáiæíîñòi â ôóíêöiéíèõ ïðîñòîðàõ. Âèêîðèñòîâóâàòèìåìî òàêi ôàêòè.

Òâåðäæåííÿ 15 (òåîðåìà Îáåíà, äèâ. òâåðäæåííÿ 4.2 [12], c. 7). ßêùî s, h > 1 � äåÿêi

÷èñëà, W ,L,B � áàíàõîâi ïðîñòîðè, W
K

⊂ L ⟲ B, òî

{u ∈ Ls(0, T ;W) | ut ∈ Lh(0, T ;B)}
K

⊂ Ls(0, T ;L) ∩ C([0, T ];B),
òîáòî ÿêùî {um}m∈N � îáìåæåíà ïîñëiäîâíiñòü â ïðîñòîði Ls(0, T ;W) òà {um

t }m∈N �
îáìåæåíà ïîñëiäîâíiñòü â Lh(0, T ;B), òî iñíó¹ ïiäïîñëiäîâíiñòü {umj}j∈N ⊂ {um}m∈N
òàêà, ùî umj −→

j→∞
u ñèëüíî â Ls(0, T ;L) òà â C([0, T ];B).

Òâåðäæåííÿ 16 (äèâ. çàóâàæåííÿ 7 [13], c. 183). Íåõàé d ∈ N, G ⊂ Rd � îáìåæåíà
îáëàñòü, q ∈ [1,∞], {zm}m∈N ⊂ Lq(G). Òîäi ÿêùî zm −→

m→∞
z ñèëüíî â Lq(G), òî iñíó¹

ïiäïîñëiäîâíiñòü {zmj
}j∈N ⊂ {zm}m∈N òàêà, ùî zm −→

m→∞
v ìàéæå ñêðiçü â G.

Òâåðäæåííÿ 17 (äèâ. ëåìó 1 [14], ñ. 714, äëÿ q(x) ≡ q). Íåõàé d ∈ N, G ⊂ Rd �
îáìåæåíà îáëàñòü, q > 1, {zm}m∈N ⊂ Lq(G). Òîäi ÿêùî zm −→

m→∞
z ñëàáêî â Lq(G) òà

zm −→
m→∞

v ìàéæå ñêðiçü â G, òî z = v.

Òâåðäæåííÿ 18 (äèâ. [15], c. 482). Íåõàé H � ñåïàðàáåëüíèé ãiëüáåðòiâ ïðîñòið, à
T > 0. ßêùî ïîñëiäîâíiñòü {vm}m∈N ¹ ðiâíîìiðíî îáìåæåíîþ ó ïðîñòîði L∞(0, T ;H),
òî ç íå¨ ìîæíà âèäiëèòè ïiäïîñëiäîâíiñòü {vmj}j∈N, ÿêà *-ñëàáêî çáiãà¹òüñÿ äî äåÿêî-
ãî åëåìåíòà v ∈ L∞(0, T ;H). Òîáòî, äëÿ áóäü-ÿêî¨ òåñòîâî¨ ôóíêöi¨ w ∈ L1(0, T ;H)
âèêîíó¹òüñÿ ãðàíè÷íå ñïiââiäíîøåííÿ

lim
j→∞

T∫
0

(vmj(t),w(t))H dt =

T∫
0

(v(t),w(t))H dt.

Òâåðäæåííÿ 19 (äèâ. òåîðåìó 3 [7], c. 723). Íåõàé X � ðåôëåêñèâíèé áàíàõiâ ïðîñòið
é {xm}m∈N � îáìåæåíà ïîñëiäîâíiñòü ó X. Òîäi iñíó¹ ïiäïîñëiäîâíiñòü {xmj}j∈N òà
åëåìåíò x ∈ X òàêi, ùî xmj −→

j→∞
x ñëàáêî â X.
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4. Îñíîâíi ðåçóëüòàòè

Îñíîâíèì ðåçóëüòàòîì ñòàòòi ¹ òàêà òåîðåìà.

Òåîðåìà 20. Íåõàé âèêîíóþòüñÿ óìîâè (A), (G), (F), (U). Òîäi ïðàâèëüíi òàêi òâåð-
äæåííÿ.

1) (�äèíiñòü). Çàäà÷à (1)-(3) íå ìîæå ìàòè áiëüøå îäíîãî ñëàáêîãî ðîçâ'ÿçêó.
2) (Àïðiîðíà îöiíêà). Êîæåí ñëàáêèé ðîçâ'ÿçîê çàäà÷i (1)-(3) çàäîâîëüíÿ¹ íàñòó-

ïíó íåðiâíiñòü

sup
t∈[0,T ]

|u(t)|2H +

T∫
0

||u(t)||2V1
dt+

T∫
0

||u(t)||qY dt ≤ C4

(
|u0|2H + ||f ;L2(0, T ;H)||2

)
, (55)

äå ñòàëà C4 > 0 íå çàëåæèòü âiä u, u0, f .
3) (Iñíóâàííÿ). Iñíó¹ ñëàáêèé ðîçâ'ÿçîê u çàäà÷i (1)-(3).

Äëÿ çðó÷íîñòi, ïîçíà÷èìî ÷åðåç SP (u0,f) ìíîæèíó âñiõ ñëàáêèõ ðîçâ'ÿçêiâ çàäà÷i
(1)-(3). Òåîðåìà 20 äà¹, ùî SP (u0,f) ̸= ∅ i ÿêùî u ∈ SP (u0,f), òî u ¹ ¹äèíèì ñëàáêèì
ðîçâ'ÿçêîì çàäà÷i (1)-(3).

Äîâåäåííÿ. (�äèíiñòü). Ïðèïóñòèìî, ùî u1,u2 ∈ SP (u0,f),
òà û := u1 − u2. Òîäi ç (3) îòðèìà¹ìî, ùî û(0) = 0. Íåõàé τ ∈ (0, T ] é

χ0,τ (t) =

{
1, ÿêùî t ∈ [0, τ ],
0, ÿêùî t /∈ [0, τ ].

(56)

Îñêiëüêè u1 òà u2 ¹ ñëàáêèìè ðîçâ'ÿçêàìè çàäà÷i (1)-(3), òî äëÿ íèõ âèêîíó¹òüñÿ iíòå-
ãðàëüíà òîòîæíiñòü (20). Çàïèøåìî ¨¨ äëÿ u1 òà u2:

T∫
0

⟨u1
t (t) + Au1(t) +Nu1(t),v(t)⟩V dt =

T∫
0

(f(t),v(t))H dt, (57)

T∫
0

⟨u2
t (t) + Au2(t) +Nu2(t),v(t)⟩V dt =

T∫
0

(f(t),v(t))H dt. (58)

Âiäíiìàþ÷è (58) âiä (57) òà âèêîðèñòîâóþ÷è ëiíiéíiñòü ñêàëÿðíîãî äîáóòêó òà îïåðàòîðà
A, ïðèõîäèìî äî ðiâíîñòi

T∫
0

⟨ût(t) + Aû(t) +Nu1(t)−Nu2(t),v(t)⟩V dt = 0 ∀v ∈ U(Q0,T ). (59)

Ó (59) ïiäñòàâèìî òåñòîâó ôóíêöiþ v(t) = χ0,τ (t)û(t), äå χ0,τ âçÿòî ç (56), îòðèìó¹ìî

τ∫
0

⟨ût(t), û(t)⟩V dt+

τ∫
0

⟨Aû(t), û(t)⟩V1 dt+

+

τ∫
0

⟨Nu1(t)−Nu2(t),u1(t)− u2(t)⟩Y dt = 0, τ ∈ (0, T ]. (60)
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Îñêiëüêè û ∈ W (Q0,T ), òî âèêîðèñòîâóþ÷è ôîðìóëó iíòåãðóâàííÿ ÷àñòèíàìè òèïó (17)
òà âðàõîâóþ÷è îöiíêó

(|ξ1|q−2ξ1 − |ξ2|q−2ξ2)(ξ1 − ξ2) ≥ 0, ξ1, ξ2 ∈ R, (61)

ç (60) îòðèìó¹ìî 1
2
|û(τ)|2H +

∫ τ

0
⟨Aû(t), û(t)⟩V1 dt ≤ 1

2
|û(0)|2H = 0. Çâàæàþ÷è íà íåâiä'¹ì-

íiñòü îïåðàòîðà A, çâiäñè îòðèìó¹ìî 1
2
|û(τ)|2H ≤ 0, τ ∈ (0, T ]. Îòæå, û = 0 òà u1 = u2.

(Àïðiîðíà îöiíêà). Äëÿ u ∈ SP (u0,f) òà v = χ0,τu, ç (20), âèêîðèñòîâóþ÷è ôîð-
ìóëó iíòåãðóâàííÿ ÷àñòèíàìè òèïó (17), ìà¹ìî

1

2
|u(τ)|2H − 1

2
|u(0)|2H +

τ∫
0

[
⟨Au(t),u(t)⟩V1 + ⟨Nu(t),u(t)⟩Y

]
dt ≤

≤
τ∫

0

(f(t),u(t))H dt, τ ∈ (0, T ]. (62)

Ç íåðiâíîñòi Êîøi

|αβ| ≤ α2

2
+

β2

2
, α, β ∈ R, (63)

âèïëèâà¹, ùî

|(f ,u)H | ≤ |f |H · |u|H ≤ 1

2
|f |2H +

1

2
|u|2H .

Ç óìîâè (A) òà ôîðìóë (9) i (18) âèïëèâà¹, ùî

⟨Av,v⟩V1 + a0|v|2H ≥ a0||v||2V1
, v ∈ V1. (64)

Òîäi ç (64) òà (62) îòðèìó¹ìî

1

2
|u(τ)|2H + a0

τ∫
0

||u(t)||2V1
dt+ g0

τ∫
0

||u(t)||qY dt ≤

≤ 1

2
|u0|2H +

1

2

τ∫
0

|f(t)|2H dt+
(1
2
+ a0

) τ∫
0

|u(t)|2H dt. (65)

Ââåäåìî äîïîìiæíó ôóíêöiþ y(t) = |u(t)|2H , t ∈ [0, T ]. Òîäi ç (65) îòðèìà¹ìî òàêå:

y(τ) ≤ |u0|2H +

τ∫
0

|f(t)|2H dt+ (1 + 2a0)

τ∫
0

y(t) dt.

Çàñòîñóâàâøè óçàãàëüíåíó ëåìó Ãðîíóîëà-Áåëìàíà (äèâ. òâåðäæåííÿ 8), çâiäñè ìà¹ìî

y(τ) ≤
(
|u0|2H +

τ∫
0

|f(t)|2 dt
)
e(1+2a0)τ , τ ∈ (0, T ].

Ïiäñòàâèâøè öþ îöiíêó â ïðàâó ÷àñòèíó íåðiâíîñòi (65), îòðèìà¹ìî òàêå:

|u(τ)|2H ≤ C5F (τ), (66)
n∑

i=1

∫
Qi

0,τ

[
|ui

x(x, t)|2 + |ui(x, t)|q
]

dxdt ≤ C6F (τ), (67)
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äå F (τ) = |u0|2H +
∫ τ

0
|f(t)|2H dt, τ ∈ [0, T ]. Çâiäñè i âèïëèâà¹ îöiíêà (55).

(Iñíóâàííÿ). Âèêîðèñòà¹ìî ìåòîä Ôàåäî-Ãàëüîðêiíà. Âiçüìåìî ïîñëiäîâíiñòü
{wµ}∞µ=0 ç òâåðäæåííÿ 14. Âèçíà÷èìî ôóíêöiþ um : [0, T ] → V çà ïðàâèëîì

um(t) =
m∑

µ=0

φm
µ (t)w

µ, t ∈ [0, T ], m ∈ N ∪ {0}, (68)

äå äiéñíîçíà÷íi ôóíêöi¨ φm
0 , . . . , φ

m
m çàäîâîëüíÿþòü íàñòóïíi ðiâíîñòi

⟨um
t (t) + Aum(t) +Num(t),wµ⟩V = (f(t),wµ)H , t ∈ [0, T ], (69)

φm
µ (0) = (u0,w

µ)H , µ = 0,m. (70)

Çâåðíåìî óâàãó, ùî ôóíêöiÿ um
0 :=

m∑
µ=0

φm
µ (0)w

µ çàäîâîëüíÿ¹ íàñòóïíå

um
0 −→

m→∞
u0 ñèëüíî â H. (71)

Êðiì òîãî, îðòîíîðìîâàíiñòü ôóíêöi¨ ç {wµ}∞µ=0 ó ïðîñòîði H òà íåðiâíiñòü Áåññåëÿ äëÿ
ðÿäiâ Ôóð'¹ (äèâ. òåîðåìà 1 [15, c. 323]) ïåðåäáà÷àþòü, ùî äëÿ áóäü-ÿêîãî m ∈ N ∪ {0}
âèêîíó¹òüñÿ ðiâíiñòü

|um
0 |2H =

∣∣∣ m∑
µ=0

φm
µ (0)w

µ
∣∣∣2
H
=

( m∑
µ=0

φm
µ (0)w

µ,
m∑

λ=0

φm
λ (0)w

λ
)
H
=

=
m∑

µ=0

m∑
λ=0

φm
µ (0)φ

m
λ (0)(w

µ,wλ)H .

Îðòîãîíàëüíiñòü ñèñòåìè {wµ}∞µ=0 îçíà÷à¹, ùî (wµ,wλ)H =

{
1, ÿêùî µ ̸= λ,
0, ÿêùî µ = λ.

Òîìó

|um
0 |2 =

m∑
µ=0

|φm
µ (0)|2 ≤ |u0|2H . (72)

Çàäà÷à (69)-(70) ¹ çàäà÷åþ Êîøi äëÿ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Çà-
ñòîñó¹ìî òâåðäæåííÿ 6 (òåîðåìó Êàðàòåîäîði-Ëàñàëëÿ) äî çàäà÷i Êîøi äëÿ ñèñòåìè çâè-
÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêó îòðèìó¹ìî ç (69)-(70). Ïîçíà÷èâøè

φm(t) = (φm
0 (t), . . . , φ

m
m(t)), M(t) =

(
(f(t),w0)H , . . . , (f(t),w

m)H

)
,

Lµ(t, φ(t)) = ⟨Aum(t),wµ⟩V1 + ⟨Num(t),wµ⟩Y , µ = 0,m,

îòðèìà¹ìî, ùî (69) � öå ñèñòåìà âèãëÿäó (22). Óìîâè Êàðàòåîäîði äëÿ L âèïëèâàþòü ç
(A), (G) òà ïîáóäîâè áàçèñíèõ ôóíêöié. Êðiì òîãî, çàâäÿêè îöiíöi (33) ç ëåìè 9 ìà¹ìî

(L(t, φm(t)), φm(t))Rm ≥ a0

n∑
i=1

ℓi∫
0

|um,i
x (x, t)|2 dx+ g0

n∑
i=1

ℓi∫
0

|um,i(x, t)|q dx ≥ 0.

Òîìó âèêîíó¹òüñÿ íåðiâíiñòü (24) ç α(t) ≡ 0, β(t) ≡ 0. Îòæå, çãiäíî ç òâåðäæåííÿì 6
iñíó¹ ¹äèíèé ãëîáàëüíèé ðîçâ'ÿçîê φm ∈ W 1,p(0, T ;Rm), äå p = 2 (áî M ∈ L2(0, T ;H)).
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Ïîìíîæèâøè îáèäâi ñòîðîíè µ-¨ ðiâíîñòi (69) íà φm
µ (t), ïðîñóìóâàâøè çà µ âiä 0

äî m òà çiíòåãðóâàâøè îòðèìàíi ðiâíîñòi çà ÷àñîì âiä 0 äî τ , îòðèìó¹ìî
τ∫

0

⟨um
t (t) + Aum(t) +Num(t),um(t)⟩V dt =

τ∫
0

(f(t),um(t))H dt, τ ∈ (0, T ]. (73)

Ç (63) îäåðæèìî: |(f ,um)H | ≤ |f |H · |um|H ≤ 1
2
|f |2H + 1

2
|um|2H . Òîäi, çiíòåãðóâàâøè â

ðiâíîñòi (73) ïåðøèé äîäàíîê ÷àñòèíàìè, âèêîðèñòàâøè îöiíêè (64) òà (72), îòðèìó¹ìî

1

2
|um(τ)|2H + a0

τ∫
0

||um(t)||2V1
dt+ g0

n∑
i=1

∫
Qi

0,τ

|um,i|q dxdt ≤

≤ 1

2
|u0|2H +

1

2

τ∫
0

|f(t)|2H dt+
(1
2
+ a0

) τ∫
0

|um(t)|2H dt. (74)

Ââåäåìî äîïîìiæíó ôóíêöiþ ym(t) = |um(t)|2H , t ∈ [0, T ]. Òîäi ç íåðiâíîñòi (74)
îòðèìà¹ìî òàêó îöiíêó:

ym(τ) ≤ |u0|2H +

τ∫
0

|f(t)|2 dt+ (1 + 2a0)

τ∫
0

ym(t) dt.

Çàñòîñóâàâøè äî öi¹¨ íåðiâíîñòi òâåðäæåííÿ 8, ìàòèìåìî

ym(τ) ≤
(
|u0|2H +

τ∫
0

|f(t)|2 dt
)
e(1+2a0)τ , τ ∈ (0, T ].

Ïiäñòàâèâøè îäåðæàíó îöiíêó ó ïðàâó ÷àñòèíó íåðiâíîñòi (74), ïðèõîäèìî äî îöiíêè:

|um(τ)|2H +

τ∫
0

||um(t)||2V1
dt+

τ∫
0

||um(t)||qY dx dt ≤ C7F (τ), (75)

äå

F (τ) = |u0|2H +

τ∫
0

|f(t)|2H dt, τ ∈ [0, T ]. (76)

Òóò ñòàëà C7 > 0 íå çàëåæèòü âiä m. Ç íåðiâíîñòi (75) âèïëèâà¹, ùî

ess sup
τ∈[0,T ]

|um(τ)|2H ≤ C8, (77)

T∫
0

||um(t)||2V1
dt ≤ C8, (78)

T∫
0

||um(t)||qY dt ≤ C8, (79)

äå ñòàëà C8 > 0 íå çàëåæèòü âiä m. Òîìó ïîñëiäîâíiñòü {um}∞m=0 ¹ îáìåæåíîþ ó ïðîñòî-
ðàõ L∞(0, T ;H) (çàâäÿêè (77)), L2(0, T ;V1) (çàâäÿêè (78)) òà Lq(0, T ;Y ) (çàâäÿêè (79)).
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Íà ïiäñòàâi òâåðäæåííÿ 18, à òàêîæ çâàæàþ÷è íà ðåôëåêñèâíiñòü ïðîñòîðiâ L2(0, T ;V1)
òà Lq(0, T ;Y ) (òâåðäæåííÿ 19), âèïëèâà¹ ìîæëèâiñòü âèáðàòè òàêó ïiäïîñëiäîâíiñòü
{umj}j∈N ⊂ {um}∞m=0, ùî âèêîíóþòüñÿ çáiæíîñòi

umj −→
j→∞

u ∗ -ñëàáêî â L∞(0, T ;H) òà ñëàáêî â U(Q0,T ).

Êðiì òîãî, çàñòîñîâóþ÷è âèçíà÷åííÿ îïåðàòîðà (19), óìîâó (G), ñïiââiäíîøåííÿ ñïðÿ-
æåíèõ ïîêàçíèêiâ (13), îçíà÷åííÿ ïðîñòîðó Y ∗ (12) òà îòðèìàíó ðiâíîìiðíó àïðiîðíó
îöiíêó (79), ìà¹ìî

||Num;Lq′(0, T ;Y ∗)||q′ =
T∫

0

||Num(t);Y ∗||q′ dt =

=

T∫
0

n∑
i=1

ℓi∫
0

∣∣∣gi|um,i(x, t)|q−2um,i(x, t)
∣∣∣q′ dxdt = T∫

0

n∑
i=1

(gi)q
′

ℓi∫
0

|um,i(x, t)|(q−1)q′ dxdt =

=

T∫
0

n∑
i=1

(gi)q
′

ℓi∫
0

|um,i(x, t)|q dxdt ≤ (g0)q
′

T∫
0

n∑
i=1

li∫
0

|um,i(x, t)|q dxdt =

= C9

T∫
0

||um(t)||qY dt ≤ C10,

äå ñòàëà C10 > 0 òåæ íå çàëåæèòü âiä m. Òîìó iñíó¹ òàêå χ ∈ Lq′(0, T ;Y ∗), ùî

Numj −→
j→∞

χ ñëàáêî â Lq′(0, T ;Y ∗). (80)

Äàëi, àíàëîãi÷íî ÿê â [10, c. 880-881] îòðèìó¹ìî îáìåæåíiñòü ïîñëiäîâíîñòi {um
t }∞m=0

ó âiäïîâiäíîìó ôóíêöiéíîìó ïðîñòîði. Òîäi ç òåîðåìè Îáåíà (òâåðäæåííÿ 15) i òâåð-
äæåíü 16 òà 17 ìàòèìåìî, ùî

umj −→
j→∞

u ìàéæå ñêðiçü â Q0,T .

Òîìó χ = Nu (äèâ. ïîçíà÷åííÿ (80)).
Ïåðåéøîâøè äî ãðàíèöi ó ðiâíîñòi (69), ç îòðèìàíèõ çáiæíîñòåé ìàòèìåìî, ùî

ôóíêöiÿ u çàäîâîëüíÿ¹ óìîâè îçíà÷åííÿ 1. Òåîðåìó 20 äîâåäåíî. □

Âèñíîâêè. Ó ñòàòòi ðîçãëÿíóòî ìiøàíó çàäà÷ó äëÿ ïiâëiíiéíîãî ïàðàáîëi÷íîãî
ðiâíÿííÿ íà çâ'ÿçíîìó îði¹íòîâàíîìó ãðàôi. Ââåäåíî òà äîñëiäæåíî âiäïîâiäíi ôóíêöiî-
íàëüíi ïðîñòîðè, ñôîðìóëüîâàíî ïîíÿòòÿ ñëàáêîãî ðîçâ'ÿçêó çàäà÷i, ùî ðîçãëÿäà¹òüñÿ.
Äîâåäåíî òàêi ðåçóëüòàòè: îäåðæàíî àïðiîðíó îöiíêó ðîçâ'ÿçêó, âñòàíîâëåíî éîãî ¹äè-
íiñòü i, çà äîïîìîãîþ ìåòîäó Ôàåäî�Ãàëüîðêiíà, äîâåäåíî iñíóâàííÿ ñëàáêîãî ðîçâ'ÿçêó
çàäà÷i.

Êîíôëiêò iíòåðåñiâ i åòèêà. Îëåã Áóãðié ¹ ÷ëåíîì ðåäêîëåãi¨ äàíîãî æóðíàëó.
Äëÿ óíèêíåííÿ êîíôëiêòó iíòåðåñiâ, ðóêîïèñ ïðîéøîâ âiäïîâiäíó ïðîöåäóðó ðåöåíçó-
âàííÿ íåçàëåæíèìè ðåöåíçåíòàìè, à ïðèéíÿòòÿ ðiøåííÿ ïðî ïóáëiêàöiþ çäiéñíþâàëîñÿ
íåçàëåæíèì ðåäàêòîðîì. Àâòîðè òàêîæ çàÿâëÿþòü ïðî ïîâíå äîòðèìàííÿ âñiõ ïðàâèë
åòèêè æóðíàëüíèõ äîñëiäæåíü.

38



Buhrii O., Yatseniak D. Semilinear parabolic equations on graphs

Ïîäÿêè. Àâòîðè çàÿâëÿþòü ïðî âiäñóòíiñòü ñïåöiàëüíîãî ôiíàíñóâàííÿ öi¹¨ ðîáî-
òè.

Ñïèñîê âèêîðèñòàíèõ äæåðåë

1. �Zugec B. Regularity of a parabolic di�erential equation on graphs. Mathematics. 2023. Vol. 11, No. 21:
4453. DOI: https://doi.org/10.3390/math11214453

2. Buhrii O.M. Stochastic parabolic equations on graphs.Ìàòåìàòè÷íi ñòóäi¨. 2026. Ò. 65, � 1. Ñ. 58�73.
DOI: https://doi.org/10.30970/ms.65.1.58-73

3. Li A., Chen, R., Farimani, A.B. et al. Reaction di�usion system prediction based on convolutional neural
network. Sci Rep. 2020. Vol. 10: 3894. DOI: https://doi.org/10.1038/s41598-020-60853-2

4. Gennip Y., Budd J. A prolegomenon to di�erential equations and variational methods on graphs. Cambri-
dge: Cambridge University Press, 2025. 100 p.

5. Avdonin S.A., Mikhaylov V.S. Controllability of partial di�erential equations on graphs: Preprint.
arXiv:2505.20690v1. 2025. DOI: https://doi.org/10.48550/arXiv.2505.20690

6. Esposito A., Patacchini F.S., Schlichting A. On a class of nonlocal continuity equations on graphs.
European Journal of Applied Mathematics. 2024. Vol. 35, No. 1. P. 109�126. DOI: https://doi.org/
10.1017/S0956792523000128

7. Leoni G. A �rst course in Sobolev spaces. Providence, Rhode Island: AMS, 2010. 626 p. (Graduate Studies
in Mathematics. Vol. 105).

8. Evans L.C. Partial di�erential equations. Providence, Rhode Island: AMS, 2010. 664 p. (Graduate Studies
in Mathematics. Vol. 19).

9. Buhrii O., Buhrii N., Kholyavka O. On Caratheodory�LaSalle's theorems for systems of ordinary di-
�erential equations and their application. Âiñíèê Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2019. Ò.
27. Ñ. 9�17.

10. Buhrii O., Buhrii N. Integro�di�erential systems with variable exponents of nonlinearity. Open

Mathematics. 2017. Vol. 15, No. 1. P. 859�883. DOI: https://doi.org/10.1515/math-2017-0069
11. Sanchez-Palencia E. Non-homogeneous Media and Vibration Theory. Berlin, Heidelberg: Springer-Verlag,

1980. 398 p. (Lecture Notes in Physics. Vol. 127).
12. Buhrii O.M., Buhrii N.V. Doubly nonlinear elliptic�parabolic variational inequalities with variable

exponents of nonlinearities. Advances in Nonlinear Variational Inequalities. 2019. Vol. 22, No. 2. P.
1�22.

13. Buhrii O.M., Hlynyans'ka Kh.P. Some parabolic variational inequalities with variable exponent of nonli-
nearity: unique solvability and comparison theorems. Journal of Mathematical Sciences. 2011. Vol. 174.
P. 169�189. DOI: https://doi.org/10.1007/s10958-011-0288-8

14. Bokalo T.M., Buhrii O.M. Doubly nonlinear parabolic equations with variable exponents of nonli-
nearity. Ukrainian Mathematical Journal. 2011. Vol. 63. P. 709�728. DOI: https://doi.org/10.1007/
s11253-011-0537-5

15. Kadets V. A course in functional analysis and measure theory. Cham: Springer, 2018. 539 p.

UDC 517.95

Semilinear parabolic equations on graphs

Oleh Buhrii, Dariia Yatseniak

Abstract. The paper considers an initial-boundary value problem for a semilinear pa-
rabolic equation on a simple connected directed graph. A weak solution to the problem is
de�ned in the appropriate functional spaces and conditions for continuity and transmission
at the graph vertices are provided. The unique solvability of the problem is proved.

Keywords: partial di�erential equation, parabolic equation, initial-boundary value prob-
lem, connected directed graph, weak solution.

39

https://doi.org/10.3390/math11214453
https://doi.org/10.30970/ms.65.1.58-73
https://doi.org/10.1038/s41598-020-60853-2
https://doi.org/10.48550/arXiv.2505.20690
https://doi.org/10.1017/S0956792523000128
https://doi.org/10.1017/S0956792523000128
https://doi.org/10.1515/math-2017-0069
https://doi.org/10.1007/s10958-011-0288-8
https://doi.org/10.1007/s11253-011-0537-5
https://doi.org/10.1007/s11253-011-0537-5


Áóãðié Î., ßöåíÿê Ä. Ïiâëiíiéíi ïàðàáîëi÷íi ðiâíÿííÿ íà ãðàôàõ

References

1. �Zugec, B. (2023). Regularity of a parabolic di�erential equation on graphs, Mathematics, 11 (21): 4453.
https://doi.org/10.3390/math11214453

2. Buhrii, O.M. (2026). Stochastic parabolic equations on graphs, Matematychni Studii, 65 (1), 58�73.
https://doi.org/10.30970/ms.65.1.58-73

3. Li, A., Chen, R., Farimani, A.B. et al. (2020). Reaction di�usion system prediction based on convolutional

neural network, Sci. Rep., 10: 3894. https://doi.org/10.1038/s41598-020-60853-2
4. Gennip, Y., Budd, J. (2025). A prolegomenon to di�erential equations and variational methods on graphs,

Cambridge University Press.
5. Avdonin, S.A., Mikhaylov, V.S. (2025). Controllability of partial di�erential equations on graphs: Preprint,

arXiv:2505.20690v1. https://doi.org/10.48550/arXiv.2505.20690
6. Esposito, A., Patacchini, F.S., Schlichting, A. (2024). On a class of nonlocal continuity equations

on graphs, European Journal of Applied Mathematics, 35 (1), 109�126. https://doi.org/10.1017/
S0956792523000128

7. Leoni, G. (2010). A �rst course in Sobolev spaces, American Mathematical Society, Providence, Rhode
Island.

8. Evans, L.C. (2010). Partial di�erential equations, American Mathematical Society, Providence, Rhode
Island.

9. Buhrii, O., Buhrii, N., Kholyavka, O. (2019). On Caratheodory�LaSalle's theorems for systems of ordinary

di�erential equations and their application, Visnyk Lviv. un-tu. Ser. prykl. matem. ta inf., 27, 9�17.
10. Buhrii, O., Buhrii, N. (2017). Integro�di�erential systems with variable exponents of nonlinearity, Open

Mathematics, 15 (1), 859�883. https://doi.org/10.1515/math-2017-0069
11. Sanchez-Palencia, E. (1980). Non�homogeneous Media And Vibration Theory, Springer�Verlag, Berlin,

Heidelberg.
12. Buhrii, O.M., Buhrii, N.V. (2019). Doubly nonlinear elliptic�parabolic variational inequalities with vari-

able exponents of nonlinearities, Advances in Nonlinear Variational Inequalities, 22 (2), 1�22.
13. Buhrii, O.M., Hlynyans'ka, Kh.P. (2011). Some parabolic variational inequalities with variable exponent

of nonlinearity: unique solvability and comparison theorems, Journal of Mathematical Sciences, 174,
169�189. https://doi.org/10.1007/s10958-011-0288-8

14. Bokalo, T.M., Buhrii, O.M. (2011). Doubly nonlinear parabolic equations with variable exponents

of nonlinearity, Ukrainian Mathematical Journal, 63, 709�728. https://doi.org/10.1007/

s11253-011-0537-5

15. Kadets, V. (2018). A course in functional analysis and measure theory, Springer.

Ïðî àâòîðiâ / About the authors

Îëåã Áóãðié, äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîð, êàôåäðà ìàòåìàòè-
÷íî¨ ñòàòèñòèêè i äèôåðåíöiàëüíèõ ðiâíÿíü, Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi
Iâàíà Ôðàíêà, âóë. Óíiâåðñèòåòñüêà, 1, ì. Ëüâiâ, 79000, Óêðà¨íà;

Oleh Buhrii, Doctor of Science in Physics and Mathematics, Professor, Department
of Mathematical Statistics and Di�erential Equations, Ivan Franko National University of
Lviv, 1 Universytetska Str., Lviv 79000, Ukraine;

Äàðiÿ ßöåíÿê, àñïiðàíòêà, êàôåäðà ìàòåìàòè÷íî¨ ñòàòèñòèêè i äèôåðåíöiàëüíèõ
ðiâíÿíü, Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, âóë. Óíiâåðñèòåòñüêà,
1, ì. Ëüâiâ, 79000, Óêðà¨íà;

Dariia Yatseniak, Postgraduate student, Department of Mathematical Statistics and
Di�erential Equations, Ivan Franko National University of Lviv, 1 Universytetska Str., Lviv
79000, Ukraine.

Îòðèìàíî / Received 31.03.2026
Ïðèéíÿòî äî äðóêó / Accepted 04.05.2026

Îïóáëiêîâàíî / Published 27.05.2026

40

https://doi.org/10.3390/math11214453
https://doi.org/10.30970/ms.65.1.58-73
https://doi.org/10.1038/s41598-020-60853-2
https://doi.org/10.48550/arXiv.2505.20690
https://doi.org/10.1017/S0956792523000128
https://doi.org/10.1017/S0956792523000128
https://doi.org/10.1515/math-2017-0069
https://doi.org/10.1007/s10958-011-0288-8
https://doi.org/10.1007/s11253-011-0537-5
https://doi.org/10.1007/s11253-011-0537-5


�� ��Ì I Ô

Ìàòåìàòèêà, Iíôîðìàòèêà, Ôiçèêà: Íàóêà òà Îñâiòà, Òîì 3, � 1 (2026), ñ. 41�54.
Mathematics, Informatics, Physics: Science and Education, Volume 3, No. 1 (2026), pp. 41�54.
Journal homepage: https://intranet.vspu.edu.ua/miph

ÓÄÊ 517.958:539.3:530.182

Ìàòåìàòè÷íå ìîäåëþâàííÿ âïëèâó äåôîðìàöiéíèõ
åôåêòiâ íà êîåôiöi¹íò äèôóçi¨ äîìiøîê ó

íàíîãåòåðîñòðóêòóðàõ

Îëåñÿ Äàíüêiâ1, Þðié Íå÷èïîð2, Îëåã Êóçèê3

1Äðîãîáèöüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

êàôåäðà ôiçèêè òà iíôîðìàöiéíèõ ñèñòåì, ì. Äðîãîáè÷, Óêðà¨íà

dankivolesya@dspu.edu.ua

https://orcid.org/0000-0002-2154-8396

2Äðîãîáèöüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

êàôåäðà ôiçèêè òà iíôîðìàöiéíèõ ñèñòåì, ì. Äðîãîáè÷, Óêðà¨íà

nechypor.yurij.asp@dspu.edu.ua

https://orcid.org/0009-0007-8010-1010

3Äðîãîáèöüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

êàôåäðà ôiçèêè òà iíôîðìàöiéíèõ ñèñòåì, ì. Äðîãîáè÷, Óêðà¨íà

olehkuzyk@dspu.edu.ua

https://orcid.org/0000-0002-8474-444X

Àíîòàöiÿ. Ïîáóäîâàíî ìàòåìàòè÷íó ìîäåëü ÿâèùà äèôóçi¨ ó ãåòåðîñèñòåìàõ iç âðà-
õóâàííÿì äåôîðìàöi¨. Ìàòåìàòè÷íà ìîäåëü  ðóíòó¹òüñÿ íà ðîçâ'ÿçóâàííi ìîäèôiêîâà-
íîãî ìåõàíiêî-äåôîðìàöiéíèìè åôåêòàìè ñòàöiîíàðíîãî ðiâíÿííÿ Ôiêà. Ó ìåæàõ ðîç-
ðîáëåíî¨ ìîäåëi äîñëiäæåíî âïëèâ äåôîðìàöi¨ íà êîåôiöi¹íò äèôóçi¨ äîìiøîê ó ãåòå-
ðîñòðóêòóði. Âñòàíîâëåíî, ùî çi çáiëüøåííÿì íåâiäïîâiäíîñòi ïàðàìåòðiâ  ðàòîê êîíòà-
êòóþ÷èõ ìàòåðiàëiâ ãåòåðîñòðóêòóðè GaAs/InxGa1−xAs/GaAs íà 7% êîåôiöi¹íò äèôóçi¨
äîìiøîê âèäó öåíòðó ðîçòÿãó ó âíóòðiøíüîìó øàði In0,2Ga0,8As çìåíøó¹òüñÿ íà 35%
âiäíîñíî êîåôiöi¹íòà äèôóçi¨ äîìiøîê ó íåíàïðóæåíîìó øàði, ùî ïîâ'ÿçàíî çi çáiëü-
øåííÿì äåôîðìàöi¨ ðîçòÿãó â ðåçóëüòàòi ñàìîóçãîäæåíîãî äåôîðìàöiéíî-äèôóçiéíîãî
ïåðåðîçïîäiëó.

Êëþ÷îâi ñëîâà: ìàòåìàòè÷íå ìîäåëþâàííÿ, ãåòåðîñèñòåìà, äåôîðìàöiÿ, äîìiøêà, äè-
ôóçiÿ, ìåõàíi÷íà íàïðóãà.

e-ISSN 3041-1955 DOI: https://doi.org/10.31652/3041-1955-2026-03-01-04
2020 Mathematics Subject Classi�cation: 74-10.
© 2026 Äàíüêiâ Î., Íå÷èïîð Þ., Êóçèê Î., Creative Commons Attribution 4.0 International Licence.

41

https://intranet.vspu.edu.ua/miph
https://orcid.org/0000-0002-2154-8396
https://orcid.org/0009-0007-8010-1010
https://orcid.org/0000-0002-8474-444X
https://doi.org/10.31652/3041-1955-2026-03-01-04


Äàíüêiâ Î., Íå÷èïîð Þ., Êóçèê Î. Ìàòåìàòè÷íå ìîäåëþâàííÿ âïëèâó äåôîðìàöié...

1. Âñòóï

Iíôîðìàöiÿ ïðî êîåôiöi¹íò äèôóçi¨ äîìiøîê i äåôåêòiâ ó íàïiâïðîâiäíèêàõ òà ãåòå-
ðîñòðóêòóðàõ íà ¨õ îñíîâi âàæëèâà äëÿ ðîçóìiííÿ ïðîöåñiâ ôîðìóâàííÿ ¨õíüî¨ ñòðóêòó-
ðè òà âëàñòèâîñòåé. Öåé ïàðàìåòð âèçíà÷à¹, ÿê ñàìå ðîçïîäiëÿþòüñÿ äîìiøêîâi àòîìè
ïiä ÷àñ òåõíîëîãi÷íèõ ïðîöåñiâ, çîêðåìà äèôóçiéíîãî ëåãóâàííÿ, éîííî¨ iìïëàíòàöi¨ òà
òåðìi÷íî¨ îáðîáêè. Âðàõóâàííÿ äèôóçi¨ äåôåêòiâ äà¹ çìîãó êðàùå êîíòðîëþâàòè ÿêiñòü
êðèñòàëó òà ñòàáiëüíiñòü õàðàêòåðèñòèê íàïiâïðîâiäíèêîâèõ ïðèëàäiâ. Îäíèì ç ôàêòî-
ðiâ, ÿêèé ìîæå âïëèâàòè íà êîåôiöi¹íò äèôóçi¨ ¹ ìåõàíi÷íà äåôîðìàöiÿ [1, 2]. Àâòîðàìè
ðîáiò [1, 2, 3, 4] äîñëiäæåíî âïëèâ íåîäíîðiäíèõ ïîëiâ ìåõàíi÷íîãî íàïðóæåííÿ ðiçíîãî
âèäó íà õàðàêòåðèñòèêè ìiãðàöi¨ òî÷êîâèõ äåôåêòiâ � âàêàíñié i ìiæâóçëîâèõ àòîìiâ. Ó
ðîáîòàõ [2, 5] äîñëiäæåíî çìiíó åíåðãåòè÷íîãî ðåëü¹ôó ìiãðàöi¨ âàêàíñié i ìiæâóçëîâèõ
àòîìiâ çà íàÿâíîñòi ãðàäi¹íòà ìåõàíi÷íîãî íàïðóæåííÿ.

Äëÿ âàêàíñié òà äîìiøîê çàìiùåííÿ ç éîííèì ðàäióñîì, ìåíøèì âiä éîííîãî ðàäi-
óñà çàìiùåíîãî àòîìà, åíåðãåòè÷íî âèãiäíîþ ¹ ìiãðàöiÿ â îáëàñòü äåôîðìàöié ñòèñêó [2],
à äëÿ ìiæâóçëîâèõ àòîìiâ, äîìiøîê âïðîâàäæåííÿ òà äîìiøîê çàìiùåííÿ ç éîííèì ðà-
äióñîì, áiëüøèì âiä éîííîãî ðàäióñà çàìiùåíîãî àòîìà, � â îáëàñòü äåôîðìàöi¨ ðîçòÿãó
[5].

Òàêèì ÷èíîì, íàÿâíiñòü íåîäíîðiäíî¨ ìåõàíi÷íî¨ íàïðóãè ïðèçâîäèòü äî âèíèêíå-
ííÿ äîäàòêîâîãî äåôîðìàöiéíîãî ïîòîêó âëàñíèõ äåôåêòiâ òà äîìiøîê, òîáòî äî çìiíè
¨õ êîíöåíòðàöi¨. À öå, ñâî¹þ ÷åðãîþ, ¹ ïðè÷èíîþ çìiíè ¨õ êîåôiöi¹íòà äèôóçi¨ [6, 7, 8].

Ïðè÷èíîþ âèíèêíåííÿ íåîäíîðiäíî¨ äåôîðìàöi¨ ó ãåòåðîñòðóêòóðàõ ìîæå áóòè ÿê
íàÿâíiñòü òî÷êîâèõ äåôåêòiâ òà äèñëîêàöié [9], òàê i íåâiäïîâiäíiñòü ïàðàìåòðiâ  ðàòîê
êîíòàêòóþ÷èõ ìàòåðiàëiâ [10].

Íåçâàæàþ÷è íà âåëèêó êiëüêiñòü åêñïåðèìåíòàëüíèõ äîñëiäæåíü [1, 2, 3, 4, 5, 11]
ùîäî âïëèâó äåôîðìàöiéíèõ åôåêòiâ íà ïðîöåñ äèôóçi¨, íà ñüîãîäíi âiäñóòíÿ ìàòåìà-
òè÷íà ìîäåëü, ÿêà á äîçâîëÿëà ïðîãíîçóâàòè êîíöåíòðàöiéíi ïðîôiëi âëàñíèõ äåôåêòiâ
i ÷óæîðiäíèõ äîìiøîê òà ¨õ êîåôiöi¹íò äèôóçi¨ ó íàïðóæåíèõ ãåòåðîñèñòåìàõ. Ó ðÿ-
äi ðîáiò [12, 13, 14, 15] ðîçðîáëåíî ìàòåìàòè÷íi ìîäåëi äëÿ îïèñó âïëèâó äåôîðìàöi¨
íà ïðîöåñ äèôóçi¨ â îá'¹ìíèõ íàïiâïðîâiäíèêàõ, àáî øàðóâàòèõ ñòðóêòóðàõ. Çîêðåìà,
ó ðîáîòi [12] çàïðîïîíîâàíî ìîäåëü äèôóçi¨, ó ÿêié âðàõîâàíî âïëèâ ëîêàëüíî¨ ìåõàíi-
÷íî¨ äåôîðìàöi¨ íà êîåôiöi¹íò äèôóçi¨ òà øâèäêiñòü ïåðåíîñó ðå÷îâèíè â êîìïîçèòíèõ
ñåðåäîâèùàõ, à äëÿ îá÷èñëåíü âèêîðèñòàíî ìåòîä ñêií÷åíèõ ðiçíèöü. Ó ðîáîòi [13] ðîç-
ðîáëåíî îäíîìiðíó ìàòåìàòè÷íó ìîäåëü âçà¹ìîçâ'ÿçêó äèôóçi¨ òà äåôîðìàöi¨ ó áiíàðíèõ
øàðàõ, äå äèôóçiÿ ÷àñòèíîê ñïðè÷èíÿ¹ ëîêàëüíi äåôîðìàöi¨, à êîíöåíòðàöiéíi ãðàäi¹í-
òè âèêëèêàþòü ìåõàíi÷íi íàïðóæåííÿ. Ìàòåìàòè÷íà ìîäåëü, ÿêà ïðåäñòàâëåíà ó ðîáîòi
[14], âêëþ÷à¹ çàëåæíiñòü êîåôiöi¹íòà äèôóçi¨ òà õiìi÷íîãî ïîòåíöiàëó âiä ëîêàëüíî¨ äå-
ôîðìàöi¨ êðèñòàëi÷íî¨  ðàòêè, ðîçãëÿäàþ÷è ñòèñíåííÿ i ðîçòÿãíåííÿ àòîìíèõ øàðiâ, ùî
äîçâîëÿ¹ ïåðåäáà÷àòè çìiíó ïðîôiëiâ êîíöåíòðàöi¨ ïiä âïëèâîì ìåõàíi÷íîãî íàâàíòàæå-
ííÿ. Îäíàê, ó âñiõ öèõ ðîáîòàõ íå áåðåòüñÿ äî óâàãè äåôîðìàöiÿ, ÿêà âèíèêà¹ â îêîëi
ãåòåðîìåæ, ùî ¹ âàæëèâèì äëÿ òî÷íîãî ïðîãíîçóâàííÿ äèôóçiéíèõ ïðîöåñiâ ó ðåàëüíèõ
íàïðóæåíèõ ñòðóêòóðàõ.

Äëÿ ôîðìóâàííÿ íàïiâïðîâiäíèêîâèõ ãåòåðîñòðóêòóð ç íàïåðåä çàäàíèìè ôiçè-
÷íèìè âëàñòèâîñòÿìè âàæëèâîþ ¹ iíôîðìàöiÿ ïðî çàêîíîìiðíîñòi çìiíè êîåôiöi¹íòà
äèôóçi¨ iìïëàíòîâàíèõ äîìiøîê i âëàñíèõ òî÷êîâèõ äåôåêòiâ ïiä âïëèâîì ìåõàíi÷íèõ
íàïðóã [11], ùî é âèçíà÷à¹ àêòóàëüíiñòü ðîáîòè.
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Ìåòîþ öi¹¨ ðîáîòè ¹ ðîçðîáêà ìàòåìàòè÷íî¨ ìîäåëi ÿâèùà äèôóçi¨ òî÷êîâèõ äå-
ôåêòiâ ó íàïiâïðîâiäíèêîâèõ ãåòåðîñèñòåìàõ, ÿêà á âðàõîâóâàëà íàÿâíiñòü äåôîðìàöi¨,
ñòâîðåíî¨ ñàìèìè äåôåêòàìè, òà äåôîðìàöi¨, ÿêà âèíèêà¹ â îêîëi ãåòåðîìåæi ìàòåðià-
ëiâ iç ðiçíèìè ïàðàìåòðàìè  ðàòîê. Ó ðîáîòi â ìåæàõ ðîçðîáëåíî¨ ìàòåìàòè÷íî¨ ìîäåëi
äîñëiäæåíî âïëèâ íåâiäïîâiäíîñòi ïàðàìåòðiâ  ðàòîê êîíòàêòóþ÷èõ ìàòåðiàëiâ i êîí-
öåíòðàöi¨ äîìiøîê íà ¨õ êîåôiöi¹íò äèôóçi¨ ó íàïðóæåíié òðèøàðîâié ãåòåðîñòðóêòóði
GaAs/InAs/GaAs.

2. Ïîñòàíîâêà ïðîáëåìè

Âçà¹ìîäiÿ äîìiøîê iç ïîëåì äåôîðìàöi¨, ñòâîðåíèì ÿê íåóçãîäæåííÿì êðèñòàëi-
÷íèõ  ðàòîê êîíòàêòóþ÷èõ ìàòåðiàëiâ, òàê i äîìiøêàìè, çóìîâëþ¹ ïðîñòîðîâèé ïåðå-
ðîçïîäië îñòàííiõ. Öå ìîæå ïðèçâåñòè äî çìiíè êîåôiöi¹íòà äèôóçi¨, à òàêîæ ÿê äî íà-
êîïè÷åííÿ, òàê i äî çìåíøåííÿ ÷èñëà äåôåêòiâ ó àêòèâíié îáëàñòi çàëåæíî âiä õàðàêòåðó
äåôîðìàöi¨.

Ðîçãëÿíåìî íàïðóæåíó ãåòåðîñèñòåìó ÀÂÀ, ùî ñêëàäà¹òüñÿ ç òðüîõ øàðiâ (ðèñ. 1)
iç ñåðåäíüîþ êîíöåíòðàöi¹þ äîìiøîê N0. Ó çâ'ÿçêó ç òèì, ùî òîâùèíà øàðó À çíà÷íî
ïåðåâèùó¹ òîâùèíó âíóòðiøíüîãî øàðó Â (l >> 2a), ìîæíà çíåõòóâàòè äåôîðìàöi¹þ
çîâíiøíiõ øàðiâ À.

Ìåõàíi÷íà äåôîðìàöiÿ ó øàði Â ìîäåëþ¹òüñÿ êóñêîâî-ëiíiéíîþ ôóíêöi¹þ:

ε(x) = ε0
|x|
a
, |x| ≤ a. (1)

Ðèñ. 1. Äåôîðìàöiÿ òðèøàðîâî¨ ãåòåðîñèñòåìè ABA.

Äåôîðìàöiÿ, ÿêà âèíèêëà âíàñëiäîê íåóçãîäæåííÿ ïàðàìåòðiâ  ðàòîê êîíòàêòóþ-
÷èõ øàðiâ À òà Â, îïèñó¹òüñÿ òàêèìè êîìïîíåíòàìè òåíçîðà äåôîðìàöi¨:

εyy = εzz = ε∥ =
aA − aB

aB
,

εxx = −2C12

C11

εyy.

äå aA òà aB � ïàðàìåòðè  ðàòîê øàðiâ À òà Â, âiäïîâiäíî.
Âåëè÷èíà äåôîðìàöi¨ íà ìåæi øàðiâ À òà Â âèçíà÷à¹òüñÿ ÿê

ε0 = 2ε∥ + εxx. (2)
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Â ðåçóëüòàòi ñàìîóçãîäæåíî¨ âçà¹ìîäi¨ äîìiøîê iç äåôîðìàöiéíèì ïîëåì ãåòåðî-
ñòðóêòóðè, ÿêå ñòâîðþ¹òüñÿ ÿê âíàñëiäîê íåóçãîäæåííÿ ïàðàìåòðiâ  ðàòîê êîíòàêòóþ-
÷èõ ìàòåðiàëiâ, òàê i ÷åðåç íàÿâíiñòü äîìiøîê, âiäáóâà¹òüñÿ ¨õ ïðîñòîðîâèé ïåðåðîçïîäië
[15, 16, 17]. Â îñíîâi ìîäåëi ïîêëàäåìî ìîäèôiêîâàíå äåôîðìàöiéíèìè åôåêòàìè çíà÷å-
ííÿ ïîòîêó äîìiøîê [5]:

J = − ∂

∂x

[
DN(x)

(
1− ε(x)

N1

Nb

)]
, (3)

äå D � êîåôiöi¹íò äèôóçi¨ äîìiøîê, N(x) � êîíöåíòðàöiÿ äîìiøîê, N1 � êîíöåíòðàöiÿ
àòîìiâ íàïiâïðîâiäíèêîâîãî ìàòåðiàëó íàïðóæåíîãî øàðó,

Nb =
kBT

W

1− 2ν

1− ν

ρ

r1
N1, (4)

W � âåëè÷èíà äèôóçiéíîãî áàð'¹ðà, kB � ñòàëà Áîëüöìàíà, T � òåìïåðàòóðà, ν � êîåôi-
öi¹íò Ïóàññîíà, r1 � õàðàêòåðíèé ðàäióñ äèôóçiéíîãî êàíàëó, ρ � êîíñòàíòà, ÿêà âõîäèòü
ó âèðàç äëÿ ìîäåëüíîãî ïîòåíöiàëó âiäøòîâõóâàííÿ ìiæ àòîìàìè:

U(r) ∼ e−r/ρ.

Ïîòiê äåôåêòiâ ó íàïðóæåíié ãåòåðîñòðóêòóði ñêëàäà¹òüñÿ ç äâîõ ÷àñòèí:
1) çâè÷àéíîãî äèôóçiéíîãî (ãðàäi¹íòíîãî) ïîòîêó:

Jd = −Def
∂N(x)

∂x
,

ç ïåðåíîðìîâàíèì êîåôiöi¹íòîì äèôóçi¨ Def âíàñëiäîê çìiíè åôåêòèâíèõ ðîçìiðiâ äè-
ôóçiéíèõ êàíàëiâ ïiä âïëèâîì íàïðóæåíü ó ãåòåðîñòðóêòóði,

Def = D

[
1− N1

Nb

1

2a

∫ a

−a

ε(x) dx

]
; (5)

2) äåôîðìàöiéíîãî ïîòîêó:

Jp = D
N1

Nb

∂ε(x)

∂x
,

ÿêèé âèíèêà¹ çà íàÿâíîñòi íåîäíîðiäíî¨ äåôîðìàöi¨.
Ñòàöiîíàðíèé ðîçïîäië äîìiøîê ó íàïðóæåíié êðèñòàëi÷íié ñèñòåìi ÀÂÀ çíàõîäè-

òüñÿ øëÿõîì ðîçâ'ÿçàííÿ ìîäèôiêîâàíîãî ìåõàíiêî-äåôîðìàöiéíèìè åôåêòàìè ðiâíÿííÿ
äèôóçi¨:

Def
∂2N(x)

∂x2
− ∂

∂x

(
DN(x)

N1

Nb

∂ε(x)

∂x

)
= 0. (6)

Ïåðåïèøåìî ðiâíÿííÿ (6) ó âèãëÿäi:

Def
∂2N(x)

∂x2
− V

∂N

∂x
−DN(x)

N1

Nb

∂2ε(x)

∂x2
= 0, (7)

äå V = DN1

Nb

∂ε
∂x

� øâèäêiñòü äîìiøîê, îòðèìàíà ïiä äi¹þ ãðàäi¹íòà äåôîðìàöiéíîãî ïîëÿ,
ùî âèíèêà¹ âíàñëiäîê íåîäíîðiäíî¨ äåôîðìàöi¨.

Ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ (7) çíàõîäèâñÿ ó êîæíié îáëàñòi ãåòåðîñòðó-
êòóðè îêðåìî. Îáëàñòi BI i BII âiäðiçíÿþòüñÿ òèì, ùî øâèäêiñòü äîìiøîê ïiä äi¹þ ãðàäi-
¹íòà äåôîðìàöiéíîãî ïîëÿ ìà¹ ïðîòèëåæíèé íàïðÿì. Öå ïîâ'ÿçàíî ç òèì, ùî øâèäêiñòü
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äîìiøîê, îòðèìàíà ó ïîëi íåîäíîðiäíî¨ äåôîðìàöi¨, ñòâîðåíî¨ ÿê âíàñëiäîê íåóçãîäæåí-
íÿ ïàðàìåòðiâ  ðàòîê êîíòàêòóþ÷èõ ìàòåðiàëiâ, òàê i íàÿâíiñòþ äîìiøîê, ¹ ïðîïîðöié-
íîþ äî ãðàäi¹íòà äåôîðìàöi¨ V ∼ ∂ε

∂x
[11].

Íà ìåæàõ øàðiâ ãåòåðîñòðóêòóðè (x = −a, x = 0, x = a) ïîâèííi âèêîíóâàòèñü
óìîâè ðiâíîñòi êîíöåíòðàöié äîìiøîê, à òàêîæ ¨õ ïîòîêiâ:

N(−a− 0) = N(−a+ 0), J(−a− 0) = J(−a+ 0),

N(0−) = N(0+), J(0−) = J(0+),

N(a− 0) = N(a+ 0), J(a− 0) = J(a+ 0).

(8)

Êðiì öüîãî, ââàæà¹ìî, ùî ïiñëÿ âèìêíåííÿ äæåðåëà iìïëàíòóþ÷èõ äîìiøîê ïîòiê êðiçü
ïîâåðõíi êðèñòàëi÷íî¨ ñèñòåìè âiäñóòíié (âiäáèâíi ìåæi) [4]:

J(−l) = J(l) = 0. (9)

Ïðè çàäàíèõ óìîâàõ êiëüêiñòü äîìiøîê, ùî ïåðåáóâà¹ â ãåòåðîñèñòåìi, áóäå çàëèøàòèñü
ïîñòiéíîþ, òîáòî ïîâèííà âèêîíóâàòèñü óìîâà:∫ l

−l

N(x) dx = Q. (10)

äå Q � êiëüêiñòü äîìiøîê ó êðèñòàëi÷íié ñòðóêòóði, ùî ïðèïàäà¹ íà îäèíèöþ ïëîùi
ïîïåðå÷íîãî ïåðåðiçó, 2l � òîâùèíà ãåòåðîñòðóêòóðè.

Ó âiäïîâiäíîìó îäíîðiäíîìó ìàòåðiàëi ïðè îäíàêîâèõ ôiçè÷íèõ óìîâàõ êiëüêiñòü
äîìiøîê, ùî ïðîíèêíóòü ó êðèñòàë çà ïåâíèé ÷àñ iìïëàíòàöi¨, ââàæà¹ìî ðiâíîþ êiëü-
êîñòi äîìiøîê, ùî ïðîíèêàþòü çà òàêèé æå ïðîìiæîê ÷àñó ó ãåòåðîñòðóêòóðó ç íàïðó-
æåíèìè øàðàìè. Öå òâåðäæåííÿ áóäå ñïðàâåäëèâèì ïðè âèêîíàííi íàñòóïíî¨ óìîâè:
Ld << l, äå Ld � åôåêòèâíà äèôóçiéíà äîâæèíà.

Ó ñòàöiîíàðíîìó âèïàäêó â ðåçóëüòàòi âiëüíî¨ äèôóçi¨ (íåíàïðóæåíà ãåòåðîñòðó-
êòóðà) ïðè çàäàíèõ óìîâàõ äîìiøêè ðîçïîäiëÿþòüñÿ ðiâíîìiðíî, òîáòî

Q = 2N0l. (11)

Ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ (7), ÿêèé çàäîâiëüíÿ¹ óìîâàì (8)�(10), ìà-
òèìå âèãëÿä:

N(x) =



N0

1− a

l
− 1

k
(1− eka/l)

, |x| > a,

N0

1− a

l
− 1

k
(1− eka/l)

exp

[
k

l
(x+ a)

]
, −a ≤ x < 0,

N0

1− a

l
− 1

k
(1− eka/l)

exp

[
−k

l
(x− a)

]
, 0 ≤ x ≤ a,

(12)

äå k = − sign ε0
|V |
Def

l.
Äëÿ äîñëiäæåííÿ ïðîöåñiâ äèôóçi¨ äîìiøîê i òî÷êîâèõ äåôåêòiâ ó íàïðóæåíié ãå-

òåðîñèñòåìi âèêîðèñòàíî àíàëiòè÷íèé ìåòîä, ùî áàçó¹òüñÿ íà ðîçâ'ÿçàííi ìîäèôiêîâà-
íîãî ðiâíÿííÿ äèôóçi¨ ç óðàõóâàííÿì äåôîðìàöiéíîãî ïîëÿ. Ìåõàíi÷íèé ñòàí ñèñòåìè
îïèñàíî â ìåæàõ òåîði¨ ïðóæíîñòi, à âïëèâ íåîäíîðiäíî¨ äåôîðìàöi¨ âðàõîâàíî ÷åðåç
äîäàòêîâèé âíåñîê ó ïîòiê äîìiøîê. Ðîçâ'ÿçîê çàäà÷i îòðèìàíî øëÿõîì àíàëiòè÷íî-
ãî iíòåãðóâàííÿ ñòàöiîíàðíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ äèôóçi¨ ç óðàõóâàííÿì óìîâ
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íåïåðåðâíîñòi êîíöåíòðàöi¨ òà ïîòîêó íà ìåæàõ øàðiâ, à òàêîæ óìîâè çáåðåæåííÿ çà-
ãàëüíî¨ êiëüêîñòi äîìiøîê.

3. Îñíîâíi ðåçóëüòàòè

Äëÿ iëþñòðàöi¨ âèñíîâêiâ iç çàïðîïîíîâàíî¨ ìîäåëi äåôîðìàöiéíîãî ïåðåðîçïîäi-
ëó äîìiøîê ó òðèøàðîâèõ íàïðóæåíèõ ãåòåðîñòðóêòóðàõ ïðîñòåæèìî çà âïëèâîì íà-
ïðóæåíîãî øàðó In0,2Ga0,8As íà ïðîôiëü ñòàöiîíàðíîãî ðîçïîäiëó äîìiøîê êðåìíiþ ó
ãåòåðîñòðóêòóði GaAs/InxGa1−xAs/GaAs íàñòóïíèõ ðîçìiðiâ: a = 30 �A, l = 1 ìêì.
Ðåçóëüòàòè ðîçðàõóíêó êîîðäèíàòíî¨ çàëåæíîñòi êîíöåíòðàöi¨ äîìiøîê ïðè ðiçíèõ çíà-
÷åííÿõ ïàðàìåòðà k ïðåäñòàâëåíi íà ðèñ. 2. Äëÿ âiçóàëiçàöi¨ îòðèìàíèõ ðåçóëüòàòiâ áóëî
âèêîðèñòàíî ïðîãðàìíå ñåðåäîâèùå Wolfram Mathematica. Ïîìiòíî, ùî äîìiøêè íàêî-
ïè÷óþòüñÿ ó ñòèñíóòîìó øàði In0,2Ga0,8As. Ó ðåçóëüòàòi òàêîãî ïåðåðîçïîäiëó êîíöåí-
òðàöiÿ iìïëàíòîâàíèõ äîìiøîê ó íåíàïðóæåíié ÷àñòèíi (GaAs) ãåòåðîñòðóêòóðè ðiçêî
çìåíøó¹òüñÿ. I ïðè âåëèêèõ çíà÷åííÿõ ïàðàìåòðà k ¨õ êîíöåíòðàöiÿ ìîæå çìåíøóâà-
òèñÿ ó 30 ðàçiâ (k = 85) ïîðiâíÿíî ç íåíàïðóæåíîþ ñòðóêòóðîþ. Îñêiëüêè k = |V |

Def
l,

òî î÷åâèäíî, ùî çäàòíiñòü íàïðóæåíèõ øàðiâ çàòðèìóâàòè äèôóçiþ áóäå çðîñòàòè çi
çìåíøåííÿì åôåêòèâíîãî êîåôiöi¹íòà äèôóçi¨ Def . Öå ÿâèùå ïðîÿâëÿ¹òüñÿ ïîìiòíiøå
ïðè çíà÷íié çìiíi äåôîðìàöi¨ ç âiääàëåííÿì âiä ãåòåðîìåæ (V ∼ ∂ε

∂x
), òîáòî çíà÷íîþ

ìiðîþ âèçíà÷à¹òüñÿ ïðóæíèìè ñòàëèìè êîíòàêòóþ÷èõ ìàòåðiàëiâ ãåòåðîñòðóêòóðè òà
íåóçãîäæåííÿì ïàðàìåòðiâ ¨õ  ðàòîê.

Íàÿâíiñòü äîìiøîê íåíóëüîâîãî îá'¹ìó Ωi ïðèçâîäèòü äî çáiëüøåííÿ îá'¹ìó êðèñòà-
ëó òà ïåðåðîçïîäiëó ìåõàíi÷íèõ íàïðóæåíü ãåòåðîñòðóêòóðè. Ó íàéïðîñòiøîìó âèïàäêó
(Ωi = Ω0, äå Ω0 � îá'¹ì àòîìà ìàòðèöi) äåôîðìàöiÿ êðèñòàëi÷íî¨  ðàòêè âíàñëiäîê íàÿâ-
íîñòi äîìiøîê íåíóëüîâîãî îá'¹ìó âèçíà÷à¹òüñÿ âiäíîøåííÿì êîíöåíòðàöi¨ äîìiøîê äî
êîíöåíòðàöi¨ àòîìiâ ìàòåðiàëó iìïëàíòîâàíî¨ ìàòðèöi ε1(x) =

N(x)
N1

. Òîäi ïîâíó äåôîðìà-
öiþ ãåòåðîñòðóêòóðè, ñïðè÷èíåíó ÿê íåóçãîäæåííÿì ïàðàìåòðiâ  ðàòîê êîíòàêòóþ÷èõ
ìàòåðiàëiâ, òàê i íàÿâíiñòþ äîìiøîê, ìîæíà çàïèñàòè ó âèãëÿäi:

U(x) = ε(x) + ε1(x) =


ε0

|x|
a
+

N(x)

N1

, |x| ≤ a,

N(x)

N1

, |x| > a.
(13)

Õàðàêòåð äåôîðìàöi¨ ãåòåðîñòðóêòóðè GaAs/InxGa1−xAs/GaAs âèçíà÷à¹òüñÿ äâî-
ìà ôàêòîðàìè: ðîçïîäiëîì äîìiøîê i íåâiäïîâiäíiñòþ ïàðàìåòðiâ  ðàòîê êîíòàêòóþ÷èõ
ìàòåðiàëiâ ãåòåðîñèñòåìè. Áiëÿ ìåæ ãåòåðîñòðóêòóðè âèçíà÷àëüíèì ¹ äðóãèé ôàêòîð i,
âiäïîâiäíî, íàïðóæåíèé øàð InxGa1−xAs çàçíà¹ äåôîðìàöi¨ ñòèñêó. Ïðè âiääàëåííi âiä
ãåòåðîìåæi çìåíøó¹òüñÿ âïëèâ íåâiäïîâiäíîñòi ïàðàìåòðiâ  ðàòîê êîíòàêòóþ÷èõ øàðiâ.
Òîäi õàðàêòåð äåôîðìàöi¨ ãåòåðîñòðóêòóðè âèçíà÷à¹òüñÿ ðîçïîäiëîì äîìiøîê. Ïðè÷î-
ìó, ïðè çðîñòàííi íåóçãîäæåííÿ ïàðàìåòðiâ êðèñòàëi÷íèõ  ðàòîê êîíòàêòóþ÷èõ ìàòå-
ðiàëiâ òà øâèäêîñòi çìiíè äåôîðìàöi¨ ç âiääàëåííÿì âiä ãåòåðîìåæi, ÿêà âèçíà÷à¹òüñÿ
ïðóæíèìè ñòàëèìè ìàòåðiàëó, ñïîñòåðiãà¹òüñÿ çáiëüøåííÿ äåôîðìàöi¨ â öåíòði âíóòði-
øíüîãî íàïðóæåíîãî øàðó. Ó íàïðóæåíèõ øàðàõ, îêðiì çâè÷àéíî¨ ãðàäi¹íòíî¨ äèôóçi¨,
ñóòò¹âó ðîëü âiäiãðàþòü äèôóçiéíi åôåêòè, iíäóêîâàíi äåôîðìàöiéíèì ïîëåì, ÿêå iñíó¹
â íàïðóæåíié ãåòåðîñèñòåìi. Äåôîðìàöiéíèé ïîòiê jp, ÿêèé âèíèêà¹ â òàêié ãåòåðîñèñòå-
ìi, ïðîïîðöiéíèé ãðàäi¹íòó ìåõàíi÷íîãî íàïðóæåííÿ. Çà íàÿâíîñòi ñòèñíóòèõ øàðiâ ó
ãåòåðîñòðóêòóði öåé ïîòiê ñïðèÿ¹ íàêîïè÷åííþ äîìiøîê ó íàïðóæåíèõ øàðàõ (ðèñ. 2).

46



Dan'kiv O., Nechypor Yu., Kuzyk O. Mathematical modeling of the in�uence of deform...

Ðèñ. 2. Ïåðåðîçïîäië êîíöåíòðàöi¨ äîìiøîê êðåìíiþ ó ãåòåðîñòðóêòóði

GaAs/InxGa1−xAs/GaAs: 1 �
|V |
Def

= 40 1/ìêì; 2 �
|V |
Def

= 80 1/ìêì (x=0,2)

Ó âèïàäêó âñåái÷íî¨ äåôîðìàöi¨ ðîçòÿãó âíóòðiøíüîãî øàðó äåôîðìàöiéíèé ïîòiê
ïðèçâîäèòü äî ïåðåìiùåííÿ äîìiøîê iç ìåíø íåîäíîðiäíî-ðîçòÿãíóòî¨ îáëàñòi âíóòði-
øíüîãî øàðó (öåíòðó âíóòðiøíüîãî øàðó) äî ìåæ êîíòàêòóþ÷èõ ìàòåðiàëiâ ãåòåðîñòðó-
êòóðè.

Äëÿ òîãî, ùîá äîñëiäèòè âïëèâ íåâiäïîâiäíîñòi ïàðàìåòðiâ  ðàòîê êîíòàêòóþ÷èõ
ìàòåðiàëiâ íà ïåðåðîçïîäië äîìiøîê ó øàðàõ ãåòåðîñòðóêòóðè ç äåôîðìàöi¹þ ðîçòÿãó
(ãåòåðîñòðóêòóðà InxGa1−xAs/GaAs/InxGa1−xAs), ïðîâåäåìî âiäïîâiäíi ðîçðàõóíêè êî-
îðäèíàòíî¨ çàëåæíîñòi ¨õ êîíöåíòðàöi¨ òà ïîâíî¨ äåôîðìàöi¨ U(x) ìàòåðiàëó ïðè âiä'¹ìíèõ
çíà÷åííÿõ ïàðàìåòðà k. ßê áà÷èìî ç ðèñ. 3, ó öüîìó âèïàäêó äîìiøêè ïðàêòè÷íî íå ïðî-
íèêàþòü ó âíóòðiøíi íàïðóæåíi øàðè.

Âíàñëiäîê öüîãî êîíöåíòðàöiÿ iìïëàíòîâàíèõ äîìiøîê ó çîâíiøíiõ øàðàõ ãåòåðî-
ñòðóêòóðè íåñóòò¹âî çðîñòà¹ ïîðiâíÿíî ç êðèñòàëi÷íîþ ñèñòåìîþ áåç íàïðóæåíèõ øàðiâ.
Ïðè÷îìó, ïðè çðîñòàííi âåëè÷èíè íåâiäïîâiäíîñòi ïàðàìåòðiâ  ðàòîê êîíòàêòóþ÷èõ ìà-
òåðiàëiâ òðèøàðîâî¨ ãåòåðîñòðóêòóðè (çðîñòàííi ïàðàìåòðà k) ñïîñòåðiãà¹òüñÿ çìåíøåí-
íÿ êîíöåíòðàöi¨ äîìiøîê ó âíóòðiøíüîìó øàði. Òàêèé õàðàêòåð ñòàöiîíàðíîãî ðîçïîäiëó
iìïëàíòîâàíèõ äîìiøîê ìîæíà ïîÿñíèòè íà îñíîâi ìåõàíiêî-äåôîðìàöiéíîãî ìåõàíiçìó
äèôóçi¨.
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Ðèñ. 3. Ïåðåðîçïîäië êîíöåíòðàöi¨ äîìiøîê êðåìíiþ ó ãåòåðîñòðóêòóði

InxGa1−xAs/GaAs/InxGa1−xAs: 1 �
|V |
Def

= 40 1/ìêì; 2 �
|V |
Def

= 80 1/ìêì

(x=0,2)

Ó íàïðóæåíèõ øàðàõ, îêðiì çâè÷àéíî¨ ãðàäi¹íòíî¨ äèôóçi¨, ñóòò¹âó ðîëü âiäiãðà-
þòü äèôóçiéíi åôåêòè, iíäóêîâàíi äåôîðìàöiéíèì ïîëåì, ÿêå iñíó¹ â íàïðóæåíié ãåòå-
ðîñèñòåìi. Äåôîðìàöiéíèé ïîòiê jp, ÿêèé âèíèêà¹ â òàêié ãåòåðîñèñòåìi, ïðîïîðöiéíèé
ãðàäi¹íòó ìåõàíi÷íîãî íàïðóæåííÿ. Çà íàÿâíîñòi ñòèñíóòèõ øàðiâ ó ãåòåðîñòðóêòóði
öåé ïîòiê ñïðèÿ¹ íàêîïè÷åííþ äîìiøîê ó íàïðóæåíèõ øàðàõ (ðèñ. 2). Ó âèïàäêó âñåái-
÷íî¨ äåôîðìàöi¨ ðîçòÿãó âíóòðiøíüîãî øàðó äåôîðìàöiéíèé ïîòiê ïðèçâîäèòü äî ïåðå-
ìiùåííÿ äîìiøîê iç ìåíø íåîäíîðiäíî-ðîçòÿãíóòî¨ îáëàñòi âíóòðiøíüîãî øàðó (öåíòðó
âíóòðiøíüîãî øàðó) äî ìåæ êîíòàêòóþ÷èõ ìàòåðiàëiâ ãåòåðîñòðóêòóðè (ðèñ. 3).

Íàïðóæåííÿ, ÿêi âèíèêàþòü â ãåòåðîñèñòåìi ÿê âíàñëiäîê íåâiäïîâiäíîñòi ïàðàìå-
òðiâ  ðàòîê êîíòàêòóþ÷èõ ìàòåðiàëiâ, òàê i ÷åðåç íàÿâíiñòü äîìiøîê, ¹ ïðè÷èíîþ çìiíè
åôåêòèâíîãî ðîçìiðó äèôóçiéíîãî êàíàëó. Çàëåæíiñòü êîåôiöi¹íòà äèôóçi¨ íàïðóæåíî¨
ãåòåðîñèñòåìè âiä íåóçãîäæåííÿ ïàðàìåòðiâ  ðàòîê òà êîíöåíòðàöi¨ äîìiøîê âèçíà÷à¹-
òüñÿ ôîðìóëîþ (5). Ïiäñòàâèâøè ïåðåíîðìîâàíó äåôîðìàöiþ U(x) (13) ó ôîðìóëó (5),
îòðèìà¹ìî:
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Def

D
= 1−

(
N1

Nb

ε0
2
+

η · l/(ka)
1− a/l − 1

k

(
1− exp

(
ka
l

)) (exp(ka

l

)
− 1

))
(14)

äå η = N0

Nb
.

Íà ðèñ. 4 ïðåäñòàâëåíî ðåçóëüòàòè ðîçðàõóíêó çàëåæíîñòi êîåôiöi¹íòà äèôóçi¨ äî-
ìiøîê êðåìíiþ â ãåòåðîñòðóêòóði GaAs/InxGa1−xAs/GaAs âiä ñêëàäó ¨¨ âíóòðiøíüîãî
øàðó àáî âiä âåëè÷èíè íåâiäïîâiäíîñòi ïàðàìåòðiâ  ðàòîê êîíòàêòóþ÷èõ ìàòåðiàëiâ ïðè
ðiçíèõ çíà÷åííÿõ ñåðåäíüî¨ êîíöåíòðàöi¨ äîìiøîê âiäíîñíî êîåôiöi¹íòà âiëüíî¨ äèôóçi¨.
Ïðè íåçíà÷íié êîíöåíòðàöi¨ äîìiøîê (η = 10−8, N0 = 1013 ñì−3) çi çðîñòàííÿì âåëè÷è-
íè íåâiäïîâiäíîñòi  ðàòîê ãåòåðîñòðóêòóðè êîåôiöi¹íò äèôóçi¨Def ëiíiéíî çáiëüøó¹òüñÿ.
Éîãî çìiíà âiäíîñíî êîåôiöi¹íòà âiëüíî¨ äèôóçi¨ D íå ïåðåâèùó¹ 3 %. Ïîäàëüøå çðîñòà-
ííÿ ñåðåäíüî¨ êîíöåíòðàöi¨ äîìiøîê ïðèçâîäèòü äî ìîíîòîííîãî çìåíøåííÿ êîåôiöi¹íòà
äèôóçi¨. Ïðè÷îìó, ç ðîñòîì íåâiäïîâiäíîñòi ïàðàìåòðiâ  ðàòîê (ç ðîñòîì äîëi In ó øà-
ði InxGa1−xAs) êîåôiöi¹íò äèôóçi¨ â íàïðóæåíié ãåòåðîñòðóêòóði òàêîæ çìåíøó¹òüñÿ.
Çîêðåìà, ïðè ñåðåäíié êîíöåíòðàöi¨ äîìiøîê êðåìíiþ N0 = 1, 5 · 1019 ñì−3, η = 0, 015 êî-
åôiöi¹íò äèôóçi¨ ãåòåðîñèñòåìè çìåíøó¹òüñÿ íà 35 % (x = 1) ïîðiâíÿíî ç êîåôiöi¹íòîì
âiëüíî¨ äèôóçi¨.

Ðèñ. 4. Çàëåæíiñòü êîåôiöi¹íòà äèôóçi¨ êðåìíiþ ó âíóòðiøíüîìó øà-
ði ãåòåðîñòðóêòóðè GaAs/InxGa1−xAs/GaAs âiä ñêëàäó òâåðäîãî ðîç÷èíó
ïðè ðiçíèõ çíà÷åííÿõ ñåðåäíüî¨ êîíöåíòðàöi¨ äîìiøîê (k= 2700): 1 − η =
10−8; 2− η = 0, 005; 3− η = 0, 01; 4− η = 0, 015

Ïðè íåçíà÷íèõ êîíöåíòðàöiÿõ äîìiøîê äåôîðìàöiÿ ñòðóêòóðè â îñíîâíîìó âèçíà-
÷à¹òüñÿ ñêëàäîâîþ, ùî âèíèêà¹ âíàñëiäîê íåóçãîäæåííÿ ïàðàìåòðiâ  ðàòîê øàðiâ Â
(InxGa1−xAs) òà À (GaAs) [11]. Â öüîìó âèïàäêó çðîñòàííÿ äîëi In ó øàði InxGa1−xAs
ïðèçâîäèòü äî çðîñòàííÿ äåôîðìàöi¨ ñòèñêó âíóòðiøíüîãî øàðó InxGa1−xAs çà àáñîëþ-
òíîþ âåëè÷èíîþ i, âiäïîâiäíî, äî çìåíøåííÿ ÷àñó ìiæ äâîìà çiòêíåííÿìè äîìiøîê, ùî
i ¹ ïðè÷èíîþ çáiëüøåííÿ êîåôiöi¹íòà äèôóçi¨ (ðèñ. 4, ëiíiÿ 1).

Ïðè çðîñòàííi ñåðåäíüî¨ êîíöåíòðàöi¨ äîìiøîê õàðàêòåð äåôîðìàöi¨ ìàòåðiàëó ãå-
òåðîñòðóêòóðè îñíîâíèì ÷èíîì âèçíà÷à¹òüñÿ ïåðåðîçïîäiëîì äîìiøîê. Ó öüîìó âèïàäêó
çáiëüøåííÿ íåâiäïîâiäíîñòi ïàðàìåòðiâ  ðàòîê êîíòàêòóþ÷èõ ìàòåðiàëiâ ïðèçâîäèòü äî
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íàêîïè÷åííÿ äîìiøîê ó âíóòðiøíüîìó øàði (ðèñ. 2) i, âiäïîâiäíî, äî çáiëüøåííÿ äåôîð-
ìàöi¨ ðîçòÿãó. ßê áóëî çàçíà÷åíî â ðîáîòi [15], íàïðóæåííÿ ðîçòÿãó çáiëüøó¹ ïîòåíöiàëü-
íèé áàð'¹ð äëÿ äèôóçi¨. Çáiëüøåííÿ êîíöåíòðàöi¨ äîìiøîê ó âíóòðiøíüîìó íàïðóæåíîìó
øàði InxGa1−xAs òðèøàðîâî¨ ãåòåðîñòðóêòóðè GaAs/InxGa1−xAs/GaAs ïðèçâîäèòü äî
çìåíøåííÿ âiäñòàíi ìiæ äâîìà ïîëîæåííÿìè ðiâíîâàãè (âiäñòàíü ìiæ âóçëàìè àáî ìiæ-
âóçëÿìè), ùî i ¹ ïðè÷èíîþ çìåíøåííÿ êîåôiöi¹íòà äèôóçi¨ (ðèñ. 4) [8]. Ó âèïàäêó, êîëè
âíóòðiøíié øàð çàçíà¹ âñåái÷íî¨ äåôîðìàöi¨ ðîçòÿãó, ñïîñòåðiãà¹òüñÿ íåçíà÷íå (äî 3,2%)
ìîíîòîííå çìåíøåííÿ êîåôiöi¹íòà äèôóçi¨ äîìiøîê ÿê ïðè çáiëüøåííi ¨õ êîíöåíòðàöi¨,
òàê i ïðè çðîñòàííi íåóçãîäæåííÿ ïàðàìåòðiâ êðèñòàëi÷íèõ  ðàòîê êîíòàêòóþ÷èõ øà-
ðiâ (ðèñ. 5). Òàêà ïîâåäiíêà êîåôiöi¹íòà äèôóçi¨ ïîÿñíþ¹òüñÿ òèì, ùî íàÿâíiñòü äîìiøîê
ïðàêòè÷íî íå çìiíþ¹ âåëè÷èíè äåôîðìàöi¨ âíóòðiøíüîãî ðîçòÿãíóòîãî øàðó òðèøàðîâî¨
ãåòåðîñòðóêòóðè i, âiäïîâiäíî, íåñóòò¹âî çìåíøó¹òüñÿ êîåôiöi¹íò äèôóçi¨ â íàïðóæåíié
ñòðóêòóði [15] ç âíóòðiøíiì øàðîì, ÿêèé çàçíà¹ âñåái÷íî¨ äåôîðìàöi¨ ðîçòÿãó.

Ðèñ. 5. Çàëåæíiñòü êîåôiöi¹íòà äèôóçi¨ êðåìíiþ ó âíóòðiøíüîìó øàði
ãåòåðîñòðóêòóðè InxGa1−xAs/GaAs/InxGa1−xAs âiä ñêëàäó òâåðäîãî ðîç-
÷èíó ïðè ðiçíèõ çíà÷åííÿõ ñåðåäíüî¨ êîíöåíòðàöi¨ äîìiøîê (k= 2700):
1− η = 10−8; 2− η = 0, 005; 3− η = 0, 01; 4− η = 0, 015

Ïðîâåäåíi òåîðåòè÷íi ðîçðàõóíêè ÿêiñíî óçãîäæóþòüñÿ ç åêñïåðèìåíòàëüíèìè ðå-
çóëüòàòàìè, îòðèìàíèìè ó ðîáîòi [18], äå ïîêàçàíî, ùî íàïðóæåíi øàðè ãåòåðîñòðóêòóðè
InGaAs/AlGaAs ñóòò¹âî âïëèâàþòü íà ìiæøàðîâó äèôóçiþ, çìåíøóþ÷è êîåôiöi¹íò äè-
ôóçi¨ äëÿ äåôåêòiâ, ÿêi ¹ öåíòðàìè ðîçòÿãó.

Ïðàêòè÷íà öiííiñòü ðîáîòè ïîëÿãà¹ â òîìó, ùî ðîçðîáëåíà ìàòåìàòè÷íà ìîäåëü äî-
çâîëÿ¹ ïðîãíîçóâàòè ïðîñòîðîâèé ðîçïîäië äîìiøîê i òî÷êîâèõ äåôåêòiâ ó íàïðóæåíèõ
íàïiâïðîâiäíèêîâèõ ãåòåðîñòðóêòóðàõ ç óðàõóâàííÿì âïëèâó ìåõàíi÷íèõ äåôîðìàöié,
ñïðè÷èíåíèõ ÿê íåâiäïîâiäíiñòþ ïàðàìåòðiâ  ðàòîê, òàê i íàÿâíiñòþ äîìiøîê. Îòðèìàíi
ðåçóëüòàòè ìîæóòü áóòè âèêîðèñòàíi äëÿ îïòèìiçàöi¨ òåõíîëîãi÷íèõ ïðîöåñiâ (äèôóçié-
íîãî ëåãóâàííÿ, éîííî¨ iìïëàíòàöi¨, òåðìi÷íî¨ îáðîáêè) øëÿõîì êåðóâàííÿ ïåðåðîçïî-
äiëîì äîìiøîê ó ãåòåðîñòðóêòóðàõ, ïðîãíîçóâàííÿ êîíöåíòðàöiéíèõ ïðîôiëiâ ó áàãà-
òîøàðîâèõ ñòðóêòóðàõ òèïó GaAs/InxGa1−xAs/GaAs áåç ïðîâåäåííÿ äîðîãîâàðòiñíèõ
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åêñïåðèìåíòiâ, êåðóâàííÿ åôåêòèâíèì êîåôiöi¹íòîì äèôóçi¨ ÷åðåç çìiíó íåâiäïîâiäíî-
ñòi ïàðàìåòðiâ  ðàòîê i ðiâíÿ ëåãóâàííÿ, à òàêîæ ïiäâèùåííÿ ÿêîñòi íàïiâïðîâiäíèêîâèõ
ïðèëàäiâ øëÿõîì çìåíøåííÿ íåáàæàíîãî ïðîíèêíåííÿ äîìiøîê ó àêòèâíi îáëàñòi. Ïî-
êàçàíî, ùî íàïðóæåíi øàðè ìîæóòü âèêîíóâàòè ðîëü áàð'¹ðiâ àáî ïàñòîê äëÿ äîìiøîê,
ùî âiäêðèâà¹ ìîæëèâîñòi äëÿ ïðî¹êòóâàííÿ ãåòåðîñòðóêòóð iç íàïåðåä çàäàíèìè ôiçè-
÷íèìè âëàñòèâîñòÿìè òà êîíòðîëüîâàíèì ïðîñòîðîâèì ðîçïîäiëîì íîñi¨â çàðÿäó.

Âèñíîâêè.
1. Ðîçðîáëåíî ìàòåìàòè÷íó ìîäåëü ÿâèùà äèôóçi¨ òî÷êîâèõ äåôåêòiâ ó íàïiâïðî-

âiäíèêîâèõ ãåòåðîñèñòåìàõ, ÿêà âðàõîâó¹ íàÿâíiñòü äåôîðìàöi¨, ñòâîðåíî¨ ñàìèìè äåôå-
êòàìè, òà äåôîðìàöi¨, ÿêà âèíèêà¹ â îêîëi ãåòåðîìåæi âíàñëiäîê íåñïiâïàäiííÿ ïàðàìå-
òðiâ  ðàòîê êîíòàêòóþ÷èõ ìàòåðiàëiâ.

2. Ó ìåæàõ ðîçðîáëåíî¨ ìîäåëi äîñëiäæåíî çàëåæíiñòü êîåôiöi¹íòà äèôóçi¨ äîìiøîê
âiä âåëè÷èíè íåâiäïîâiäíîñòi ïàðàìåòðiâ  ðàòîê ìàòåðiàëiâ íàïiâïðîâiäíèêîâî¨ ãåòåðî-
ñòðóêòóðè GaAs/InxGa1−xAs/GaAs.

3. Âñòàíîâëåíî, ùî çi çáiëüøåííÿì íåâiäïîâiäíîñòi ïàðàìåòðiâ  ðàòîê íà 7% (õ
= 1) êîåôiöi¹íò äèôóçi¨ äîìiøîê ó âíóòðiøíüîìó øàði InxGa1−xAs ãåòåðîñòðóêòóðè
GaAs/InxGa1−xAs/GaAs ç äåôîðìàöi¹þ ñòèñêó çìåíøó¹òüñÿ íà 35%. Òàêó ïîâåäiíêó
êîåôiöi¹íòà äèôóçi¨ ìîæíà ïîÿñíèòè çðîñòàííÿì êîíöåíòðàöi¨ äîìiøîê i âiäïîâiäíèì
çáiëüøåííÿì âåëè÷èíè äåôîðìàöi¨ ðîçòÿãó, ùî ïðèçâîäèòü äî çáiëüøåííÿ ïîòåíöiàëü-
íîãî áàð'¹ðó äëÿ äèôóçi¨.

4. Âñòàíîâëåíî, ùî ó òðèøàðîâié ãåòåðîñòðóêòóði ç âíóòðiøíiì ðîçòÿãíóòèì øà-
ðîì íàÿâíiñòü äîìiøîê ïðàêòè÷íî íå çìiíþ¹ çíà÷åííÿ êîåôiöi¹íòà äèôóçi¨ ïîðiâíÿíî ç
áåçäîìiøêîâîþ êðèñòàëi÷íîþ ñèñòåìîþ. Öå çóìîâëåíî òèì, ùî iìïëàíòàöiÿ äîìiøîê âè-
äó öåíòðó ðîçòÿãó ïðàêòè÷íî íå çìiíþ¹ âåëè÷èíè ïàðàìåòðà äåôîðìàöi¨ âíóòðiøíüîãî
íàïðóæåíîãî øàðó.

Êîíôëiêò iíòåðåñiâ i åòèêà. Àâòîðè çàÿâëÿþòü, ùî íå ìàþòü êîíôëiêòiâ iíòå-
ðåñiâ. Àâòîðè òàêîæ çàÿâëÿþòü ïðî ïîâíå äîòðèìàííÿ âñiõ ïðàâèë åòèêè æóðíàëüíèõ
äîñëiäæåíü.

Ïîäÿêè. Àâòîðè çàÿâëÿþòü ïðî âiäñóòíiñòü ñïåöiàëüíîãî ôiíàíñóâàííÿ öi¹¨ ðîáî-
òè.
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Mathematical modeling of the in�uence of deformation e�ects on
the di�usion coe�cient of impurities in nanoheterostructures

Olesya Dan'kiv, Yurij Nechypor, Oleh Kuzyk

Abstract. A mathematical model of di�usion in heterosystems taking into account
deformation has been constructed. The mathematical model is based on the solution of the
stationary Fick equation modi�ed by mechanical-deformation e�ects. Within the framework
of the developed model, the in�uence of deformation on the di�usion coe�cient of impuri-
ties in the heterostructure was studied. It was found that with an increase in the mi-
smatch of the lattice parameters of the contacting materials of the GaAs/InxGa1−xAs/GaAs
heterostructure by 7%, the di�usion coe�cient of impurity of the type of stretching center in
the inner In0.2Ga0.8As layer decreases by 35% relative to the di�usion coe�cient of impurities
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in the unstrained layer, which is associated with an increase in stretching deformation as a
result of self-consistent deformation-di�usion redistribution.

Keywords: mathematical modeling, heterosystem, deformation, impurity, di�usion, mechani-
cal strain.
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Àíîòàöiÿ. Ðîçãëÿíóòî çàäà÷ó ïðî ïîáóäîâó àñèìïòîòè÷íèõ ðîçâ'ÿçêiâ ç÷èñëåííî¨ ñè-
ñòåìè ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü L-äiàãîíàëüíîãî âèãëÿäó, íà îñíîâi ÿêî¨ ïîáó-
äîâàíî ðîçâ'ÿçîê çìiøàíî¨ çàäà÷i äëÿ ðiâíÿííÿ ãiïåðáîëi÷íîãî òèïó â íåîáìåæåíîìó
öèëiíäði, äîñëiäæåíî éîãî àñèìïòîòè÷íèé õàðàêòåð.

Êëþ÷îâi ñëîâà: ç÷èñëåííi ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü L-äiàãîíàëüíîãî âèãëÿäó,
àñèìïòîòè÷íèé õàðàêòåð ðîçâ'ÿçêó, çìiøàíà çàäà÷à äëÿ ðiâíÿííÿ ãiïåðáîëi÷íîãî òèïó
â íåîáìåæåíîìó öèëiíäði.

1. Âñòóï

Äîñëiäæåííþ àñèìïòîòè÷íî¨ ïîâåäiíêè ðîçâ'ÿçêiâ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü L-äiàãîíàëüíîãî âèãëÿäó ó ñêií÷åííèõ ïðîñòîðàõ ïðèñâÿ÷åíi ïðàöi Î. Ïåðîíà,
Ã. Øïåòà, Ð. Áåëüìàíà, Ñ. Ôàåäî, Í. Ëåâiíñîíà. Óêðà¨íñüêi â÷åíi Ì. Øêiëü òà Ã. Çàâiçiîí
àñèìïòîòè÷íî çâåëè ñèíãóëÿðíî-çáóðåíó ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü ç ðåãóëÿð-
íîþ îñîáëèâiñòþ äî äiàãîíàëüíîãî âèãëÿäó [8]. ß. Ïëîòêií òà À. Òóðáií äîñëiäæóâàëè
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àñèìïòîòè÷íó ïîâåäiíêó ðîçâ'ÿçêó ñèíãóëÿðíî çáóðåíîãî êâàçiëiíiéíîãî äèôåðåíöiàëü-
íîãî ðiâíÿííÿ ó áàíàõîâîìó ïðîñòîði [7]. Â. �âòóõîâ ïðåäñòàâèâ àñèìïòîòè÷íå ïîäàí-
íÿ ðîçâ'ÿçêiâ äâîìiðíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü [1]. Î. Êî÷åðãà, Â. ßêîâåöü
äëÿ âèðîäæåíî¨ ñèíãóëÿðíî çáóðåíî¨ ëiíiéíî¨ ñèñòåìè ðîçðîáèëè àñèìïòîòèêó ðîçâ'ÿçêó
çàäà÷i Êîøi [5]. Àñèìïòîòè÷íi âëàñòèâîñòi ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü ðîçãëÿ-
äàþòüñÿ ó ïðàöÿõ Ì. Ïåðåñòþêà, Î. Êàïóñòÿí, Ï. Ôåêåòè, Í. Êàñiìîâî¨ [6], Ì. Øêiëÿ
[10] òà ií. Ó ïðàöÿõ Ì. Êîâòîíþê òà Î. Ñî¨ [4], [3] ïîáóäîâàíî ðîçâ'ÿçêè ç÷èñëåííèõ ñè-
ñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ç ìàëèìè ïàðàìåòðàìè é âñòàíîâëåíî ¨õ àñèìïòîòè÷íó
ïîâåäiíêó.

2. Ïîñòàíîâêà ïðîáëåìè

Ìåòà ñòàòòi: âèçíà÷èòè óìîâè i ïîáóäóâàòè ðîçâ'ÿçîê çìiøàíî¨ çàäà÷i äëÿ ðiâíÿ-
ííÿ ãiïåðáîëi÷íîãî òèïó â íåîáìåæåíîìó öèëiíäði, âèêîðèñòîâóþ÷è àñèìïòîòè÷íi ðîç-
êëàäè äëÿ ç÷èñëåííèõ ñèñòåì ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü L-äiàãîíàëüíîãî âè-
ãëÿäó.

Ç÷èñëåííi ñèñòåìè ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü L-äiàãîíàëüíîãî âèãëÿäó äî-
ñëiäæóâàëèñÿ ó ïðàöÿõ Ì. Êîâòîíþê [2] òà Ì. Øêiëÿ é Ì. Êîâòîíþê [9]. Çîêðåìà ó
ðîáîòàõ [2], [9] ðîçãëÿíóòî ñèñòåìè

dy

dt
= [W (t) + C(t)] · y, (1)

äåW (t), C(t) = ∥cij(t)∥∞1 � äiéñíi íåñêií÷åííi ìàòðèöi, y � íåñêií÷åííèé âåêòîð, t ≥ t0 �
äiéñíà çìiííà, ìàòðèöÿ W (t) ñêëàäà¹òüñÿ iç æîðäàíîâèõ êëiòèí Wj(t), j = 1, 2, . . . iç
âëàñíèì ÷èñëîì âiäïîâiäíî wj(t) ðîçìiðíîñòi rj, òîáòî

W (t) = {W1(t),W2(t), . . . }. (2)

ïðè÷îìó 1 ≤ rj < +∞ i ïîñëiäîâíiñòü {rj} êðàòíîñòi êëiòèí Æîðäàíà îáìåæåíà çâåðõó:
r = sup

j
{rj}.

Ðîçâ'ÿçîê ñèñòåìè (1) øóêà¹ìî ó ïðîñòîðim ðiâíîìiðíî îáìåæåíèõ i îäíîñòàéíî íå-
ïåðåðâíèõ ôóíêöiîíàëüíèõ ïîñëiäîâíîñòåé. Ïðèïóñòèìî, ùî êîåôiöi¹íòè L-äiàãîíàëüíî¨
ñèñòåìè (1)�(2) çàäîâîëüíÿþòü óìîâàì:

à) wk(t), ckm(t), ck(t) =
∞∑
m=1

ckm(t) · t2 íåïåðåðâíi ïðè t ≥ t0,

á) sup
k

max
t
ck(t) = γ < +∞ ∀k = 1, 2, . . . , äå γ > 0 � ñòàëà, ùî íå çàëåæèòü âiä t,

â) åëåìåíòè ìàòðèöi C(t) òàêi, ùî
∞∑
k=1

c2jk(t) < M, j = 1, 2, . . . ;
∞∫
t

t2∥C(t)∥dt < +∞,

ã) ïîçíà÷èìî ÷åðåç Dkm(t) = Re(wk(t)− wm(t)). Ïðèïóñòèìî, ùî âñi rk < ∞ ïîïà-
äàþòü â îäèí iç äâîõ êëàñiâ I1, I2, äå rk ∈ I1, ÿêùî,

t−r exp

 t∫
t0

Dkm(s)ds

 → 0 ïðè t→ ∞, (3)

|t− τ |2 exp

−
t∫

τ

Dkm(s)ds

 < M < +∞, rk ∈ I2, ÿêùî

t∫
τ

Dkm(s)ds < N. (4)
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Òîäi ìà¹ ìiñöå òåîðåìà [2].

Òåîðåìà 1. ßêùî ñèñòåìà (1)�(2) çàäîâîëüíÿ¹ óìîâàì à)�ã), òî iñíó¹ òàêå äîñòàòíüî
âåëèêå T ≥ t0 ≥ 0, ùî ïðè t ≥ T äàíà ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü ìà¹ ðîçâ'ÿçîê
yj(t), j = 1, 2, . . . àñèìïòîòè÷íî ðiâíèé

yj(t) = ψj(t)(1 + o(1)), (t→ ∞), (5)

äå ψj(t) � ðîçâ'ÿçîê ñêií÷åííî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü dψ
dt

= Wj(t)ψ.

Öþ òåîðåìó ìîæíà âèêîðèñòàòè ïðè çíàõîäæåííi ðîçâ'ÿçêiâ çìiøàíî¨ çàäà÷i äëÿ
ðiâíÿííÿ ãiïåðáîëi÷íîãî òèïó â íåîáìåæåíîìó öèëiíäði

Ö∞ = [0 ≤ x ≤ l; 0 ≤ y ≤ m]× [0 ≤ t ≤ ∞):

∂2u

∂t2
=
∂2u

∂x2
+
∂2u

∂y2
+ a(t, x, y)u, (6)

|u|L = 0, L � ìåæà îáëàñòi G = [0 ≤ x ≤ l; 0 ≤ y ≤ m], (7)

u(0, x, y) = u0(x, y),

ut(0, x, y) = u1(x, y), x, y ∈ G, (8)

äå a(t, x, y) � ôóíêöiÿ, ÿêà ìà¹ íåïåðåðâíi ïîõiäíi ïî t, x, y äî òðåòüîãî ïîðÿäêó âêëþ-
÷íî, àáñîëþòíî iíòåãðîâíà â îáëàñòi G, òîáòî íåâëàñíèé iíòåãðàë ïî çìiííié t çáiæíèé

∞∫
0

a(t, x, y)dt < +∞,

à ôóíêöi¨ u0(x, y), u1(x, y) äîñòàòí¹ ÷èñëî ðàç äèôåðåíöiéîâíi.

3. Îñíîâíi ðåçóëüòàòè

Ïîðÿä ç (6) ðîçãëÿíåìî ðiâíÿííÿ

t2
∂2u

∂t2
=
∂2u

∂x2
+
∂2u

∂y2
+ εa(t, x, y)u, (9)

ε � äåÿêèé ïàðàìåòð (0 < ε ≤ 1).
Ïðè ε = 1 ðiâíÿííÿ (9) ñïiâïàäà¹ ç (6). Çà äîïîìîãîþ ïiäñòàíîâêè t = ετ , (τ �

íîâà íåçàëåæíà çìiííà) ∂u
∂t

= ∂u
∂τ

· dτ
dt

= 1
ε
· ∂u
∂τ
, ∂2u
∂t2

= 1
ε2
· ∂2u
∂τ2

, ïðèõîäèìî äî ðiâíÿííÿ

∂2u

∂τ 2
=
∂2u

∂x2
+
∂2u

∂y2
+ εa(t, x, y)u. (10)

Äëÿ ïîáóäîâè ôîðìàëüíîãî ðîçâ'ÿçêó çìiøàíî¨ çàäà÷i (6)�(7)�(8) âèêîðèñòîâó¹ìî
ìåòîä Ôóð'¹. Ó âiäïîâiäíîñòi ç öèì ìåòîäîì ðîçâ'ÿçîê øóêà¹ìî ó âèãëÿäi ðÿäó

u(t, x, y) =
∞∑

k,j=1

1

ωkj
Tkj(t)Xk(x)Yj(y), (11)

äå Xk(x), Yj(y), k, j = 1, 2, . . . âëàñíi ôóíêöi¨ âiäïîâiäíèõ êðàéîâèõ çàäà÷

d2X

dx2
= −µX(x); X(0) = X(l) = 0, (12)
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d2Y

dy2
= −υY (y), Y (0) = Y (m) = 0, ω = µ+ υ, (13)

{µk}, {υj} � âiäïîâiäíi âëàñíi çíà÷åííÿ:

µk =

(
kπ

l

)2

; Xk(x) =

√
2

l
sin

kπx

l
, k = 1, 2, . . . (14)

υj =

(
jπ

m

)2

; Yj(y) =

√
2

m
sin

jπy

m
; j = 1, 2, . . .

ωkj = π2
(
k2

l2
+ j2

m2

)
; υkj(x, y) =

2√
lm

sin kπx
l
sin jπy

m
� ïîâíà îðòîíîðìîâàíà ñèñòåìà ôóí-

êöié. Ïiñëÿ ïiäñòàíîâêè (12) â ðiâíÿííÿ (10) îòðèìà¹ìî∑
k,j

1

ωkj

d2Tkj
dτ 2

Xk(x)Yj(y) =
∑
k,j

1

ωkj
Tkj(τ)

d2Xk

dx2
Yj(y)+

+
∑
k,j

1

ωkj
Tkj(τ)Xk(x)

d2Yj(y)

dy2
+
∑
k,j

1

ωkj
a(t, x, y)Tkj(τ)Xk(x)Yj(y).

Îñòàííþ ðiâíiñòü ïîìíîæèìî íà Xk′(x)Yj′(y), k
′, j′ = 1, 2, . . . i ïðîiíòåãðó¹ìî ïîñëi-

äîâíî äâà ðàçè ïî x òà y â ìåæàõ âiä 0 äî l i âiä 0 äî m. Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ
(14), ïðèõîäèìî äî ç÷èñëåííî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü

1

ωk′j′

d2Tk′j′

dτ 2
= −Tk′j′(τ) + ε

∞∑
k,j=1

1

ωkj
akj,k′j′(τ)Tkj(τ) (15)

äå akj,k′j′(τ) =
l∫
0

m∫
0

a(τ, x, y)Xk(x)Yj(y)︸ ︷︷ ︸
vkj(x,y)

Xk′(x)Yj′(y)︸ ︷︷ ︸
vk′j′ (x,y)

dxdy, k′, j′ = 1, 2, . . .

Ïî÷àòêîâi óìîâè íàáèðàþòü âèãëÿäó

Tk′j′(0) =

∫ l

0

∫ m

0

u0(x, y)vk′j′(x, y)dxdy (16)

dTk′j′

dθ

∣∣∣∣
θ=0

=

∫ l

0

∫ m

0

u1(x, y)vk′j′(x, y)dxdy, k
′, j′ = 1, 2, . . .

Ó ðiâíÿííi (15) iíäåêñè k′ i j′ ðiâíîïðàâíi, âîíè çìiíþþòüñÿ íåçàëåæíî îäèí âiä îäíîãî.
Ïîñòàâèìî iíäåêñàì k′ i j′ ó âiäïîâiäíiñòü íàòóðàëüíå ÷èñëî r = k′+j′. ßêùî çìiíþþòüñÿ
k′ i j′, àáî îäèí iç iíäåêñiâ, òî âiäïîâiäíî çìiíþ¹òüñÿ i r.

Òîäi ðiâíÿííÿ (15) ìîæíà ïåðåïèñàòè ó âèãëÿäi:

1

ωr

d2Tr
dτ 2

= −Tr(τ) + ε
∞∑
r1=1

1

ωr1
ar,r1(τ)Tr1(τ)

àáî
d2Tr
dτ 2

= −ωrTr(τ) + εωr

∞∑
r1=1

1

ωr1
ar,r1(τ)Tr1(τ) (17)

Çà äîïîìîãîþ ïiäñòàíîâêè Tr(τ) = Z2r−1(τ),
dTr(τ)
dτ

= Z2r(τ), r = 1, 2, . . . , ïî÷àòêîâó
çàäà÷ó (16)�(17) ïðèâîäèìî äî ç÷èñëåííî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü:
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z′1
z′2
z′3
z′4
...

 =


0 1 0 0 . . .

−ω1 0 0 0 . . .
0 0 0 1 . . .
0 0 −ω2 0 . . .
...

...
...

...
. . .



z1
z2
z3
z4
...

 +


0 0 0 0 . . .

ω1

ω1
a11 0 ω1

ω2
a12 0 . . .

0 0 0 0 . . .
ω2

ω1
a21 0 ω2

ω2
a22 0 . . .

...
...

...
...

. . .



z1
z2
z3
z4
...


àáî ó âåêòîðíî-ìàòðè÷íié ôîðìi

dz

dθ
= AZ + εB(τ)Z. (18)

Åëåìåíòè íåñêií÷åííèõ ìàòðèöü A,B(t) ¹ äîñòàòí¹ ÷èñëî ðàçiâ äèôåðåíöiéîâíèìè ôóí-
êöiÿìè ïî t. Ïðèâîäèìî äàíó ñèñòåìó (18) äî L-äiàãîíàëüíîìó âèãëÿäó çà äîïîìîãîþ
ïiäñòàíîâêè

Z = U(t)W, (19)

ïðè÷îìó U(t) = ∥upq(t)∥∞1 � íåñêií÷åííà ìàòðèöÿ, ÿêà çàäîâîëüíÿ¹ óìîâó
∞∑
q=1

u2pq(t) < M ,

W � íåñêií÷åííèé âåêòîð. Ðiâíÿííÿ (18), âèêîðèñòîâóþ÷è (19), íàáóâà¹ âèãëÿäó

U(t)
dW

dτ
+ εU ′(t)W = AU(t)W (t)− εB(t)U(t)W (t).

Ìàòðèöþ U(t) áóäó¹ìî òàê, ùîá âèêîíóâàëàñü ìàòðè÷íà ðiâíiñòü

AU(t)− εU ′(t)− εB(t)U(t) = U(t)(Λ(t) + εC(t)),

Λ(t) = diag{λ1(t), λ2(t), . . . }, C(t) = ∥cij(t)∥∞1 � íåñêií÷åííà ìàòðèöÿ.
Ïðèðiâíÿ¹ìî â îñòàííüîìó ìàòðè÷íîìó ðiâíÿííi êîåôiöi¹íòè ïðè îäíàêîâèõ ñòå-

ïåíÿõ ε. Îòðèìà¹ìî ìàòðè÷íó ñèñòåìó àëãåáðà¨÷íèõ ðiâíÿíü

{
AU(t)− U(t)Λ(t) = 0,

−U ′(t)−B(t)U(t) = U(t)C(t).
(20�21)

Ç ðiâíÿíü (20�21) çíàõîäèìî U(t) i Λ(t). Ïðîàíàëiçóâàâøè ìàòðèöþ A, áà÷èìî, ùî
ìàòðèöþ U ïîòðiáíî øóêàòè ó êâàçiäiàãîíàëüíîìó âèãëÿäi. Ïåðøå ìàòðè÷íå ðiâíÿííÿ
(20�21) ðîçïàäà¹òüñÿ íà ç÷èñëåííó ìíîæèíó ñêií÷åííèõ ñèñòåì äðóãîãî ïîðÿäêó{

U2j,2j−1(t) = λ2j−1(t)U2j−1,2j−1(t),

−wjU2j−1,2j−1(t) = λ2j−1(t)U2j,2j−1(t),

{
U2j,2j(t) = λ2j(t)U2j−1,2j(t),

−wjU2j−1,2j(t) = λ2j(t)U2j,2j(t),

j = 1, 2, 3 . . . , ðîçâ'ÿçêàìè ÿêèõ ¹

λ2j−1 = i
√
wj, λ2j = −i√wj, i =

√
−1,

U2j−1,2j−1(t) = U2j−1,2j(t) = 1; U2j,2j−1(t) = λ2j−1 = i
√
wj,

U2j,2j(t) = −i√wj, òîáòî ìàòðèöi U(t) i Λ(t) ìàþòü âèãëÿä
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U(t) =


1 1 0 0 . . .

i
√
w1 −i√w1 0 0 . . .
0 0 1 1 . . .
0 0 i

√
w2 −i√w2 . . .

. . . . . . . . . . . . . . .

 ,

Λ(t) =


i
√
w1 0 0 . . . . . .
0 −i√w1 0 . . . . . .
0 0 i

√
w2 0 . . .

0 0 0 −i√w2 . . .
. . . . . . . . . . . . . . .

 .
(22)

Îñêiëüêè ìàòðèöÿ U(t) ìà¹ êâàçiäiàãîíàëüíèé âèãëÿä, òî ìè ìîæåìî ïîáóäóâàòè
òàêó ìàòðèöþ U−1(t), ÿêà çàäîâîëüíÿëà á óìîâi:

U(t)U−1(t) = E∞,

äå E∞ � îäèíè÷íà íåñêií÷åííà ìàòðèöÿ, U−1(t) =
∥∥U0

jk

∥∥∞
1
.

U0
2j−1,2j−1(t) = U0

2j,2j−1(t) =
1

2
; U0

2j−1,2j(t) =
1

2
√
wj
, U0

2j,2j(t) = − 1

2
√
wj
,

òîáòî

U−1(t) =

∥∥∥∥∥∥∥∥∥∥∥

1
2

− i
2
√
w1

0 0 . . .
1
2

i
2
√
w1

0 0 . . .

0 0 1
2

− i
2
√
w2

. . .

0 0 1
2

i
2
√
w2

. . .

. . . . . . . . . . . . . . .

∥∥∥∥∥∥∥∥∥∥∥
.

Ç äðóãîãî ìàòðè÷íîãî ðiâíÿííÿ (20�21) âèïëèâà¹, ùî
C(t) = −U−1(t)(U ′(t) +B(t)U(t)), àáî

C(t) = −U−1(t)B(t)U(t) =

=



−i√w1

2w1
a11(t)

−i√w1

2w1
a11(t)

−i√w1

2w2
a12(t)

−i√w1

2w2
a12(t) . . .

i
√
w1

2w1
a11(t)

i
√
w1

2w1
a11(t)

−i√w1

2w2
a12(t)

i
√
w1

2w2
a12(t) . . .

−i√w2

2w1
a21(t)

−i√w2

2w1
a21(t)

−i√w2

2w2
a22(t)

−i√w2

2w2
a22(t) . . .

i
√
w2

2w1
a21(t)

i
√
w2

2w1
a21(t)

i
√
w2

2w2
a22(t)

i
√
w2

2w2
a22(t) . . .

. . . . . . . . . . . . . . .


.

Ìîæíà äîâåñòè, ùî äëÿ ìàòðèöi C(t) âèêîíóþòüñÿ óìîâè íåïåðåðâíîñòi ôóíêöié

cj(t) =
∞∑
k=1

|cjk(t)|, j = 1, 2, 3 . . . , a t ≥ 0, à òàêîæ cj(t) ≤ α(t)

(
+∞∫
0

α(τ)dτ < +∞
)
. Òàêîæ

äëÿ âñiõ j, k = 1, 2, . . . ôóíêöiÿ Re(λj(t)− λk(t)) = 0, òîáòî íå çìiíþ¹ çíàê.
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Òîìó L-äiàãîíàëüíà ñèñòåìà, çãiäíî ç [2], ìà¹ ðîçâ'ÿçîê âèãëÿäó

wj(t) = ηjk(t)e
±wk(t), j, k = 1, 2, . . . , (23)

ïðè÷îìó ηjk(t) � íåïåðåðâíi ôóíêöi¨ íà [0; +∞), äëÿ ÿêèõ ìàþòü ìiñöå àñèìïòîòè÷íi
ðîçêëàäè:

ηjk(t) = o(1) (j ̸= k),

ηkk(t) = 1 + o(1) ïðè t→ +∞.

Ïiäñòàâëÿþ÷è (23) â íåñêií÷åííó ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü (18) (ε = 1)
îòðèìà¹ìî ðîçâ'ÿçêè

z2j−1(t) = (ηjk(t) + ηj+1,k(t)) e
±iwt

k ,

z2j(t) = i
√
wj (ηjk(t) + ηj+1,k(t)) e

±iwt
k , j = 1, 2, . . .

Çíà÷èòü, äèôåðåíöiàëüíå ðiâíÿííÿ äðóãîãî ïîðÿäêó (17) ìà¹ ðîçâ'ÿçêè

Tτ (t) = (ητk(t) + ητ+1,k(t)) e
±iwt

k ,

dTτ (t)

dt
= i

√
wτ (ητk(t) + ητ+1,k(t)) e

±iwt
k , τ = 1, 2, . . .

(24)

äëÿ ÿêèõ ìàþòü ìiñöå àñèìïòîòè÷íi ôîðìóëè

Tτ (t) = (1 + o(1))e±iw
t
τ

dTτ (t)

dt
= i

√
wτo(1)e

±iwt
k , ÿêùî k ̸= τ, τ + 1. (25)

Îòðèìàíi ðåçóëüòàòè ñôîðìóëþ¹ìî ó âèãëÿäi òåîðåìè.

Òåîðåìà 2. Íåõàé ôóíêöiÿ a(t, x, y) ìà¹ íåïåðåðâíi ïîõiäíi ïî t, x òà y äî òðåòüîãî
ïîðÿäêó, àáñîëþòíî iíòåãðîâíà â îáëàñòi G:

∞∫
0

a(t, x, y)dt < +∞,

òîäi ðîçâ'ÿçîê çìiøàíî¨ çàäà÷i (6)�(8) ìîæíà ïîäàòè ó âèãëÿäi (11), äå ôóíêöi¨ Xk(x),
Yj(y), Tτ (t), τ = j+k îá÷èñëþþòü çà ôîðìóëàìè (12), (13), (14), äëÿ ÿêèõ ìàþòü ìiñöå
àñèìïòîòè÷íi ðîçêëàäè (25).

Ìîæíà çàñòîñóâàòè àíàëîãi÷íèé ìåòîä çíàõîäæåííÿ ðîçâ'ÿçêó çìiøàíî¨ çàäà÷i äëÿ
ðiâíÿííÿ

∂2u

∂t2
=

(
a20(t) + a(t, x)

) ∂2u
∂x2

,

ÿêå çàäîâîëüíÿ¹ ãðàíè÷íèì u(0, t) = u(l, t) = 0 i ïî÷àòêîâèì u(x, 0) = φ1(x), ut(x, 0) =
∂u
∂t

∣∣
t=0

= φ′
2(x) óìîâàì, ôóíêöi¨ a

2
0(t), a1(t, x) ìàþòü íåïåðåðâíi ïîõiäíi ïî îáîõ çìiííèõ

äî òðåòüîãî ïîðÿäêó, àáñîëþòíî iíòåãðîâíi:
∞∫
0

a20(t)dt < +∞,
∞∫
0

a1(t, x)dt < +∞.

Òîäi ðîçâ'ÿçîê òàêî¨ çàäà÷i ìîæíà ïîäàòè ó âèãëÿäi u(x, t′) =
∞∑
k=1

1
ωk
Tk(t

′)υk(x),

ôóíêöi¨ υk(x) i Tk(t) îá÷èñëþþòü çà ôîðìóëàìè
d2υ
dx2

+ ω2υ = 0, υ(0) = υ(l) = 0,

dTm(t)

dt
= iωma0(τ)(ηmk(t)− ηm+1,k(t))e

±iωka0(t), Tm(t) = (ηmk(t) + ηm+1,k(t))e
±iωka0(t),
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äëÿ ÿêèõ ìàþòü ìiñöå àñèìïòîòè÷íi ôîðìóëè

Tm(t) = (1 + o(1))e±iωka0(t),
dTm(t)

dt
= iωma0(τ)(1 + o(1))e±iωka0(t), ÿêùî k = m,m+ 1, i

Tm(t) = o(1)e±iωka0(t),
dTm(t)

dt
= iωma0(τ)o(1)e

±iωka0(t), ÿêùî k ̸= m,m+ 1.

Âèñíîâêè. Àâòîðàìè ñòàòòi âèçíà÷åíî óìîâè i ïîáóäîâàíî ðîçâ'ÿçîê çìiøàíî¨ çà-
äà÷i äëÿ ðiâíÿííÿ äðóãîãî ïîðÿäêó ãiïåðáîëi÷íîãî òèïó ó íåîáìåæåíîìó öèëiíäði, âèêî-
ðèñòàíî àñèìïòîòè÷íi ðîçêëàäè äëÿ ç÷èñëåííèõ ñèñòåì ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü L-äiàãîíàëüíîãî âèãëÿäó ó âèïàäêó, êîëè ãîëîâíà ìàòðèöÿ ñêëàäà¹òüñÿ ç êëiòèí
Æîðäàíà ðiçíî¨ ðîçìiðíîñòi é ðiçíèõ õàðàêòåðèñòè÷íèõ ÷èñåë.

Ïåðñïåêòèâè ïîäàëüøèõ äîñëiäæåíü âáà÷à¹ìî ó âèâ÷åííi ðîçâ'ÿçêiâ ñèñòåìè âè-
ãëÿäó (1), êîëè ãîëîâíà ìàòðèöÿ ¹ íåñêií÷åííîþ êëiòèíîþ Æîðäàíà àáî iíøi âèïàäêè
äèñêðåòíîãî ñïåêòðó.

Êîíôëiêò iíòåðåñiâ i åòèêà. Ìàð'ÿíà Êîâòîíþê ¹ ÷ëåíîì ðåäêîëåãi¨ äàíîãî
æóðíàëó. Äëÿ óíèêíåííÿ êîíôëiêòó iíòåðåñiâ, ðóêîïèñ ïðîéøîâ âiäïîâiäíó ïðîöåäóðó
ðåöåíçóâàííÿ íåçàëåæíèìè ðåöåíçåíòàìè, à ïðèéíÿòòÿ ðiøåííÿ ïðî ïóáëiêàöiþ çäié-
ñíþâàëîñÿ íåçàëåæíèì ðåäàêòîðîì. Àâòîðè òàêîæ çàÿâëÿþòü ïðî ïîâíå äîòðèìàííÿ
âñiõ ïðàâèë åòèêè æóðíàëüíèõ äîñëiäæåíü.

Ïîäÿêè. Ðîáîòà âèêîíàíà áåç ñïåöiàëüíîãî ôiíàíñóâàííÿ.
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Abstract. In this article, we continue the analytical research loops of small orders. Namely,
we investigate loops of order 5. Recall that an element of a loop is called unipotent if its
square is the neutral element. A loop is called unipotent if all its elements are unipotent. It
is well known that there are six loops of order 5 up to isomorphy relation. One of these loops
is a semisymmetric anticommutative loop (SAC loop). The following property is true: �If a
unipotent loop is isotopic to an SAC loop, then the components of the isotopism coincide, so

the loops are isomorphic.� Since any SAC loop is unipotent, any isotopism (autotopism) is
an isomorphism (respectively, an automorphism) in the class of SAC loops. This property
allowed us to describe the isomorphy relation on the isotopes of the SAC loop. As a corollary,
we obtain a complete classi�cation of loops of order 5 and their automorphism groups. In
addition, we managed to solve the recognition problem for all six loops of order 5. For
example, a loop of order 5 is isomorphic to: 1) the group if and only if the squares of all
elements are pairwise distinct; 2) SAC loop if and only if it has at least three unipotents.

Keywords: quasigroup, loop, isotope, SAC loop, loops of small orders, loop of order 5.

1. Introduction

Despite the growing use of Latin squares, in particular in such relatively new areas
as information coding and encryption, their research is mainly carried out by computer
methods and mainly combinatorial properties are studied. And the results of such research
are quantitative characteristics and some construction methods [1, 2]. Systematic analytical
research of small-order quasigroups is almost missing. So, for example, it is known that the
set of loops of order 5 are divided into 6 isomorphy classes and 5 of them are isotopic to each
other, but it is not known to which algebraic classes of loops they belong.
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This article is devoted to the systematic study of loops of order 5. In the class of SAC
loops, a property holds that is very similar to the corresponding property in the variety of
groups: �If a unipotent loop is isotopic to an SAC loop, then the components of the isotopy
coincide, so the loops are isomorphic.� Recall that an element of a loop is called a unipotent if
its square is the neutral element. A loop is called unipotent if all its elements are unipotent.
Since any SAC loop is unipotent, in the class of SAC loops any isotopism (autotopism)
is an isomorphism (respectively, an automorphism) (Theorem 8). This property allowed us
to describe the isomorphism relation on the isotopes of any SAC loop (Lemma 10). If the
group of automorphisms of an SAC loop is transitive on the set of pairs of distinct nonzero
elements, then the isotopes of the SAC loop are divided into 5 subsets by the isomorphy
relation (Theorem 11). Since all nonassociative loops of order 5 are isotopic to an SAC loop,
we obtain a complete classi�cation of loops of order 5 and a description of their automorphism
groups (Theorem 14). In addition, we managed to solve the recognition problem for all six
loops of order 5. For example, a 5-order loop is isomorphic to the group Z5 if and only if the
squares of all elements are pairwise distinct. These results were reported in [6].

2. Preliminaries

Let (·) be a binary operation de�ned on a set Q. The pair (Q; ·) is called a quasigroup
if for all a and b in Q each of the equations

x · a = b, a · y = b

has a unique solution. In this case, the set Q is called a carrier set or a carrier, and the
operation (·) is called an invertible or a quasigroup operation.

A quasigroup is called a loop if it has a neutral element, that is, an element e such that
e · x = x · e = x for all x ∈ Q. The loop is also called an e-loop and is denoted by (Q; ·, e).
An element a of an e-loop is called: unipotent if a2 = a · a = e; right inverse to b if b · a = e.
An element a of a quasigroup is called idempotent if a2 = a · a = a. It is clear that only the
neutral element is idempotent in a loop.

Isotopy relation. SQ denotes the symmetry group of the set Q, that is, the group of all
bijections of the set Q. Two operations f and g de�ned on Q are called isotopic if there exist
bijections α1, α2, α3 ∈ SQ such that

g(x, y) = α3f(α
−1
1 (x), α−1

2 (y))

for all x, y in Q, the triplet ᾱ := (α1, α2, α3) is called an isotopism, and α3 is its principal
component. These operations are called isomorphic if α1 = α2 = α3. The operation g is called
the isotope of the operation f and is denoted by ᾱf . Every operation that is isotopic to an
invertible operation is also invertible. The equalities

ᾱ
(
β̄f
)
= ᾱβ̄f, ῑf = f, ῑ := (ι, ι, ι)

imply that the group S3
Q := SQ × SQ × SQ and the group SQ act on the set of all binary

operations and on the subset ∆ of all invertible binary operations de�ned on Q. Therefore,
the sets of all autotopisms Autt(f) and the sets of all automorphisms Aut(f) of an operation
f are its stabilizers under these actions and therefore they are subgroups of the groups S3

Q

and SQ, respectively. The cardinal m := |Q| is called order of f where Q is its carrier. If the
order is �nite, then the carrier is denoted by Zm := {0, 1, . . . ,m − 1} and Zm := (Zm; +, 0)
denotes the group of integers modulo m.
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Lemma 1. 1. Every loop (Q; ∗, e) of order m is isomorphic to some loop (Zm; ⋆, 0):

x ⋆ y := φ(φ−1(x) ∗ φ−1(y)),

where φ : Q → Zm is an arbitrary bijection with the property φ(e) = 0.
2. Every quasigroup (Q; ⋆) is isotopic to some loop (Q; •, a ⋆ b), where

x • y := ρ−1
b (x) ⋆ λ−1

a (y),

where λ0(x) := 0 ⋆ x, ρb(x) := x ⋆ b.

Proof. It is easy to verify. □

Therefore, considering loops of orderm up to isomorphism, it su�ces to consider 0-loops
on the set Zm.

Let us highlight a well-known trivial statement which is well known as a corollary of
Albert's theorem.

Lemma 2. Every loop isotopic to a group is isomorphic to it. Every isotopism (α, β, γ) of a
loop (A; ∗, 0) on a commutative group (B; +, e) has the form

(α, β, γ) = (Raθ, Rbθ, Ra+bθ)

for some elements a, b of the group (B; +, e) and an isomorphism θ of the loop on the group,
where Ra(x) := x+ a.

Proof. Let (α, β, γ) be an isotopism of a loop (A; ∗, e) onto a commutative group (B; +, 0),
i.e.

α(x) + β(y) = γ(x ∗ y). (1)

Denote a := α(e), b := β(e), c := γ(e), then a+ b = c. Let's de�ne

θ1(x) := −c+ α(x) + b, θ2(y) := −b+ β(y), θ(x) := −c+ γ(x).

Substituting the relations in (1) we obtain θ1(x) + θ2(y) = θ(x ∗ y). Therefore, θ1 = θ2 = θ,
because θ1(e) = θ2(e) = θ(e) = 0 and so θ is an isomorphism. □

Theorem 3 ([2]). There exist exactly two loops of order 5 up to isotopy.

Theorem 4. Every loop of order m = 2, 3, 4 is isomorphic to one of the following group Z2,
Z3, Z2 × Z2, Z4. A loop of order 4 is isomorphic to Z2 × Z2 if and only if it is unipotent.

Quasigroups of order 4 are described in [5, 7].

Theorem 5 ([4]). If Q is a quasigroup of order m and P is its proper subquasigroup of order
k, then 2k ⩽ m.

3. SAC loops

In this section, we introduce the concept of SAC loops and study some of their properties
that allow us to analytically describe all loops of order 5.

De�nition 6. A loop (Q; ◦, 0) is called:
• semisymmetric if it satis�es the identity x ◦ (y ◦ x) = y or the equivalent identity
(x ◦ y) ◦ x = y;

• anticommutative if for all distinct nonzero elements x◦y ̸= y◦x holds. In other words,
if it satis�es the condition

x ◦ y = y ◦ x ⇔ (x = 0 ∨ y = 0 ∨ x = y);
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• SAC loop if it is semisymmetric and anticommutative. We will denote the SAC loop
of order m by Lm or L.

Let L := (Q; ◦, 0) be an SAC loop and a, b ∈ Q, then the quasigroup de�ned by

x △
ab
y := (b ◦ x) ◦ (y ◦ a) (2)

is called (a, b)-loop and denoted it by (Q; △
(a,b)

, a ◦ b). If there is no misunderstanding, we will

simplify the notation and write ab-loop and (Q;△
ab
, a ◦ b), respectively. The neutral element

in this loop is a ◦ b. Indeed,
(a ◦ b) △

ab
y = (b ◦ (a ◦ b)) ◦ (y ◦ a) = a ◦ (y ◦ a) = y,

x △
ab
(a ◦ b) = (b ◦ x) ◦ ((a ◦ b) ◦ a) = (b ◦ x) ◦ b = x.

The de�ning identities

x ◦ (y ◦ x) = y and (x ◦ y) ◦ x = y

of semisymmetric loops can be written as LxRx = ι and RxLx = ι, i.e.

L−1
x = Rx and R−1

x = Lx.

Hence, each translation of a semisymmetric loop has only two directions [8, 9].
Every semisymmetric loop is unipotent. Indeed, if y = 0, then x ◦ x = 0. In other

terminology [3], it is a three-sided loop, i.e. its neutral element is left, right and middle
neutral. Therefore, all parastrophes of a unipotent loop are loops with the same neutral
element.

3.1. Isotopes of SAC loops. It is well known that any loop that is isotopic to a group
is also a group that is isomorphic to that group. Here, in Theorem 8, we prove a similar
property for SA-loops.

Lemma 7. Let (α, β, θ) be an isotopism of some e-loop onto the SAC loop (Q; ◦, 0). Then
α = Lbθ, β = Raθ, where a := α(e) and b := β(e).

Proof. Let (α, β, θ) be an isotopism of the loop (A; ∗, e) onto the SAC loop (Q; ◦, 0), i.e.
α(x) ◦ β(y) = θ(x ∗ y) (3)

for all x, y in A. The equality a ◦ b = θ(e) follows from (3) for x = y = e. Substituting y = e
and x = e in turn, we obtain

α = R−1
b θ = Lbθ, β = L−1

a θ = Raθ. (4)

□

Theorem 8. Any isotopism of a unipotent loop onto an SAC loop is an isomorphism.

Proof. Let (α, β, θ) be an isotopism of some unipotent loop (A; ∗, e) onto an SAC loop L :=
(Q; ◦, 0), i.e. the equality (3) holds. By Lemma 7 we obtain

Lbθ(x) ◦Raθ(y) = θ(x ∗ y).
Replace x with θ−1(x) and y with θ−1(y):

(b ◦ x) ◦ (y ◦ a) = θ(θ−1(x) ∗ θ−1(y)). (5)
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Since the loop (A; ∗, e) is unipotent, i.e. u ∗ u = e for all u,

θ(θ−1(x) ∗ θ−1(x)) = θ(e) = θ(e ∗ e) (3)
= α(e) ◦ β(e) = a ◦ b.

Therefore, the equality (5) for x = y can be written as

(b ◦ x) ◦ (x ◦ a) = a ◦ b. (6)

If x = 0, then b ◦ a = a ◦ b. As the loop (Q; ◦, 0) is anticommutative, then
a = 0 ∨ b = 0 ∨ a = b.

For each of these cases, (6) can be written as

(b ◦ x) ◦ x = b ∨ x ◦ (x ◦ a) = a ∨ (a ◦ x) ◦ (x ◦ a) = 0,

respectively. Using the operation (◦), we apply: 1) the element x on the left to the �rst
equality; 2) the element x from the right of the second equality; and 3) the element a ◦ x
from the right of the third equality:

x ◦ ((b ◦ x) ◦ x) = x ◦ b ∨ (x ◦ (x ◦ a)) ◦ x = a ◦ x ∨ ((a ◦ x) ◦ (x ◦ a)) ◦ (a ◦ x) = a ◦ x.
Since the loop L is semisymmetric,

b ◦ x = x ◦ b ∨ x ◦ a = a ◦ x ∨ x ◦ a = a ◦ x.
The value of the variable x can be chosen in such a way that x ̸∈ {0, a, b}. Therefore, from
the �rst equality it follows that b = 0, and from the second and third a = 0. Therefore, each
of these three cases leads to the equalities a = b = 0 and therefore the equalities α = Lbθ,
β = Raθ lead to α = β = θ, i.e. the isotopism (α, β, θ) is an isomorphism. □

Corollary 9. Any autotopism of an SAC loop is its automorphism.

Proof. Each SAC loop is unipotent therefore by Theorem 8, any autotopism of an SAC loop
is its automorphism. □

3.2. Isomorphy relation on SAC loops. In this subsection we will give a complete analyti-
cal description of the isomorphy relation on loops order 5 using only the fact that they are
divided into two isotopy classes. First, we prove the following lemma.

Lemma 10. Let L := (Q; ◦, 0) be an SAC loop. Then

(1) every loop isotopic to a loop L is isomorphic to some ab-loop;
(2) the triplet (α, β, θ) is an autotopism of the ab-loop if and only if θ is an automorphism

of the loop L and α = RbθLb, β = LaθRa;
(3) the bijection θ of the set Q is an isomorphism of the operations △

ab
and △

a′b′
if and only

if a′ = θ(a) and b′ = θ(b);
(4) the bijection θ of the set Q is an automorphism of the operation △

ab
if and only if

θ(a) = a and θ(b) = b.

Proof. 1. Let a loop (A; ∗, e) be isotopic to the SAC loop L. It means that there exist bijections
α, β, θ of the set A onto the set Q such that the equality (3) holds. Using Lemma 7, we
obtain (5), and taking into account notations (2), we have

x △
ab
y = θ(θ−1(x) ∗ θ−1(y)), i.e. θ(x) △

ab
θ(y) = θ(x ∗ y)

for all x, y in Q. Therefore, θ is an isomorphism of the loops (A; ∗, e) and (Q;△
ab
, a ◦ b).
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Let the triplet of bijections α, β, θ of the set Q be an isotopism of the operations △
ab

and △
a′b′

, i.e.

θ
(
x △

ab
y
)
= α(x) △

a′b′
β(y)

for all x, y ∈ Q. Using the equality (2), we have

θ (Lb(x) ◦Ra(y)) = Lb′α(x) ◦Ra′β(y).

Replacing x with L−1
b (x) and y with R−1

a (y), we obtain

θ (x ◦ y) = Lb′αL
−1
b (x) ◦Ra′βR

−1
a (y).

Hence, (Lb′αL
−1
b , Ra′βR

−1
a , θ) is an autotopism of the SAC loop L. By Theorem 8

Lb′αL
−1
b = Ra′βR

−1
a = θ. (7)

Therefore, θ is an automorphism of the SAC loop L.
2. If the triplet (α, β, θ) is an autotopism of the operation △

ab
, then for a′ = a and b′ = b

we obtain

α = L−1
b θLb = RbθLb, β = R−1

a θRa = LaθRa.

3. If the triplet (α, β, θ) is an isomorphism of the operations △
a′b′

and △
ab
, then α = β = θ

and (7) implies

θ = Lb′θL
−1
b = Lb′L

−1
θ(b)θ, θ = Ra′θR

−1
a = Ra′R

−1
θ(a)θ.

Therefore, Lb′ = Lθ(b), Ra′ = Rθ(a), which is equivalent to b′ = θ(b), a′ = θ(a).
4. It follows from 3. when a′ = a and b′ = b. □

Theorem 11. If the automorphism group of an SAC loop (Q; ◦, 0) is transitive on the set of
pairs of distinct nonzero elements, then every loop that is isotopic to (Q; ◦, 0) is isomorphic
to exactly one of the following loops:

(Q; ◦, 0), (Q;△
01
, 1), (Q;△

10
, 1), (Q;△

11
, 0), (Q;△

23
, 2 ◦ 3).

Proof. If the automorphism group Aut(◦) of the SAC loop (Q; ◦, 0) is transitive on the set
of pairs of distinct nonzero elements, then the action of the group Aut(◦) on the set Q2 has
�ve orbits:

{(0, 0)}, {(0, y) | y ̸= 0}, {(x, 0) | x ̸= 0},

{(x, x) | x ̸= 0}, {(x, y) | 0 ̸= x ̸= y ̸= 0}.

A set of representatives of these orbits are the pairs (0, 0), (0, 1), (1, 0), (1, 1), (2, 3). It remains
to use item 3 of Lemma 10. □

4. Loops of order �ve

Each semisymmetric loop is unipotent since x ◦ x = x ◦ (0 ◦ x) = 0. Formally speaking,
the smallest order of an SAC loop is 2. We call this case degenerate.
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4.1. Elementary properties. In this subsection, we prove some elementary properties of
loops of order 5.

Lemma 12. The smallest order of a nondegenerate SAC loop is 5. The loop L5 := (Z5; ◦, 0),
where

◦ 0 1 2 3 4

0 0 1 2 3 4
1 1 0 3 4 2
2 2 4 0 1 3
3 3 2 4 0 1
4 4 3 1 2 0

(8)

is an SAC loop.

Proof. Theorem 4 implies that the loops of the order 2 and 3 are commutative and therefore
they are not SAC loops. It is easy to verify that the loop L5 is anticommutative and satis�es
the identity x ◦ (y ◦ x) = y. □

Let L5 := (Z5; ◦, 0) denote the SAC loop given in (8), La(x) := a◦x, Ra(x) := x◦a and
S ′
4 (A

′
4) denotes a symmetric (alternating) group of degree 4, i.e. the group of all (respectively,

even) bijections of the set {1, 2, 3, 4}. Before giving a �nal theorem in which we describe the
basic concepts in each loop of order 5, we prove the following statement.

Lemma 13. If a, b are distinct nonzero elements of the loop L5, then

(1) Z5 = {0, a, b, a ◦ b, b ◦ a};
(2) a ◦ (a ◦ b) = b ◦ a;
(3) (a ◦ b) ◦ (b ◦ a) = a.

Proof. By the condition, the elements 0, a, b are distinct; by the de�nition of the SAC loop,
a ◦ b ̸= b ◦ a. Suppose b ◦ a = 0 or a ◦ b = 0, but a ◦ a = 0, therefore b = 0. A contradiction.
So, b ◦ a ̸= 0 and a ◦ b ̸= 0. Finally, b ̸= a ◦ b ̸= a since a ◦ 0 = a and 0 ◦ b = b.

The element a ◦ (a ◦ b) is not equal to any of the elements 0, a, b, a ◦ b, therefore
a ◦ (a ◦ b) = b ◦ a by item 1. To obtain item 3, we multiply the equality a ◦ (a ◦ b) = b ◦ a by
a ◦ b on the left and use the semisymmetry identity. □

Theorem 14. Let L5 := (Z5; ◦, 0) be the SAC loop ginen in (8). The following statements
are true:

(1) every autotopism of L5 is its automorphism, namely,

AutL5 = {θab | a ̸= b, a, b = 1, 2, 3, 4} = A′
4, (9)

where θab :=

(
0 1 2 3 4
0 a b a ◦ b b ◦ a

)
; (10)

(2) every loop of order 5 is isomorphic to exactly one of the following loops:

L5, (Z5;△
01
, 1), (Z5;△

10
, 1), (Z5;△

11
, 0), (Z5;△

23
, 1), Z5. (11)

(3) the autotopism group of the loop (Q;△
ab
), where ab ∈ {01, 10, 11, 23}, is

Autt (△
ab
) = {(RbθLb; RaθLa; θ) | θ ∈ AutL5} ≃ A′

4;

(4) the automorphism group of the loop (Z5;△
23
, 1) is trivial: Aut (△

23
) = {ι};
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(5) the automorphism group of the loop (Q;△
ab
), where ab ∈ {01, 10, 11}, is

Aut (△
ab
) = {ι, (234), (243)} ≃ A′

3;

(6) each autotopism (α, β, γ) of the group Z5 has the form

α(x) = kx+ a, β(x) = kx+ b, γ(x) = kx+ a+ b.

The group of autotopisms is a subgroup of the group L×L×L, where L denotes the
group of linear transformations of the �eld Z5.

(7) Each loop of order 5 has only trivial normal subloops, i.e. they are simple loops; each
proper subloop of a loops is a subloops generated by a nonzero unipotent.

Proof. (1). Theorem 8 implies that every autotopism of an SAC loop is its automorphism.
Suppose that φ is an automorphism of the loop L5 and let a := φ(1) and b := φ(2), then

φ(3)
(8)
= φ(1 ◦ 2) = φ(1) ◦ φ(2) = a ◦ b,

φ(4)
(8)
= φ(2 ◦ 1) = φ(2) ◦ φ(1) = b ◦ a.

Therefore, every automorphism can be represented in the form (10).
Vice versa, let a transformation θab be de�ned by the equality (10) for some distinct

nonzero elements a and b of the loop L5. Lemma 13 implies that θab is a bijection of the set
Z5. Let us prove that

θab(x ◦ y) = θab(x) ◦ θab(y) (12)

is true for all x, y in Z5. In the cases x = 0, y = 0, x = y the equality (12) is obvious.
Consider the case x = 1. The equality (12) can be written as follows:

θab(1 ◦ y) = a ◦ θab(y).
If y = 2, then the equality is a◦ b = a◦ b. If y = 3, then we have the equality b◦a = a◦ (a◦ b)
which is proved in item 2 of Lemma 13. If y = 4, then we get b = a ◦ (b ◦ a), which follows
from the identity x ◦ (y ◦ x) = y.

In the cases x = 2, x = 3 and x = 4, the equality (12) can be written as:

θab(2 ◦ y) = b ◦ θab(y), θab(3 ◦ z) = (a ◦ b) ◦ θab(z), θab(4 ◦ u) = (b ◦ a) ◦ θab(u).
Let us consider only the non-obvious cases: if y = 1, then a ◦ b = b ◦ (b ◦ a); if z = 2, then
b◦a = (a◦b)◦b; if u = 3, then b = (b◦a)◦(a◦b). All these items are proved in the Lemma 13.
Hence, the trasformation θab is an automorphism of L5.

Therefore, the loop L5 has as many automorphisms as there are pairs of nonzero
elements, i.e. 12. There is only one subgroup in the group S ′

4 with 12 elements. Hence,
AutL5 = A′

4.
(2). Theorem 3 implies that every loop is isotopic to either the group Z5 or the SAC

loop L5. If a loop is isotopic to a group, then it is isomorphic to it, therefore it is a group
(Lemma 2). Consequently, all nonassociative loops of order 5 are isotopic to SAC loop L5.

From the just proved item 1) it follows that for any distinct nonzero elements a, b ∈ Z5

the automorphism θab maps the pair (1,2) to an arbitrary pair (a, b) of distinct non-zero
elements. Therefore, the automorphism θcdθ

−1
ab maps the pair (a, b) to the pair (c, d). It means

that the automorphism group AutL5 is transitive on the set of all pairs of distinct nonzero
elements of the set Z5. By Theorem 11, every nonassociative loop is isomorphic to exactly
one of the speci�ed loops, except Z5.
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(3). Item 2 of Lemma 10.
(4). According to item 4 of Lemma 10, the automorphism of the operation △

23
is the

bijection φ which satis�es the conditions φ(0) = 0, φ(2) = 2, φ(3) = 3. Consequently,
φ(1) = φ(2 ◦ 3) = φ(2) ◦ φ(3) = 2 ◦ 3 = 1. Hence, φ = ι and

Aut
(
△
23

)
= {ι}.

(5). The general form of the automorphism θ of the operations △
01
, △
10
, △
11
is

φ =

(
0 1 2 3 4
0 1 x 1 ◦ x x ◦ 1

)
, x = 2, 3, 4.

Therefore,

Aut
(
△
01

)
= Aut

(
△
10

)
= Aut

(
△
11

)
= {ι, (234), (243)}.

(6). It follows from Lemma 2.
(7). Since the order of the normal subloop divides the order of the loop, the loop of

order 5 has only trivial normal subloops {0} and Z5. Since the order of its own subquasigroup
does not exceed half the order of the quasigroup (Theorem 5), the only proper subloops of
loops of order 5 are subloops generated by unipotents. □

4.2. Recognition of loops of order 5. In this subsection, we �nd a criterion for each of
the six loops (11).

Theorem 15. An arbitrary loop of order 5 is isomorphic to:

(1) the group if and only if the squares of all elements are pairwise di�erent;
(2) a loop-23 if and only if it has exactly one unipotent and the squares of some other

elements coincide;
(3) the loop-11 if and only if it has exactly two unipotents and the squares of some other

elements coincide;
(4) the loop-01 if and only if it has exactly two unipotents, the squares of the other

elements are pairwise di�erent and the right inverse of some element is its square;
(5) the loop-10 if and only if it has exactly two unipotents, the squares of the other

elements are pairwise di�erent, and the right inverse of some nonunipotent is not
its square;

(6) the SAC loop if and only if it has at least three unipotents.

Proof. Recall that an element of a loop is called unipotent if its square is the unit of the loop.
All unipotents is on the main diagonal of the respective Latin square. It is obvious that the
number of equal squares (in particular, unipotents) and so distinct suares in a �nite loop are
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invariant under any isomorphism. The table

unit square 0 1 2 3 4 the number of the number of
unipotents distinct squares

0 x+ x 0 2 4 1 3 1 5
1 x △

23
x 4 1 4 4 0 1 3

0 x △
11
x 0 0 1 1 1 2 3

1 x △
01
x 1 1 4 2 3 2 4

1 x △
10
x 1 1 3 4 2 2 4

0 x ◦ x 0 0 0 0 0 5 1

and the equalities

2 △
01
22 = (1◦2)◦4 = 3◦4 = 1, 3 △

01
32 = (1◦3)◦2 = 4◦2 = 1, 4 △

01
42 = (1◦4)◦3 = 2◦3 = 1,

2 △
10
22 = 2◦(3◦1) = 2◦2 = 0, 3 △

10
32 = 3◦(4◦1) = 3◦3 = 0, 4 △

10
42 = 4◦(2◦1) = 4◦4 = 0.

imply that each of these six operations (11) satis�es exactly one of the conditions given in
items (1)�(6).

For example, let consider item (2). Two operations have exactly one unipotent + and
△
23
, but the sequence all squares of + are repetition-free and 0 △

23
0 = 4 = 2 △

23
2. Therefore,

the condition of item 2 uniquely de�nes the operation △
23
.

Now, consider item (4). There are two operations which have exactly two unipotents
and the squares of the other elements are pairwise di�erent. Those operations are △

01
and △

10
.

Moreover, the right inverse to 2 is 22: 2 △
01

22 = 1 and none of 22, 32, 42 is the right inverse

respectively to 2, 3, 4 under the operation △
10
. □

Corollary 16. Let (Q; ⋄) be a quasigroup of order 5 and u be its arbitrary element. Then
(Q; ⋄) is a group isotope if and only if the mapping γu de�ned by γu(x) := R−1

u (x) ⋄ L−1
u (x)

is a bijection of the set Q.

Proof. Every quasigroup is isotopic to a loop of the same order (Lemma 1). Theorem 15
implies that every loop is isotopic to either a group or SAC loop.

Since a loop isotopic to a group is also isomorphic to it (Lemma 2), the group and the
SA-loop are not isotopic. Lemma 1 implies that the quasigroup (Q; •), where

x • y := R−1
u (x) ⋄ L−1

u (x), Lu(x) := u ⋄ x, Ru(y) := y ⋄ u,

is a loop with neutral element u ⋄ u. In this loop, the square of the element x is equal to
x • x = γu(x). According to Theorem 15, a loop is a group if and only if the squares of all
elements are pairwise distinct, i.e. γu is a bijection of the set Q. □
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4.3. Some applications of Theorem 15. Consider the quasigroups (Z5; ∗, 2),
(Q; ⋄) and (Z5;⊛) which are de�ned by the following Cayley tables:

∗ 0 1 2 3 4
0 4 2 0 1 3
1 3 0 1 4 2
2 0 1 2 3 4
3 1 4 3 2 0
4 2 3 4 0 1

⋄ a b c d e
a b c a e d
c a e d c b
b c d b a e
e d a e b c
d e b c d a

⊛ 0 1 2 3 4
0 4 3 0 1 2
1 2 1 3 4 0
2 3 2 4 0 1
3 1 0 2 3 4
4 0 4 1 2 3

,

Example 1. To which loop the loop (Z5; ∗, 2) is isomorphic?
From the Cayley table, it follows that the neutral element of the loop (Z5; ∗, 2) is 2,

therefore only 2 and 3 are unipotents: 2 ∗ 2 = 2 and 3 ∗ 3 = 2. The squares of the elements 0,
1, 4 are respectively equal to 4, 0, 1, therefore they are pairwise distinct. The right inverse
of 0 is not its square. Indeed, the element 4 = 0 ∗ 0 and 0 ∗ 4 ̸= 2. Hence, the loop (Z5; ∗, 2)
is isomorphic to the 10-loop.

Example 2. To which loop is isotopic the quasigroup (Q; ⋄)?
We use Corollary 16. Consider the case u = a, then

Ra =

(
a b c d e
b a c d e

)
, La =

(
a b c d e
b c a e d

)
.

γa(a) = R−1
a (a) ⋄ L−1

a (a) = b ⋄ c = b; γa(b) = R−1
a (b) ⋄ L−1

a (b) = a ⋄ a = b.

Since γa(a) = γa(b), the transformation γa is not a bijection of the set Z5. By Corollary 16,
the quasigroup (Q; ⋄) is not isotopic to a group, so it is isotopic to the SAC loop.

Example 3. Is the quasigroup (Z5;⊛) a group isotope?
Again, we use Corollary 16. Let u = 0, then

R0 =

(
0 1 2 3 4
4 2 3 1 0

)
, L0 =

(
0 1 2 3 4
4 3 0 1 2

)
.

Let's �nd the values of the function γ0(x) = R−1
0 (x)⊛ L−1

0 (x), x = 0, 1, 2, 3, 4:

γ0(0) = R−1
0 (0)⊛ L−1

0 (0) = 4⊛ 2 = 1, γ0(1) = R−1
0 (1)⊛ L−1

0 (1) = 3⊛ 3 = 3,

γ0(2) = R−1
0 (2)⊛ L−1

0 (2) = 1⊛ 4 = 0, γ0(3) = R−1
0 (3)⊛ L−1

0 (3) = 2⊛ 1 = 2,

γ0(4) = R−1
0 (4)⊛ L−1

0 (4) = 0⊛ 0 = 4.

The quasigroup (Z5;⊛) is isotopic to the group Z5, because all values of the function γ0 are
di�erent.
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1. Keedwell, A. D., Dénes, J. (2015). Latin Squares and their Application (2nd ed.), Elsevier B.V., Amster-
dam. https://doi.org/10.1016/C2014-0-03412-0

2. McKay, B.D., Wanless, I.M. (2005). On the Number of Latin Squares, Ann. Comb., 9, 335–344. https:
//doi.org/10.1007/s00026-005-0261-7

3. Sokhatsky, F. M. (2016). Parastrophic symmetry in quasigroup theory, Bull. of DonNU., Ser. A. Natural
Sciences, No. 1–2, 70-–83.

4. Wall, D.W. (1957). Subquasigroups of finite quasigroups, Pasific Journal of Mathematics, 7 (4), 1711–
1714.

5. Sokhatsky, F.M., Krainichuk, H.V., Luzhetsky, V.A. (2024). Canonical and matrix figuration of quasi-
groups of the fourth order, Applied problems of mechanics and mathematics, 22, 95–105. [in Ukrainian].
https://doi.org/10.15407/apmm2024.22.95-105

6. Sokhatsky, F. (2025). Quasigroups and loops up to order 5, ConfQRS-2025: Book of Abstracts (Chisinau,
July 2–4, 2025), 41–45.

7. Sokhatsky, F.M., Lutsenko, A.V., Fryz, I.V. (2024). Construction of Quasigroups with Invertibility Prop-
erties, J. Math. Sci., 279, 115–132. https://doi.org/10.1007/s10958-024-06999-0

8. Sokhatsky, F., Lutsenko, A. (2020). Classification of quasigroups according to directions of translations I,
Comment. Math. Univ. Carolin., 61 (4), 567–579. http://dx.doi.org/10.14712/1213-7243.2021.002

9. Sokhatsky, F., Lutsenko, A. (2021). Classification of quasigroups according to directions of translations II,
Comment. Math. Univ. Carolin., 62 (3), 309–323. http://dx.doi.org/10.14712/1213-7243.2021.021

UDC 512.548.7

SAC ëóïè i ëóïè ï'ÿòîãî ïîðÿäêó

Ôåäið Ñîõàöüêèé

Àíîòàöiÿ. Ó öié ñòàòòi ìè ïðîäîâæó¹ìî àíàëiòè÷íå äîñëiäæåííÿ ëóï ìàëèõ ïî-
ðÿäêiâ. À ñàìå, ìè äîñëiäæó¹ìî ëóïè ïîðÿäêó 5. Íàãàäà¹ìî, ùî åëåìåíò ëóïè íàçèâà¹-
òüñÿ óíiïîòåíòíèì, ÿêùî éîãî êâàäðàò íåéòðàëüíèé. Ëóïà íàçèâà¹òüñÿ óíiïîòåíòíîþ,
ÿêùî âñi ¨¨ åëåìåíòè óíiïîòåíòíi.

Îäíà ç ëóï ïîðÿäêó 5 ¹ íàïiâñèìåòðè÷íîþ àíòèêîìóòàòèâíîþ ëóïîþ (SAC-ëóïà).
Âèêîíó¹òüñÿ òàêà âëàñòèâiñòü: ¾ßêùî óíiïîòåíòíà ëóïà içîòîïíà SAC-ëóïi, òî êîìïîíåí-
òè içîòîïi¨ çáiãàþòüñÿ, îòæå, ëóïè içîìîðôíi¿. Îñêiëüêè áóäü-ÿêà SAC-ëóïà ¹ óíiïîòåí-
òíîþ, òî áóäü-ÿêèé içîòîïiçì (àâòîòîïiçì) ¹ içîìîðôiçìîì (âiäïîâiäíî, àâòîìîðôiçìîì)
ó êëàñi SAC-ëóï. Öÿ âëàñòèâiñòü äîçâîëèëà íàì îïèñàòè âiäíîøåííÿ içîìîðôiçìó íà
içîòîïàõ SAC-ëóïè. ßê íàñëiäîê ìè îòðèìó¹ìî ïîâíó êëàñèôiêàöiþ ëóï ïîðÿäêó 5 òà
êîæíó ç ¨õíiõ ãðóï àâòîìîðôiçìiâ. Êðiì òîãî, íàì âäàëîñÿ âèðiøèòè ïðîáëåìó ðîçïiçíà-
âàííÿ äëÿ âñiõ øåñòè ëóï ïîðÿäêó 5. Íàïðèêëàä, ëóïà ïîðÿäêó 5 içîìîðôíà: 1) ãðóïi
òîäi i òiëüêè òîäi, êîëè êâàäðàòè âñiõ ¨¨ åëåìåíòiâ ïîïàðíî ðiçíi; SAC ëóïi òîäi i òiëüêè
òîäi, êîëè âîíà ìà¹ ïðèíàéìíi òðè óíiïîòåíòè.

Êëþ÷îâi ñëîâà: êâàçiãðóïà, ëóïà, içîòîï, SAC ëóïà, êâàçiãðóïè ìàëèõ ïîðÿäêiâ,
ëóïè ìàëèõ ïîðÿäêiâ, ëóïà ïîðÿäêó 5.
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Abstract. In the article, we study parastrophic-orthogonal ternary quasigroups: namely,
group isotopes which have 3 and 4 distinct parastrophes. The necessary and su�cient
conditions for ternary medial quasigroups with 3 and 4 distinct parastrophes to be totally
parastrophic-orthogonal are proved. The conditions under which these quasigroups are strong-
ly parastrophic-orthogonal are described. Thus, some methods of constructing orthogonal
and strongly orthogonal ternary quasigroups are obtained.

Keywords: ternary quasigroup, group isotope, medial quasigroup, parastrophe, (strongly)
orthogonal quasigroups, totally parastrophic-orthogonal (top) quasigroup.

1. Introduction

Ternary quasigroups possessing a certain number of pairwise distinct parastrophes and
their existence were studied in M. McLeish's papers [1] and [2]. Later F. Sokhatsky and
Ye. Pirus in [3] and [4] described a classi�cation and canonical decompositions of ternary
group isotopes possessing various numbers of distinct parastrophes. The study of ternary
quasigroups with orthogonal parastrophes is a natural completion of these results. The
conditions for a medial ternary quasigroup to be totally self-orthogonal (i.e. all distinct
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principal parastrophes are orthogonal) were proved in [5] for the case when all its princi-
pal parastrophes are pairwise di�erent. This approach was proposed by G. Belyavskaya and
T. Rotari (Popovich) in [6] who described the conditions for a central binary quasigroup to
be totally parastrophic-orthogonal.

Each parastrophe of an invertible operation can be regarded as a principal operation,
and the regularities that arise in the study of these quasigroups are expressed in terms of
parastrophic symmetry. Suppose that f is an n-ary invertible operation and σf denotes a σ-
parastrophe of f , σ ∈ Sn. The mapping (σ, f) 7→ σf is an action of the symmetric group Sn+1

on the set of all invertible n-ary operations de�ned on a carrier and is called a parastrophic
action [7]. The stabilizer group Ps(f) and the orbit Po(f) of an operation f

Ps(f) := {σ ∈ Sn+1 | σf = f} ⩽ Sn+1, Po(f) := {σf | σ ∈ Sn+1}

are called a parastrophic symmetry group and a parastrophic orbit of the operation f respecti-
vely. The series of statements follows from classical group theory, speci�cally

|Ps(f)| · |Po(f)| = (n+ 1)!, Ps(σf) = σPs(f)σ−1.

Therefore, parastrophic quasigroups belong to the same parastrophic orbit and their paras-
trophic symmetry groups are conjugated.

2. Statement of the problem and preliminaries

We restrict our attention to the symmetric group S4. It is known fact that S4 has 30
subgroups distributed into 11 conjugacy classes. Here, we consider groups of parastrophic
symmetry D8, S3 and A3, where

D8 := {ι, (12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423)},
S3 := {ι, (12), (13), (23), (123), (132)}, A3 := {ι, (123), (132)}.

In the article, we consider the conditions when a ternary medial quasigroup with the
parastrophic symmetry group D8, S3 and A3 possesses the property that it is parastrophic-
orthogonal or totally parastrophic-orthogonal, i.e., in the cases when the quasigroup has 3 and
4 pairwise distinct parastrophes. Before proceeding further, we need the following de�nitions
and statements.

Throughout the article, all operations are de�ned on a �xed set Q called a carrier set
or a carrier and m := |Q| < ∞. We will often use the following lemma.

Lemma 1. A product of elements in a �nite monoid is invertible if and only if each of these
elements is invertible.

A ternary operation f de�ned on Q is called invertible or a quasigroup operation and
the pair (Q; f) is called a quasigroup of order m, if each of the terms f(x, a, b), f(a, x, b),
f(a, b, x) de�nes a permutation of Q for all a, b ∈ Q.

Orthogonality. A triplet of ternary operations f1, f2, f3 is called orthogonal, if the system
of equations 

f1(x1, x2, x3) = a1,

f2(x1, x2, x3) = a2,

f3(x1, x2, x3) = a3
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has a unique solution for all a1, a2, a3 ∈ Q. A set of ternary operations Σ = {f1, f2, . . . , fs},
s ⩾ 3, is called orthogonal, if each triplet of distinct operations from Σ is orthogonal. Operati-
ons f1, f2, f3 are called strongly orthogonal if the set of operations {f1, f2, f3, e1, e2, e3} is
orthogonal, where ei de�ned by the equality

ei(x1, x2, x3) = xi

is called an i-th selector, i ∈ {1, 2, 3}.
The operation αf de�ned by

(αf)(x, y, z) := α (f(x, y, z)) ,

where α is a permutation of Q, is called a torsion of f .

Proposition 2. [5, Proposition 1] If a set of operations is orthogonal, then their torsions
are also orthogonal.

Parastrophes and parastrophic symmetry. For each permutation σ ∈ S4, a σ-parastrophe
σf of an invertible ternary operation f is de�ned by

σf(x1σ, x2σ, x3σ) = x4σ :⇐⇒ f(x1, x2, x3) = x4,

which is equivalent to

σf(x1, x2, x3) = x4 :⇐⇒ f(x1σ−1 , x2σ−1 , x3σ−1) = x4σ−1 . (1)

For all permutations σ, τ ∈ S4 and for each invertible operation f , it is true that

σ(τf) = στf, ιf = f. (2)

A σ-parastrophe is called:

• an i-th division if σ = (i4) for i = 1, 2, 3;
• a principal parastrophe if 4σ = 4.

The formula (1) implies that any principal σ-parastrophe can be de�ned by

σf(x1, x2, x3) = f(x1σ−1 , x2σ−1 , x3σ−1).

Each ternary invertible operation has 4! = 24 parastrophes including 3! = 6 principal
parastrophes.

Theorem 3. [3, 7] The relations (2) imply that the symmetric group S4 acts on the set ∆3

of all ternary invertible operations de�ned on a set Q. Therefore, the following statements
are true:

(1) parastrophy is an equivalence relation on ∆3; each block under the action is a set of all
pairwise parastrophic operations, where f is one of these operation (representative);

(2) Ps(f) is a subgroup of S4;
(3) parastrophic symmetry groups of parastrophic operations are isomorphic, i.e., they are

conjugated: namely, Ps(σf) = σPs(f)σ−1;

(4) the number of all di�erent parastrophes of f equals
24

|Ps(f)|
;

(5) parastrophes σf and τf are di�erent if and only if σ and τ belong to di�erent elements
of the set S4/Ps(f).
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P(H) denotes the class of all quasigroups whose parastrophic symmetry group includes
the subgroup H ⩽ S4. Note that P(H) is a variety [3].

By item 5 of Theorem 3, all distinct parastrophes of a quasigroup with the groups of
parastrophic symmetry D8, S3 or A3 are representatives from the elements of the sets

S4/D8 = {D8, (23)D8, (13)D8}, S4/S3 = {S3, (14)S3, (24)S3, (34)S3},
S4/A3 = {A3, (12)A3, (14)A3, (24)A3, (34)A3, (124)A3, (134)A3, (142)A3}.

A ternary quasigroup is called:

• parastrophic-orthogonal if it has a triplet of orthogonal parastrophes;
• self-orthogonal if it has a triplet of orthogonal principal parastrophes;
• totally parastrophic orthogonal (brie�y, a top quasigroup) if its all distinct parastrophes
are orthogonal.

Group isotopes. A ternary groupoid (Q; f) is called a group isotope, if there exists a group
(G; ·) and bijections α, β, γ from Q to G such that

f(x, y, z) = δ−1(αx · βy · γz) ∀x, y, z ∈ Q.

Each group isotope (Q; f) has a 0-canonical decomposition (+, α1, α2, α3, a) for every
element 0 ∈ Q, i.e.,

f(x1, x2, x3) = α1x1 + α2x2 + α3x3 + a, (3)

for some group (Q; +, 0), permutations α1, α2, α3 with α10 = α20 = α30 and a ∈ Q; (Q; +, 0)
is called 0-canonical decomposition group.

If a ternary quasigroup (Q; f) is linear over a group (Q; +), then it has decomposition
(3), where α1, α2, α3 are automorphisms of (Q; +) and a ∈ Q. If (Q; +) is abelian, then (Q; f)
is called a central or T-quasigroup.

Corollary 4. [8] A quasigroup (Q; f) is medial if and only if there exists an abelian group
(Q; +) such that (3), where α1, α2, α3 are pairwise commuting automorphisms of (Q; +) and
a ∈ Q.

All parastrophes of a group isotope can be obtained by the following lemma.

Lemma 5. Let (Q; f) be an arbitrary ternary group isotope and let (3) be its canonical
decomposition. Then its divisions and principal parastrophes are

(14)f(x1, x2, x3) = α−1
1 (x1 − a− α3x3 − α2x2) ,

(24)f(x1, x2, x3) = α−1
2 (−α1x1 + x2 − a− α3x3) ,

(34)f(x1, x2, x3) = α−1
3 (−α2x2 − α1x1 + x3 − a) ,

σf(x1, x2, x3) = α1x1σ−1 + α2x2σ−1 + α3x3σ−1 + a, σ ∈ S3.

Lemma 6. Let (Q; f) be a medial ternary quasigroup (Q; f) with (3), τ1, τ2, τ3 ∈ S4. The
parastrophes τ1f , τ2f , τ3f are

(1) orthogonal if and only if the determinant∣∣∣∣∣∣∣
α1τ1 α2τ1 α3τ1

α1τ2 α2τ2 α3τ2

α1τ3 α2τ3 α3τ3

∣∣∣∣∣∣∣ (4)
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is an automorphism of the group (Q; +), where α4 := −ι;
(2) strongly orthogonal if and only if the determinant (4) and all its minors are automorphi-

sms of the group (Q; +).

Proof. The �rst statement is taken from [5].
The parastrophes τ1f , τ2f , τ3f are strongly orthogonal if and only if τ1f , τ2f , τ3f , e1, e2,

e3 are orthogonal, i.e., each triplet of this set is orthogonal. By item 1, orthogonality of these
parastrophes is equivalent to invertibility of (4), and clearly e1, e2, e3 are always orthogonal.
Now, consider the cases when one of the operations is a selector, say the triplet τif , τjf , e1
for all i, j ∈ {1, 2, 3} and i ̸= j. Then its orthogonality is equivalent to invertibility of the
determinant ∣∣∣∣∣∣∣

α1τi α2τi α3τi

α1τj α2τj α3τj

ι 0 0

∣∣∣∣∣∣∣ =
∣∣∣∣∣ α2τi α3τi

α2τj α3τj

∣∣∣∣∣ .
Hence, orthogonality of τif , τjf , e1 is equivalent to invertibility of obtained minor. The proof
is similar for the selectors e2 and e3. Thus, we get all minors of (4). The result of the lemma
follows. □

Canonical decompositions of group isotopes. Let (Q; f) be a ternary quasigroup with
Ps(f) = D8. By Proposition 4 from [3], only di�erent parastrophes of f are f , (14)f , (24)f .

Theorem 7. [3, Theorem 5] A ternary group isotope (Q; f) belongs to P(D8) if and only if
there exists an abelian group (Q,+, 0), its involutive automorphism α and an element a ∈ Q
such that α(a) = −a and

f(x, y, z) = αx+ αy − z + a. (5)

By Proposition 6 in [3], if Ps(f)=S3, then di�erent parastrophes are f , (14)f , (24)f , (34)f .

Theorem 8. [3, Theorem 6] A ternary group isotope (Q; f) belongs to P(S3) if and only if
there exists an abelian group (Q,+, 0), its bijection α and an element a ∈ Q such that

f(x, y, z) = αx+ αy + αz + a. (6)

Theorem 8 and Lemma 5 imply the following statement.

Corollary 9. All distinct parastrophes of a ternary group isotope (Q; f) with the parastrophy
symmetry group S3 are

f(x, y, z) = αx+ αy + αz + a, (24)f(x, y, z) = α−1(−αx+ y − αz − a),

(14)f(x, y, z) = α−1(x− αy − αz − a), (34)f(x, y, z) = α−1(−αx− αy + z − a).
(7)

By Proposition 8 in [3], if Ps(f) = A3, then f has only di�erent parastrophes f , (12)f ,
(14)f , (24)f , (34)f , (124)f , (134)f , (142)f . By Theorem 7, a group isotope with the parastrophic
symmetry group A3 has decomposition (6).

3. Main results

Two transformations α and β of a group (Q; +) are supposed to be equivalent if α = γ·β,
where γ is a bijection of (Q; +), i.e., equivalent transformations are invertible on (Q; +)
simultaneously. If the transformations are given in the determinant form, then to equivalent
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transformations there corresponds determinants up to common row or column multipliers or
to rearrangements of rows or columns.

Group isotopes whose parastrophic symmetry group is D8. The necessary and su�-
cient conditions for a dihedrally symmetric group isotope to be a top quasigroup were
announced in [10]. Here, we provide the complete proof of this criterion. Later, the correspondi-
ng criterion for a linear ternary quasigroup over a unitary, associative, commutative ring was
announced without proof in [11] and some of its corollaries were presented.

Theorem 7 and Corollary 4 imply immediately the following statement.

Proposition 10. A ternary group isotope with the parastrophic symmetry group D8 is a
medial quasigroup.

Theorem 11. A ternary group isotope (Q; f) with the group of parastrophic symmetry D8

is a top quasigroup if and only if it has canonical decomposition (5), where (Q,+, 0) is an
abelian group, α is its involutive automorphism, an element a ∈ Q such that α(a) = −a, and
α + ι is an automorphism of (Q; +).

Proof. Let (Q; f) be a ternary group isotope and Ps(f) = D8. By item 5 of Theorem 3, σf
and τf are di�erent parastrophes if and only if σ and τ belong to di�erent elements of the set

S4/D8 = {D8, (14)D8, (24)D8}.
We may choose ι, (23), (13) as the representatives of S4/D8. Hence, all parastrophes of (Q; f)
are principal. Consequently, the classes of parastrophic-orthogonal, self-orthogonal and totally
parastrophic-orthogonal ternary group isotopes with the group of parastrophic symmetry D8

coincide.
By Theorem 7, this group isotope has decomposition (5), and by Lemma 5, its distinct

parastrophes are
f(x, y, z) = αx+ αy − z + a,

(23)f(x, y, z) = αx− y + αz + a,

(13)f(x, y, z) = −x+ αy + αz + a.

By item 1 of Lemma 6, the parastrophes f , (23)f and (13)f are orthogonal if and only if
the determinant

dD8 =

∣∣∣∣∣∣∣
α α −ι

α −ι α

−ι α α

∣∣∣∣∣∣∣ (8)

is an automorphism of the group (Q; +). Adding the �rst row to the second one multiplying
by −ι, then adding the second and third columns, we get the following transformations for
dD8 :

dD8 =

∣∣∣∣∣∣∣
0 α + ι −(α + ι)

α −ι α

−ι α α

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣

0 0 −(α + ι)

α α− ι α

−ι 2α α

∣∣∣∣∣∣∣ =
= −(α + ι)(2α2 + α− ι) = −(α + ι)(2ι+ α− ι) = (−ι)(α + ι)(α + ι).

Since −ι is invertible, by Lemma 1 the determinant dD8 is invertible if and only if the
transformation α + ι is an automorphism of the group (Q; +). □
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Example 12. Let Z15 be a ring of integers modulo 15. By Theorem 11, (Z15; f), where

f(x, y, z) = x+ y − z,

is a top quasigroup with Ps(f) = D8, since α+ ι = 1+ 1 = 2 is relatively prime to 15 and so
is invertible in the ring Z15.

Corollary 13. A ternary group isotope with the group of parastrophic symmetry D8 is not
a strongly top quasigroup.

Proof. Suppose that (Q; f) satis�es the conditions of the corollary and is a strongly top
quasigroup. By item 2 of Lemma 6, all minors of dD8 which is de�ned by (8) should be
invertible. However, dD8 contain the minor∣∣∣∣∣ α −ι

−ι α

∣∣∣∣∣ = α2 − ι = ι− ι = 0, (9)

which is a contradiction. Therefore, a strongly top group isotope with the group of parastrophic
symmetry D8 does not exist. □

Corollary 14. There does not exist any strongly orthogonal parastrophes of a ternary group
isotope with the group of parastrophic symmetry D8.

Proof. Suppose that (Q; f) is a quasigroup with (5). Since each two rows of the determinant
dD8 contains the minor (9), the pairs of parastrophes

(
(13)f, (23)f

)
,
(
f, (13)f

)
and

(
f, (23)f

)
can

not be strongly orthogonal. □

Group isotopes whose parastrophic symmetry group is S3. Earlier, the necessary and
su�cient conditions for a group isotope with the parastrophic symmetry group S3 to be a
top quasigroup were announced in [12]. Here, we provide the complete proof of this criterion
and some of its corollaries.

Lemma 15. A triplet of parastrophes f , τf , νf , where τ, ν ∈ {(14), (24), (34)}, of a ternary
medial quasigroup (Q; f) with the group of parastrophic symmetry S3 is orthogonal if and
only if it has canonical decomposition (6), a ∈ Q, and α, α + ι are automorphisms of the
group (Q; +).

Proof. Let the conditions of the lemma be true. According to Proposition 2 and item 1 of
Lemma 6, the parastrophes f , τf , νf are orthogonal if and only if the determinant (4) is an
automorphism of the group (Q; +), where one of its row is α, α, α and others are two of the
following sequences:

−ι, α, α; α,−ι, α; α, α,−ι.

Note that the invertibility property for a determinant is invariant under permutations of its
rows and columns.

By permuting the rows, we can put the row α, α, α �rst. By permuting the columns, we
can get −ι, α, α as the second row. If the third row is α, α,−ι, we permute the second and
third columns to obtain the following determinant:

d1S3
=

∣∣∣∣∣∣∣
α α α

−ι α α

α −ι α

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
α + ι 0 0

−ι α α

α −ι α

∣∣∣∣∣∣∣ = (α + ι)(α2 + α) = (α + ι)α(α + ι). (10)
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By Lemma 1, the deteminant d1S3
is invertible if and only if the transformations α and α+ ι

are automorphisms of the group (Q; +). □

Lemma 16. A triplet of parastrophes (14)f , (24)f , (34)f of a ternary medial quasigroup (Q; f)
with the group of parastrophic symmetry S3 is orthogonal if and only if it has canonical
decomposition (6), a ∈ Q, and α, α + ι, 2α− ι are automorphisms of the group (Q; +).

Proof. Let the conditions of the lemma be true. According to Proposition 2 and item 1 of
Lemma 6, the parastrophes (14)f , (24)f , (34)f are orthogonal if and only if the determinant (4)
is an automorphism of the group (Q; +) whose rows are the following sequences:

−ι, α, α; α,−ι, α; α, α,−ι.

Under a permutation of the rows, we obtain the following determinant:

d2S3
=

∣∣∣∣∣∣∣
−ι α α

α −ι α

α α −ι

∣∣∣∣∣∣∣ . (11)

Adding the �rst row to the second one multiplied by −ι, and then adding the �rst and second
columns, results in the following transformations for d2S3

:

d2S3
=

∣∣∣∣∣∣∣
−(α + ι) α + ι 0

α −ι α

α α −ι

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
−(α + ι) 0 0

α α− ι α

α 2α −ι

∣∣∣∣∣∣∣ =
= −(α + ι)

(
− (α− ι)− 2α2

)
= −(α + ι)

(
(ι− α2)− α(ι+ α)

)
=

= (−ι)(α + ι)(α + ι)(ι− 2α) = α(α + ι)(α + ι)(2α− ι).

By Lemma 1, the deteminant d2S3
is invertible if and only if the transformations α, α+ ι

and 2α− ι are automorphisms of the group (Q; +). □

Theorem 17. A ternary medial quasigroup (Q; f) with the group of parastrophic symmetry
S3 is a top quasigroup if and only if it has canonical decomposition (6), a ∈ Q, and α, α+ ι,
2α− ι are automorphisms of the group (Q; +).

Proof. Suppose that (Q; f) is a ternary medial quasigroup and Ps(f) = S3. By item 5 of
Theorem 3, the parastrophes σf and τf are di�erent if and only if σ and τ belong to di�erent
elements of the set

S4/S3 = {S3, (14)S3, (24)S3, (34)S3}.
In other words, all pairwise di�erent parastrophes are f , (14)f , (24)f , (34)f .

Consequently, if the parastrophic symmetry group of a ternary quasigroup is S3, then
all its principal parastrophes coincide. By Theorem 8, this group isotope has decomposition
(6), and by Corollary 9, its distinct parastrophes are (7).

Thus, the proof of the theorem follows from Lemma 15 and Lemma 16. □

Example 18. Let Z21 be a ring of integers modulo 21. By Theorem 17, (Z21; f), where

f(x, y, z) = 10x+ 10y + 10z, (12)

is a top quasigroup with Ps(f) = S3, since

α + ι = 10 + 1 = 11, 2α− ι = 2 · 10− 1 = 19.
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We may formulate some generalizations for a cyclic quasigroup (Zm; f) with (12) as
follows:

Corollary 19. Let Zm be a ring of integers modulo m, and the operation f be de�ned by
(12).

(1) (Zm; f) is a top quasigroup with Ps(f) = S3 if and only if m is relatively prime to 2,
3, 5, 7, 11 and 19.

(2) If m = p is a prime number, then (Zp; f) is a top quasigroup with Ps(f) = S3 for
each prime p > 19.

(3) If p is the least prime divisor of m, then (Zm; f) is a top quasigroup with Ps(f) = S3

for each prime p > 19.

Corollary 20. A triplet of parastrophes σf , τf , νf of a medial quasigroup (Q; f) with the group
of parastrophic symmetry S3 is strongly orthogonal if and only if {σ, τ, ν} = {(14), (24), (34)},
f has canonical decomposition (6), and α, α+ ι, 2α− ι, α− ι are automorphisms of (Q; +).

Proof. By item 2 of Lemma 6, we should consider all non-trivial minors of the determinants
d1S3

and d2S3
de�ned by (10) and (11) respectively. The determinant (10) contains the minor∣∣∣∣∣ α α

α α

∣∣∣∣∣ = 0.

Therefore, the triplet σf , τf , νf does not contain the operation f and so

{σ, τ, ν} = {(14), (24), (34)}.
Consider the determinant (11) and its nine minors. All its minors are equivalent to two

of them under permutations of the rows and columns:∣∣∣∣∣ −ι α

α −ι

∣∣∣∣∣ = ι− α2 = −(α− ι)(α + ι),

∣∣∣∣∣ α α

α −ι

∣∣∣∣∣ = −α− α2 = −α(ι+ α).

These minors are invertible if and only if α + ι and α − ι are automorphisms of (Q; +).
Consequently, (14)f , (24)f , (34)f are strongly orthogonal if and only if α, α+ ι, 2α− ι and α− ι
are automorphisms of (Q; +).

□

Example 21. Consider the �eld Z13 of integers modulo 13. By Corollary 20, (Z13; f), where

f(x, y, z) := 8x+ 8y + 8z,

is a quasigroup with Ps(f) = S3 which has strongly orthogonal parastrophes (14)f , (24)f , (34)f ,
since

α + ι = 8 + 1 = 9, 2α− ι = 2 · 8− 1 = 15, α− ι = 8− 1 = 7.

Corollary 22. Let (Q; f) be a medial quasigroup with (6) and possess the group of parastrophic
symmetry S3. Then

(1) (Q; f) is not a strongly top quasigroup;
(2) (14)f , (24)f and (34)f are orthogonal if and only if (Q; f) is a top quasigroup;
(3) (Q; f) is parastrophic-orthogonal if and only if α + ι is an automorphism of (Q; +).

Proof. Corollary 20 implies immediately item 1. Item 2 follows from Lemma 16 and Theorem 17.
Item 3 follows from Lemma 15 and Lemma 16. □
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A group isotope (Q; f) with the parastrophic symmetry group S3 has no principal
parastrophes except f , however each of its divisions has three principal parastrophes.

Proposition 23. Let (Q; f) be a medial quasigroup with (6) and Ps(f) = S3. For each
i ∈ {1, 2, 3}, its parastrophe (Q; (i4)f) is

(1) self-orthogonal if and only if α + ι and 2α− ι are automorphisms of (Q; +);
(2) strongly self-orthogonal if and only if α + ι, 2α − ι and α − ι are automorphisms of

(Q; +).

Proof. Consider a division of f , say (14)f , as a principal operation. Then obviously, it has
the parastrophic symmetry group H := {ι, (23), (24), (34), (234), (243)} ⩽ S4 which is a
conjugate of S3 by the permutation (14). In this case, S4/H = {H, (12)H, (13)H, (14)H}.
The operation (14)f has three principal parastrophes (14)f , (24)f , (34)f whose orthogonality and
strong orthogonality follow from Lemma 16 and Corollary 20 respectively. □

Note that a ternary quasigroup with the parastrophic symmetry group A3 exists, as
follows from the paper [2] (see for example Theorem 3.3). However, there are no group
isotopes with eight distinct parastrophes.

Proposition 24. If the parastrophic symmetry group of a group isotope contains A3, then it
containes S3.

Proof. Theorem 7 from [3] states that a group isotope (Q; f) with Ps(f) ⊇ A3 has canonical
decomposition (6). This implies the equalities

(12)f = f, (13)f = f

and hence (12), (13) ∈ Ps(f). Since the permutations (12), (13) generate S3, it follows that
S3 ⊆ Ps(f). □

Conclusions. The necessary and su�cient conditions for a ternary medial quasigroup
to be a top quasigroup are given in the cases when the quasigroup has the parastrophic
symmetry group D8 and S3 (Theorem 11 and Theorem 17). Consequently, this provide
methods of constructing ternary orthogonal quasigroups which have 3 and 4 distinct orthogo-
nal parastrophes. Besides, we have shown that a medial quasigroup with Ps(f) = S3 may
have a triplet of strongly orthogonal parastrophes (Corollary 20). A method of constructing
a triplet of ternary strongly parastrophic-orthogonal quasigroups follows.

From the obtained results, we have the following theorem.

Theorem 25. Let (Q; +) be an abelian group and φ be its automorphism. Then the operations
f1, f2, f3 de�ned by

f1(x, y, z) = φx+ y + z, f2(x, y, z) = x+ φy + z, f3(x, y, z) = x+ y + φz

are strongly orthogonal quasigroup operations if and only if φ, φ − 2ι, φ − ι, φ + ι are
automorphisms of (Q; +).

Proof. Let the conditions of the theorem hold. Then the quasigroup (Q; f) de�ned by

f(x, y, z) = αx+ αy + αz

is medial. According to Corollary 9, all divisions of this quasigroup can be expressed in the
form

(14)f(x, y, z) = I(−α−1x+ y + z), (24)f(x, y, z) = I(x− α−1y + z),

(34)f(x, y, z) = I(x+ y − α−1z),
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where I(x) := −x. By Corollary 20, these operations are strongly orthogonal if and only if
α, 2α − ι, α + ι, α − ι are automorphisms of (Q; +). Let φ := Iα−1. Then α := Iφ−1, and
the given conditions mean that

Iφ−1, 2Iφ−1 − ι = Iφ−1(φ− 2ι), Iφ−1 + ι = φ−1(φ− ι), Iφ−1 − ι = Iφ−1(φ+ ι)

are automorphisms of (Q; +). This proves the theorem. □

Corollary 26. Let Zm be a ring of integers modulo m. Then the operations f1, f2, f3 de�ned
by

f1(x, y, z) = kx+ y + z, f2(x, y, z) = x+ ky + z, f3(x, y, z) = x+ y + kz

are strongly orthogonal quasigroup operations if and only if k, k−2, k−1, k+1 are relatively
prime to m.
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Ïàðàñòðîôíî-îðòîãîíàëüíi òåðíàðíi ìåäiàëüíi êâàçiãðóïè, ÿêi
ìàþòü 3 i 4 ðiçíèõ ïàðàñòðîôè

Iðèíà Ôðèç, �âãåí Ïiðóñ

Àíîòàöiÿ. Ó öié ñòàòòi ìè âèâ÷à¹ìî ïàðàñòðîôíî-îðòîãîíàëüíi òåðíàðíi êâàçi-
ãðóïè, à ñàìå, içîòîïè ãðóï, ÿêi ìàþòü 3 i 4 ðiçíèõ ïàðàñòðîôè. Âèâåäåíî íåîáõiäíi i
äîñòàòíi óìîâè êîëè òåðíàðíi ìåäiàëüíi êâàçiãðóïè, ùî ìàþòü 3 i 4 ðiçíèõ ïàðàñòðî-
ôè, ¹ òîòàëüíî ïàðàñòðîôíî-îðòîãîíàëüíèìè. Îïèñàíî çà ÿêèõ óìîâ òàêi êâàçiãðóïè ¹
ñòðîãî ïàðàñòðîôíî-îðòîãîíàëüíèìè. Òàêèì ÷èíîì, îòðèìàíî äåÿêi ìåòîäè ïîáóäîâè
îðòîãîíàëüíèõ i ñòðîãî-îðòîãîíàëüíèõ êâàçiãðóï.

Êëþ÷îâi ñëîâà: òåðíàðíà êâàçiãðóïà, içîòîï ãðóïè, ìåäiàëüíà êâàçiãðóïà, ïàðà-
ñòðîô, (ñèëüíî) îðòîãîíàëüíi êâàçiãðóïè, òîòàëüíî ïàðàñòðîôíî-îðòîãîíàëüíà (top) êâà-
çiãðóïà.
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