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Kiac nopaTHo BuzHadyeHHNX d/ep i3 KyOidHOIO
CUMEeTPU3AIIEI0

Ipanna Anapycak!, Okcana Bpoagk?

'Hanionanpamit yaisepcurer "JIbiBcbKa momirexmika
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Anomauyis. JocaizKyerbes Kiaac 104aTHO BuHadenux aaep K (z,y), 1o HopoiKyoThes
iJT0F0 (DYHKITIEIO k 3 JTOMOMOTO0 CUMETPHU3AIlil, OB’ I3aHO0T 3 KyOIYHIUM KOPEHEM 3 OIUHUIII.
Jlos simep, y3TOMKeHUX i3 CIMEeKTPaIbHOIO CTPYKTYPOIO 331a9i TpeThoro mopsaky v’’’ = Au,
OTPUMAHO siBHE iHTerpaJibhe mojanns PYyHKIIl k uepe3 HeBia eMHy cnekTpasibHy Mipy dp(A)
3 koMnakTHuM HocieM. OTpumana (opMysia 3a4a€ KOHCTPYKTHUBHY IIapaMeTPU3alilo IOIy-
CTHMUX sIZiep y PO3LJISHYTOMY KJIACi Ta BCTAHOBJIIOE IPAMUI 3B 30K MiXK J0JaTHOK BH3HA-
YEHICTIO 1 ClIeKTPaJIbHUMU JIAHUMU.

Karuosi caoea: iHTErpaabHi 300paykeHHs, sipo, JOJATHO BU3HAYEHI (DyHKITI.

1. Beryn

Teopisa nomarHo Bu3HaveHUX PYHKIN Ta S1ep CTAHOBUTH (PYHIAMEHTAJIbHE T IIPYHTS
CYy4aCHOI'0 MaTeMaTHYHOIO aHaJi3y, Teopil WMoBipHOCTEll Ta MaTeMaTudHOl (pi3uKu. 3aBisd-
KH CBOIM CTPYKTYPHHM BJIACTHBOCTSIM IIi 00’€KTH 3a0e31euyIoTh YHiBepcaabHHiI MaTeMaTH-
YHUI anapaT /I ONUCY KOBaplalliffHUX sAep BUITAJIKOBHX MPOIECiB, TAPMOHITHOTO aHAJi3y
Ha rpynax ta GhyHKIIOHATBHIX npocTopis ['iibGepra 3 BiaTBoproBaabuuM siapoM (Reproduci-
ng Kernel Hilbert Spaces, RKHS). Cyuacuuii cran Teopii RKHS, 3 ocobauBiM akieHToM Ha

e-ISSN 3041-1955 DOI: https://doi.org/10.31652/3041-1955-2026-03-01-01
2020 Mathematics Subject Classification: 47N20.
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Annpycaxk 1., Bporak O. Kiac gogarHo Bu3HAUeHUX saaep i3 KyOIYHOIO CHMeTPH3AIIEI0

i1 KOHCTPYKTHUBHI aclleKTH Ta MUPOKe KOJIO MPUKJIAIHUAX 3aCTOCYBaHb, /IeTaJIbHO BUCBITJIEHO
y dbyHmamenTaabHuX mpansx |1, 2].

Y KoHTeKCT] (DYHKIIOHAJIBHOI'O aHa i3y IHTerpaJibHi 300pazKeHHs J10JJaTHO BU3HAYEHUX
siIep BiAirparTh POJib, AHAJOTTIHY CHEeKTPaJbHAM Po3KJIaaaM y Teopii Dyp’e. 3okpema, st
KJIaCy 3CYyBHO-IHBapiaHTHUX dJiep Taki 300parkeHHs1 Oe3110CepeIHhO OB si3aHi 31 CleKTpaJIb-
HUMH MipaM# 3TTHO 3 KJACHYHUMU pe3yjabTaTamu THIY Teopemu boxuepa. [Ing Oiabmn 3a-
rajJibHUX CTPYKTYP €PeKTUBHUM THCTPYMEHTOM JIOC/IiIZKEHHST BUCTYIIAE ONIEPATOPHUN 1MiJ1XiI,
o 6a3yeThbes Ha CIIEKTPAJIbHIA Teopil caMOCHpszKeHUX OlepaTopiB. Y MexKaxX IbOr'o IIiIX0 Ty
JIOJATHO BU3HAYEHI spa JOIMYCKAIOTh IOJAHHS 4Yepe3 BaacHi (DYHKINT BiAMOBIIHUX Tude-
PEHIAJIBHUX OIepaTOpiB, IO BCTAHOBJIIOE IIMOOKUI 3B’SI30K MiXK TEOPIEI0 sigep Ta TEOPIEIn
KpailoBux 33,124 i creniaabaux (HYHKIIHA (1UB., 30Kpema, |3, 1]).

Meroosiorig sjep orpuMalia 3HauHUi PO3BUTOK Yy 3a/a4ax 004YUC/I0BAIbLHOI MaTeMa-
tukn Ta asaaizy gasux (Data-Driven Science). Baromwuit BHECOK y pPO3pOOKY MeTONIB Ha-
OJIMKeHHS Ha OCHOBI pajiiajibHO-0a3ucHUX (PYHKIH Ta CTATUCTHYHOIO HABYAHHSA 3PO0JIEHO
y npargx M. 1. Bromana [5] Ta B. Iloakonda [6]. @ynaamenTanbHi acmekTH 3acTOCY BAHHSI
RKHS y iiMmoBipHICHEX MOJIe/IIX Ta CIEKTPaJIbHIN Teopil onepaTopiB TAKOK CHCTEMAaTH30BaHO
y Kiaacuaniii pobori FO. M. Bepesancbkoro [9].

Crmpatounch Ha MeTOJU CIIEKTPAJBHOI TeOpii, BUAAECTHCA TPUPOJHAM TOIIYK aHATITH-
YHUAX BUPA3iB I JIOJATHO BU3HAYEHUX sep y opMi PO3KJIAIIB 32 BAACHUMHU (DYHKIIAME
nudepennianbHuIX omepaTopi. PyHIaMEHTAIBHY TEOPETHIHY 0a3y /s TAKOT'O aHAJII3Y CTBO-
PIOE CIIEKTPaJIbHA TeopeMa JIjisi HeOOMEeZKeHHX CAMOCIIPSIZKeHHX oreparopis |3, 4.

Memoro nanoi pobOTH € BUBEJIEHHS SIBHOT'O 1HTErpajbHOrO 300pazKeHHs s crenudi-
YHOTO KJacCy JOJATHO BHU3HAYEHUX $JIep, MO TeHEPYIOThCH IiJI0I0 (DYHKINEID, acoIiioBAHIX
3 JIHIAHUM JudepeHIliaJbHIM PIBHIHHAM TPeThoro mopsaky u” = Au. OcHOBHUM 06’€KTOM
JIOCTI?KeHH € iHTerpajbHe 300pazKeHHs BUTJIAMLY:

0 r-1
K(z,y) = / D il Mxeys A) dogi(N),
k=0
ae Xo(z; A), x1(x; ), ..oy xe—1(2; A) — dyHmaMeHTaIbHA CHCTEMA PO3B’I3KiB AudepeHtiaib-
Horo piBHgHHA Lu = Au. OTpumano iHTerpaibhi 300pazkenns siiep tuny K(y — z), K(x —
; . d > . d
y), K(z + y), nos’a3annx 3 audepeHIjiatbHIMI OnepaTopaMu T’ g2 lg @ TAKOK Jlo-
x x x
BeJIeHA TeopeMa Mpo IHTerpajbHe HpeJCcTaBIeHHd I0JATHO BUZHAYCHUX SIIEp, OB SI3aHUX 3
. d?
nudepeHIiaIbHIM OIepPaTOPOM TPETHOTO MOPAIKY L
x

2. IIobynoBa sapa Ta OCHOBHUII pPe3yJbTAT

Y JaHoMy po3/iijii BBOAUTHCH (OpMaJibHE O3HAYEHHS JIOJATHO BU3HAYEHOI 111101 PyH-
KIIii, 1110 BUKOPUCTOBYETHCH B IMOJAJBIITUX TEOPETUYHUX TOOYI0BAX, Ta (POPMYJIIOETHCS IOJIOB-
HE TBEPJIZKeHHS PO iHTerpajbHe 300paKeHHd JA0C/iI2KYBaHOT0 KJiacy saep. Po3risgnaerbes
Tphox adinHux dopmax Bif (x,y), AKi iHLyKOBaHI KyGIYHUME KOpeHsMHU 3 ofuHuI. [Tpormo-
HOBaHa MPOIEypa CAMETPU3AIII] € BHYTPIIIHBO Y3I0/2KEHOIO 31 crenudikoio creKTpaabHOro
aHaI3y audepeHIiaIbHIX PIBHAHD TPEThOTO MOPSAAKY BULIsIAY u” = Au.
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Osnauennd 1. Lliny dyuxrio C 3 s +— k(s) € C* Gyaemo Ha3uBaT I10aTHO BU3HAYEHOIO,
AKIIO

N
ZK<IZ7:E])§Z§]207 vafl,...,l’]\[; gla"'véNe]Ra (1)
ij—1
e
1 —141v/3 —1—12v3 —1—-12v3 —14+12v3
K(x,y):§ k(x+y)+k< J;Z\/_x—l— 22\/_y>+k;< 22\/_334— zl\/_y>],

d TaKOZK BUKOHYETbLCA

2
£0.0=0 Zoo=0 Zo0og=0 Lwo=o
ox Ox? oy
o . )
82(o 0)=0 F-0.0=0

Hacrynna Teopema CTaHOBUTH NEHTPAJILHUE pe3yJibTar i€l podoTu. Y Hilfl OTpUMaHO
sIBHE iHTerpaJjbHe 300pazkKeHHsI MOPOIKYyBaabHoi MYHKINT k (a orxke, i siapa K) depe3 cre-
Krpanbay Mipy dp(A). [omaHHs Takoro THIY € NPUHIMIIOBO BaYKJIUBHMHU 3 JIBOX TPUYNH:
HO-TIepIlie, BOHHU 3a0e3Me4yI0Th KOHCTPYKTUBHY IapaMeTPU3alliio BCIX JOIMYyCTUMEX JIOJATHO
BU3HAYEHUX fAJIep ¥ MexKaxX PO3IJISIYBAHOIO KJACY; MO-JIPYyre, BCTAHOB/IIOIOTH Oe31ocepe/ IHii
3B’S130K MiXK BJIACTHBICTIO JI0JATHOI BU3HAYEHOCTI Ta CIIEKTPAJILHIME XapaKTePUCTHKAMEI PiB-
aaag v = \u.

Teopema 2. Hexal uyisa dodammo susnauena gynkuia k(s) (s € Z) sadososvhae ymosy
—1+4+14V3 —1—1iv3
k(s)+k (%\/_s) +k <TZ\/—S> =0, (3)

k(s)| < Cell (O >0). (4)

ma oOuIHKY

Todi mae micue 306pascerma

0

1 1 ¥m Y 1
k(l‘):/|:§€3 wx—ge 2A COS£ |)\‘ +ﬁ€ 2/\ Sln£ |)“ }de<)‘)+

1 (5)

+/E€%m_%e?§ cos\/—_\/_ —1—%6 Pa smi\/_x}\;/\—z p(N),

de dp(\) — deaxa mipa, npuomy

-1

0

/ slv dp(A) < oo. (6)

Hasnaxu, gynruyia suzanady (5) e dodamno eusnauenorw i sadososvnse (2)—(4).
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Annpycaxk 1., Bporak O. Kiac gogarHo Bu3HAUeHUX saaep i3 KyOIYHOIO CHMeTPH3AIIEI0

3. /loBegeHHsI OCHOBHOI TeOpeMu
Jlosederns. OCKITbKY It TOJATHO BU3HAUEHOTO sijipa (1) BUKOHYETHCS PIBHICTH

o3 3
&EgK(fE y) = a7 K (z,y),

to 1ist sinpa K (x, y) Moxkma 3actocysaru Teopemy 3.7 ([9], ¢.659) i BukopucTaTn 306parkeHHst
(3.20).

Jist 1nporo  Ham  1OTPIOHO  3HaiiTu  DyHJAMEHTAJbHY  CUCTEMY  PO3B S3KiB
Xo(@; A), x1(x3 A), xa(2; A) pisnsnusa

— =\, (7)

IKI1 3aJ0BOJIbHAIOTL YMOBH

i+ ,
ok X (23 M)],00 = 0 (J,k=0,1,2).

OCKIIbKH KOPEHSMH XapaKTepucTuanoro pisusuns K2 —\ = 0 e K; = v/, akmo A > 0

— VA EivV3VA
ra K; = —3{/|A|, sxkmo A < 0, Ky 3 = VAL V3V

2
A > 0 MaTuMe BULISI

, TO 3arajibHuUil po3B’si30k (7), AKIIO

Yz

y—C'lefxthe 2 COSL_\/_$+CG > sm£\/_

Axmmo xx A < 0, To 3aranbHuit po3s’s30k piBusHus (7) Oyae MaTH BUTIAL

y = Cre” VI 4 e 2H“”‘ \/_\/|)\ZE+03€ 2 \/—\/|/\

Tomy dyHmaMeHTaTBHA CHCTEMA PO3B’3KiB piBHAHHS (7) MaTHMe TAKWHi BULJIST:

1 p 2 3\)\1
SVl L e co&,£ Az (A<0),
(z;\) = 3 3 2
Xo \T; 1 2 ¥ \/_ ]
—e ’“H——eTcos—\d/Xx (A>0);
3 3 2
1 1 ¥Ne 1 3 1
Ce Ve _Z o cosﬁ 3 |/\|J,’—|——e\/2m sm£ |A|z (A <0),
3 3 2 V3 VA2
<§e%’”—§e2 COST\?/XZB—FEG 2 sm—\/— )\/_ (A>0);
N z
\/_3 1 A ; \/_3‘)\’1’>€/1)\_2()\<0)
Xo(; A)=
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Bobpazkenus (3.7) 3 reopemu 3.1 ([9], ¢.643)
+o0o
K@y = [ 2@udo,

Je

)= 3 (Gt ) OO0 N dow )= (G ) 001008

Oy/e MaTu TaKuii BUTJISI/IL:

K (2,y) = 3 x5 0)xe(; ), (8)

Ockinbku K (z,y) 3an0Boabhste ymMmoBy (2), To mipn doji(A) = 0 (j,k = 0,2, kpim j =
k = 2) i 306pazkenns (8) MaTuMe BUIJISII:

K(zy) = / Vo @5 N Xa (g Nidoaa(A) = / Va5 N2 Nidp(N). (9)

R1 R!

Hani, sxuo y sapo K(x,y) nokaactu y = , 70 yMOBY (9) mepenurremo

b(22) + k(=) + k(=a)) = 5[k(2a) + 2H(~a)] = / Bl Ndp() =

3 2 V3 vV \2

T 1 1 - V3 1 \/_ dp (\)
Vz _3)\ o v p_

+/ 3¢ ez cos x \/§6 T sin \/_ ] e

[TpaBy gactuny (10) MOKHA CIPOCTUTH HACTYTHUM dnHOM. Hexait A > 0, To MaeMo

/Feg’\x—le\?ﬂccos\/—_\/_ ——e -Pe s1n\/——\/_x] dp(/\):

3

3 3 V3 \2
0
1 1 2
:/ lgeQ%m—Fge_%x \/_\/_ \/_\/_ —2— eTf \/755’535—
0
1 3= . \/§ 3 1 \/g 3 . \/g 3 dp ()\>
92— 72 T gin ~— v/ A\x + 2—— cos — v/ Az sin — v\ =
3v/3 2 3v3 2 2 I
[ oire . 1 o [1+cosV3V A 1 a5, (1 —cosvV3V Az
— /97 T > T3¢ 2 -

2 . /3, 2w, . V3, 7 sy | dp (V)
e T cos LoV \r———e77 Tgin ~—VIr+——e VM sin V3V =
9 2 3v3 2 3v3 N2

>
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o0

1 ,: 1 1 2
= / —62%‘” — —e Ve cos V3V r + ——e~ Ve sin V3VAz + e~ e _
9 9 3v3 9

2 _ ¥ 3 1
—56_ 2% cos £\/_ - \/56\25” sin ?%x] T dp(A).

Orxe, upas (10), aximo A > 0, Mae BADJIsI

1 Vg 1
—|k(22) + 2k(—x)| = —62%1 — —e’%"’” coS \/gxg/Xij
3 9 9
0
1 2 2 ¥
+——e" Ve sin \/gwx + —e” Ve _ —e” e Cos L_\/_x— (11)

3v3 9 9

3BiJIKH BUILIABAE, IO

k(:c)z?o

0

1 1 3 1 3 : 1
lge‘%x — geféx cos ?%x + %eg‘” sin ?ﬁx] e dp(N),

a 1e criBBiaHOMEHHs (5) 11 BUIaaKy A > 0.

Amnasoriuno 3 (10) Moxua orpuMaTn 300paxkennst (5) mis Bunagky A < 0.

3 ymosu (6) Bunmsae, 1o mipa dp(A) 3ocepeazkena Ha npomixky [—1,1].

3apgku Tomy, 110 HOciit Mipu dp(\) € komnakTHUM (0OMezkeHNM ), DyHKIA k(T) momy-
CKa€ aHATITHIHE IPOOBKEHHS Ha BCIO KOMILIEKCHY ILIONTHHY, To6T0 10 dyHKIiil k(s) (s € C).

OcTanHEe TBEP/ZKEHHST TEOPEMU JIOBOJUTHCSA HACTYIIHUM YHHOM. I3 300parkenust (5) 3Ha-
xoauMo Bei wienn siipa K (z;y).

Orxke, miga A > 0 Mmaemo

1 — 14493 ¥/ N(z+y) (—l—i—:‘}) I (z+y)
1 1 o5 1 e( 2t 2) 4elT272
Zk - Z (z+y) _ =
3 (x+y) / 3¢ 3 5 +
' 1.,:V3) 3 1 3\ 3 (12)
1 e<—§+17)ﬁ(x+y)_€<—§—17>\f/\(:c+y) 1 PR
. . 1
Ly(zltivs, | o1oivs = [{Aenit)sli)e
3 2 2 9
_i[e%(; oot ¥y | Vet VA (L )y]Jr (13)
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gk x + Yy 2 2 2t —
0

2

)s
T +e

1 |: \/>$+\/>< % 23> _6\3/X(—é+i‘é§>a:+§/xy:|} 1
3

! [ Diat 3(-3-2)y | VA(-h+0)es 15 y% 14

dp(N).
W 5; v p(A)
Tenep siximo momaru pismocti (12), (13) Ta (14), To 3 ypaxyBaHHSIM TOTO, IO

l{e%( HR e WA= )y | VA5 et VA (540 )y } _

2 3,
e R a) (cos ?\S’/Xac cos ?\S/Xy + sin ?\S/Xx sin \?%g) ,

9
OTPUMAEMO
K(z,y) =
1 —1+iv/3 —1—1v/3 —1—1v3 —14+2v/3
— | k(x +y)+k \/_x+ \/_y +k \/_x+ \/—y =
3 2 2 2 2
1
1 1 Rty
2/{56%(””4—5 e \/_\/_:)scosi\/_ +
0
3 3
+%e§<x+y)sin\/7§ Az sin £\/_ ——e 9%05\/;%:5-6%

——e_Tycos\/_\/—y ﬁe_ (2+ : cos\/——\g’/x.rsini\?/Xy—l—

1 Vi (a+y ¥ a
+——e" B S \/_\/—m cosi\/_ ——e 3 51n£\/—$ iy _
3v3 3v3

—Le = sm\/—_\/_y }\/%dp(A)=/Xz($)><2(y)dp(>\)- (15)

0

1

[Tigcrasasoun (15) B (1), orpuMyemo g0JaTHY BU3HaUeHICTH sapa K (x,y) st BAIAIKyY
A>0.

Ananorigno, nepeBipseThcs AoJaTHA BU3HAaUYeHICTH siapa K (x,y) aast Bumagky A < 0.

YmoBa (2) Bumausae 3 (15).

Iigcrapnstoun y = 0y cuisianomenns (15), orpumyemo Bukonamns ymosu (3). ladi,
3 ypaxyBaHHAM yMOBH (6), Ge3mocepeIHbO TTePeBipseMo, 10 BUKOHYEThCs i ymoBa (4).

1 YA
\</‘ Vi _ e\g cos£ |A|z+

1 \
+—e\2ﬁ sm£ |A|z
V3
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7 \/—(>§

1
1 1 1 = 1 1 1
Sl L 25— e ||
S/(Be +3e2 +\/§62)3>\2dp()\)—|—/(3 +36 +
1 0

dp(A) < 01€x|/ip—\/()\—>;)

1
1 1 3
—0—/‘5 e _ efg COSL_\/_ +—e Pa 51n£\/—:z:
0

1 e

+—=e2

V3 ) 7 = cerl

Teopemy jtoBejieHO

BucuoBku. Y po6oTi 0OTpUMaHO iHTEerpa/bHi 300pazKeHHs I KJIacy J0JaTHO BH3HA-
dennx sgep K (z,y), Mo MOpoIKYIOThCS MLToI0 (BDYHKINE k Ta Y3TOMKeH] 31 CIeKTPATHHOIO
CTPYKTYPOIO PIBHAHHS TPETHOro nopaaky u” = Au. 300pakeHHst 33JaH0 Yepe3 HeBix €MHy
crekTpajbHy Mipy dp(\) 3 KOMIAKTHUM HOCIEM, 1110 320€311e49ye KOHCTPYKTUBHY apaMeTpu-
3aIiio g/1ep Y PO3IJISHYTOMY KJIACi Ta JI03BOJISE MEPEBIPATH JIOJATHY BU3HAYEHICTH Yepe3
CITEKTpaJbHI JIaHi.

3 momisiy cydacHol Jiiteparypu 3 Teopii siiep ta mpocropis RKHS, 3okpema [1, 10],
JIAHMIH pe3y/IbTaT JTONOBHIOE 3arajibHi HiIX01 KOHKPETHOIO OIePATOPHO-Y3T0IZKEHOI0 MO0V I0-
BOIO fJIpa 1 ABHOIO (pOPMYJIOI0 iHTEerpaabHOro 300pazKennd. Ha BimMiny Bijg anpokcuMaliiitno-
YHCETHHUX MAXOMIB |2, 7| Ta MPUKIaIHOT MEPCIEeKTHBH B 3ajia4aX MAIIUHHOIO HaBuaHHs 0],
y LEHTPI yBaru TyT — $/ipa, 110 BUHUKAIOTH 13 PO3KJAJIB 3a BjacHUMU (pyHKIisMu jude-
PEHIAJIbHUX ONepaToOpPiB.

[TopiBHAHO 3 ONMEPATOPHO-CIEKTPAJBHIM TJIOM |3, 4|, OCHOBHHII BHECOK CTATTI MOJISATAE
B OTpUMaHHI BHOT (POPMYJIH JTst TOPOKYBaabHOl GyHKIIT k (i, BianosiaHo, aapa K) gepes
CHEKTPAJILHUN TTapaMeTp A, aJalToOBAHOI 10 KyOi4HO-KOPEHEBOI CTPYKTYPH 3a/1a9i TPETHOro
nopdaaKy. Orpumani GopMyaIn MOKYTb OyTH BUKODHUCTAaHI JJjis ITOOYJIOBU IIPHUKJIAJIIB 1 K
OCHOBA T TOJAJBININX y3araJbHeHb Ha CIOPITHEHI OmepaTopW BHUIMUX IOPSKIB Ta Pi3HI
KpaitoBl YMOBH.

KondaikT inTepecis i eruka. ABTopH 3asBJI0Th, IO HE MAOTh KOHQIIKTIB iHTe-
peciB. ABTOpH TaKOK 3agBJISIOTH PO MOBHE JOTPHMAHHS BCIX MPAaBUJ €THKH KYPHAIbHUX
JOCJILIZKEHB.

IMomsku. ABTOpH 3asB/IMI0TH PO BiACYTHICTD ClleniaabHOro (biHaHCYBaHHS i€l pobo-
TH.
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UDC 517.9
A Class of positive definite kernels with cubic symmetrization
Ivanna Andrusyak, Oksana Brodyak

Abstract. The class of positive definite kernels K (x,y) generated by an entire functi-
on k£ by means of symmetrization associated with cube roots of unity is investigated. For
kernels consistent with the spectral structure of the third-order problem u"” = Au, an expli-
cit integral representation of the function k in terms of a nonnegative spectral measure
dp(\) with compact support is obtained. The obtained formula determines the constructi-
ve parameterization of admissible kernels in the considered class and establishes a direct
connection between positive definiteness and spectral data.

Keywords: integral representation, kernels, positive definite function.
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Ilo6bynoBa Ta aHaJIi3 MaTeMaTUIHOI MO/IeJI JAMHAMIKHA
dopMyBaHHS KOMIETEHTHOCTEI y IIporeci HaBYaHHs

Cepriit Bak!, l'niuna Kosroniok?

! Bismmmpkwit meprxaBmmit megarorivamit yaiBepcrTer imeri Muxaitaa Komoburchkoro,
kadenpa maremaruku Ta indbopmaruku, M. Binaus, Ykpaina
sergly.bak@vspu.edu.ua
https://orcid.org/0000-0003-1508-2144

’BinnumpKuil mep:KaBHMii meqaroriyHmii yuisepcurer imeri Muxaiina Komoburchkoro,
xadenpa mMareMaTnku Ta indopmaruku, M. Binnums, Ykpaina
kovtonyukgm@vspu.edu.ua
https://orcid.org/0000-0002-3352-0358

Anomauia. Y cTarTi 3anponoOHOBAHO MaTEeMATUIHY MO AUHAMIKYA (POPMYyBaHHS KOM-
meTeHTHOCTEH 3100yBadiB OCBiTH y MPOIECi HABYaHHS, MOOYJZOBaHY HA OCHOBI aHajorii 3
KOMIIAPTMEHTHUMH Ta emigeMionorigauMu MoaenasMu. Mogens BpaxoBye m'aTh piBHIB cop-
MOBAHOCTL KOMIIeTeHTHOCTel (BXiHuil, Hu3bKuil, cepeuiil, JOCTaTHI 1 BUCOKMIT) Ta ONUCYE
SK IIPOrPECUBHI, TAK 1 PErpeCUBHI IEPEXOIN MizK HUMH 3 yPaxXyBaHHAM KOHTAKTHHUX 1 OE3KOH-
TAaKTHUX MeXaHi3MiB B3aemomii. OTpuMaHo cucreMy HeTiHIHUX audepeHIiaJbHuX PiBHIHb,
IO OTIMCYE YACOBY €BOJIIONII0 BiAMOBIAHUX rpyn 3700yBadiB oceitu. [Ijis mobymoBaHOi Momei
nocrimkeno 3amagy Korri: moBemeHo 0OMeKeHiCTh PO3B’A3KiB, a TAKOXK iCHYBAHHS 1 €IHHICTD
PO3B’sI3Ky 3a JIONOMOIOI0 CTAHJIAPTHUX PE3yIbTaTiB Teopii audepeHIianTbHuX PiBHAHD. 3a-
IPOIMOHOBAHUI IIi/1Xi/1 mo3BoJsie popMastisyBaTu mporec (GopMyBaHHsS KOMIETEHTHOCTEH Ta,
CTBOPIOE OCHOBY JIJIST TIOJAJIBITIOTO aHAJI3Y, 30KPeMa JOCTiIKEHHsT CTIfKOCTi, 9y TITMBOCTI Ta-
paMeTpiB i 33/1a9 ONTUMAJIBHOTO KEPYBAHHS OCBITHIM TTPOIIECOM.

Karwo6i croea: MaTeMaTudHe MOJIEIIOBAHHS, (DOPMYBAHHS KOMIIETEHTHOCTEH, KOMIIAPT-
MEHTHI MOJeJi, emiaeMiomoriaai Momeni, 3aga4da Korrri, icHyBaHHS Ta €IUHICTH PO3B’SI3KY.

1. Beryn

OcTanHIM 4aCOM CHOCTEPIra€ThCd 3POCTAaHHS IHTEepecy J0 3aCTOCYBaHHS METOJIB MaTe-
MaTHIHOTO MOJIETIOBAHHS JIJIs1 aHATi3y ocBiTHIX mporecis (|4, 5, 7, 10, 12]). OcobauBe micie

e-ISSN 3041-1955 DOI: https://doi.org/10.31652/3041-1955-2026-03-01-02
2020 Mathematics Subject Classification: 00A71, 34C60, 37TN99.
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Bak C., Kosroniok I'. Ilo6yroBa Ta ana/i3z MaTeMaTHIHOI MO AUHAMIKH (DOPMYBAHHSI. ..

cepeJi TAKUX TiAXOMIB MOCIIAI0TH emiIeMiooridui Ta KommaprMenTHi Mogeni (|3, 6, 8]), ski
3aBJIIKN CBOIM CTPYKTYPHIi#l THYYKOCTI I03BOJIAIOTH ONMUCYBATH JUHAMIKY MOMTAPEHHS 3HAHD,
HAaBYaJIbHOI MOTHUBAIIIl Ta [TOBEIIHKOBUX XapaKTePUCTUK CTY/IEHTIB.

Knacuuni poboru 3 Maremarndnoi 610J10ri1l Ta erigemMioorii 3aKjaim TeOPeTUuIHi OCHO-
BU TIOJITY TOMYJAIl Ha MATPYNHA Ta aHAJI3y TEPEeXO/iB MizK HUMH 3a JIOMOMOTOI0 CHUCTEM
mudepenniaabanx pipasaab (|9, 13]). Hamani i niaxomn Gyau ycmimHo aganToBaHi st MO-
JIEJTIOBAHHS CONIAJILHUX MPOIECIB, 30KpeMa, TONMUPeHHs iH(QOpPMAIIil Ta 3HAHD.

Y KOHTEKCT1 MaTeMaTU4YHOl OCBITH HU3Ka JIOCTLzKEeHb IPUCBAYeHA aHAJI3y BILIUBY MO-
THUBAIIil, COMAIBLHOI B3a€MOJIII Ta MOBEIHKOBUX (paKTOPIB Ha HaBYAJIbHI pe3yJIbTaTh. 30Kpe-
Ma, y pobori [5] mobymoBano MaTeMaTHUHY MOJENb MPOIECY HABYAHHS CTYJIEHTIB B paMKaX
MaTeMATHYIHOI OCBITH, BUKOHAHO aHAJI3 UYTAUBOCTI HMapaMeTpiB i chopMyIbOBAaHO 3a1ady
OITUMAJBHOIO KEPYBAHHSA OCBITHIM ITPOIECOM, IO HIITBEPIAZKYE JOMIJILHICTH BUKOPUCTAHHS
nupepeniaabHUX MOJEIeR s JOC/IPKeHHS HAaBYaJIbHOT JIMHAMIKY.

BazkyimBrM KPOKOM ¥ IIhOMY HAIPsIMKY € pobota [10], y skiit 3anpornonoBaHo erigemio-
JIOTIYHY MOJIe/Ib HaBYAJIbHOI MOBEJIIHKNA CTY/IEHTIB, MOOY/I0BaHY 3a aHAJIOTIEI0 3 KJIACHIHOIO
SIR-Moe/10. ABTOPH IHTEPIIPETYIOTh MPOIeC HABYAHHA K IIOIIHPEHHS <«HABYAJIBHOI I10-
BEeIHKH» B CTYJAEHTCHKOMY CePeJOBHINI Ta JeMOHCTPYIOTH, IO COIIaIbHA B3a€MOIisd, MOTH-
Ballis Ta IHTEHCHBHICTh HABYAJIBHOTO BILIMBY BLAIIPAIOTh KJAIOYOBY POJIb Y IEepeXomgax Mixk
PI3HUMH pPIBHAMH HaBYAJIbHOI aKTHBHOCTI. Ilg poboTta miaTBepaKye YHIBEPCATbHICTH METOLY
aHaJIOTiHl 1 oro NMpuAATHICTE Mg bopMaTizamnii CKIaJIHIX OCBITHIX ABHIIN. 3ayBaxKHUMO, IO
suepiie SIR-mozess Gyiia 3anponnosaa B. Kepmakom 1 A. Makkenapikom (|9]) B 1927 pomni
JIJIS MOJIETIOBAHHS TOMUPEeHHs 1H(EKIIHHOro 3aXBOpIoBaHHd. Ty T JII0/IN XapaKTepu3yoThcs
TphOMa KJacamu: cupuiinarausi (Susceptible), indikosani (Infected) ra Bugyzani/Buaydeni
(Recovered /Removed).

PazoM i3 THM 3a3Ha9eH] MOJIEN] IePeBaXKHO 30Cepe/I2KeHl Ha 3araJlbHUX XapaKTepPUCTH-
KaX HaBYAJIbHOI IMOBEJIHKU a00 00I3HAHOCTI Ta He BPAXOBYIOTH YCIO CIEIUMDIKY pOpMYBaHHS
KOMIIeTeHTHOCTEl Y Tiporieci HaBuanus. Ha Biaminy Bix Mojeseit, 3anpononoBanux y |5, 6, 10],
Jie OCHOBHA, yBara IpUIiII€ThCA 3arajbHiil HaBYaIbHiM moBeaiHIl abo 00I3HAHOCTI, V Il po-
60Ti KOMIIAPTMEHTHA CTPYKTYPa aJallTyeThcs 10 crienudiku popMyBaHHS KOMIIETEHTHOCTEH
y MPOTeCi HaBYAHHSI BiAIOBIIHO j10 PiBHIB TX chopMoBaHOCTI. 30KpeMa, TYT Hepe 0adacThes
HAABHICTD {K IIPOIPECUBHUX, TAK 1 PEIPECUBHUX IEPEXOJIiB, [TOB’ A3aHUX i3 BTPATOIO MEBHUX
KOMIIETEHTHOCTEH Ha KOXKHOMY piBHi. Takmit miaxig 103BoJisg€ OLIBINT a/IeKBaTHO BiA0Opa3uTn
peaJibHI TIPOIIecH, sIKi BUHUKAIOTH M Ya¢c HaBYaHHS.

2. IlocranoBka 3amadi

Posriisinemo jiesiky rmeiaroriany Mojie/ib pOpMyBaHHS MEBHUX KOMIETEHTHOCTEH 3/100y-
Ba4iB OCBITH y IIpolieci HaBYaHHs. B 1iit Mojes1i Bu3Ha9MMO YOTUPH PiBHI c(DOPMOBAHOCTI KOM-
NeTeHTHOCTel: HU3bKUil (MoYaTKoBuil), cepeHiil (penpolyKTuBHUIT), J0CTaTHINR (KOHCTPYK-
TUBHHUIT) 1 BUCOKUI (TBOpUMIA).

Husbkuit (mouaTkosuii) piBenb — 3100yBadi OCBITH mepebyBalOTh Ha MTOYATKOBOMY €Ta-
i (popMyBaHHS KOMIIETEHTHOCTEH, 3yCTPIvaloThCsd 3 TPY/HOIIAMU B OllaHYyBaHHI HABYAJIbHO-
ro Marepiajy, 3JaTHI BIATBOPIOBATH JIMIIEe HE3HAYHY HOr0 dacTuHy, HOTPEeOYIOTH MOCTiiTHOL
JOTIOMOTH, BUSBJLIOTH MACUBHICTh B HABYAHHI, 3aCTOCYBAaHHS 3HAaHb HA MPAKTHUI BiJACYTHE
(kommeTeHTHOCT] Maiizke He copmoBaHi).

Cepenniii (penpoyKTUBHEI) piBeHb — 3100yBadi MatoTh cTabiabHO copMoBaHi 6a30Bi
3HAHHS, BMIHHS 1 HABUYIKH, Bi/ITBOPIOIOTH Il 3HAHHS 1 BUKOHYIOTH THIOBI 3aB/IaHHA 3a 3pa3-
KOM, aJjie He BHSIBJISIIOTDH JIOCTATHBOT CAMOCTIHHOCTI (KOMIIETeHTHOCTI ¢¢hOpMOBaHi YaCTKOBO).
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Hocrarniit (KOHCTPYKTUBHUI) piBeHb — 3/100yBadl 3/aTHI cAaMOCTIHHO BUKOHYBATH TH-
MOBI 3aBJaHH, BMiIOTh 3aCTOCOBYBATH 3HAHHS, BMIHHS 1 HABUYKN Y CTAHIAPTHUAX CHTYAIlISX,
aJjie 1pu BUPIIIEHH] HOBUX IPODJIEM MOXKYTh 3HAI00UTHUC HE3HAYHA JloloMora abo ImijiKa3Ku
(kommerenTHOCT] chopmoBai).

Bucokwuit (TBOpunii) pisenb — 3100yBadi MaOTh TOBHICTIO ¢(hOPMOBaHI KOMITTEHTHOCTI,
3/IaTHI aKTUBHO, CBIJIOMO 1 TBOPYO 3aCTOCOBYBATH iX Y HaBUYaJbHIH Ta mpodeciiiniit gigabHo-
CTi.

3ayBaKuMo, 110 € 6araTo JIOC/iIZKeHb, IPUCBIYCHUX OOY/I0BI IeIaroriTHuX MojiesIei
dbopMyBaHHS PI3HOMAHITHHX KOMIIETEHTHOCTEH (paxiBIiB KOHKpeTHUXI rajay3eii. Hanpukian,
crarTa ||| mpucsauena noGya0Bi megaroriqHol Mojesi (pOpMyBaHHST MPAKTUIHAX YMiHb 1 Ha-
BUYOK poboTn 3 BumaBHHYOK cuctemoo KITEX y maiibyTrix 6akasaBpiB MaTeMaTwKW, dKa
IPYHTYETHCS Ha HOETAIIHOMY PO3BUTKY MOTHUBAIll, TPAKTUYHOI JisibHOCTI Ta peduiekcii. B
crarTi |2] po3pobsena negaroriana Mozgesb GopMyBaHHsI eHeproedeKTHBHOI KOMIETeHTHOCTI
MaitoyTHiX KBajidikoBaHux poOITHUKIB Oy/iBebHOI Tajy3i, dKa CKJIAJTAETHCI 3 MLIHOBOTO,
METO/I0JIOTIYHOT'0, 3MICTOBOT0, HABYAJIHLHO-MOJIETIHLOBAHOTO Ta PE3Y/IbTATUBHO-OIIHIOBAIHHOTO
6s10kiB. A B || 1] 3anpononoBano megaroriauy Mo/enb hbopMyBaHHs TpOdeciiiHuX KOMIIETeHT-
HOCTeH foprcTa depe3 MigabHiCTHUN miaxina. [IpoTe 3a3madveni mMojesIi He OMUCYIOTh YacOBY
JIMHAMIKY TE€PeX0IiB MixK piBHAME ¢OPMOBAHOCTI KOMIETEHTHOCTEH. Y 3B’S3KY 3 IIUM aKTy-
AJILHOIO € 3ajJlada MaTeMaTHIHOl (popMaJi3aliii meaaroriqanol MoIes i JUHAMIKA (pOPMYBaHHST
KOMIIETEHTHOCTEH y TTpoTeci HaBYaHHd 3 YpaxXyBaHHSIM MPOTPECUBHHUX 1 PErpecUBHUX Tepe-
XO/IB MiK piBHAMU TX cPOPMOBAHOCTI HA OCHOBI METO/ly aHAJOrIH 3 KOMIAPTMEHTHUMH Ta
eI IeMiOJIOr I YHIMHI MOIEJISIMI.

Mema cmamma: noOylyBaT MaTeMaTUIHY MOJEIb JUHAMIKH (DOPMYyBaHHS KOMIIETEH-
THOCTEl y Mpoleci HaBYaHHA BiJIMOBIAHO 70 PiBHIB iX chopMoBaHOCTI Ta 3/iCHUTH aHai3
i€l MoJies1i, 30KpeMa, JIOCTIIUTH OOMEKEeHICTh, ICHYBaHHA Ta €IUHICTH PO3B A3KY 3a/1ady
Kormri.

3. OcHOBHI pe3yJibTaTn

3.1. IlobymoBa MaTeMaTUYIHOI MOJEJl. Y KOHTeKCTi niei poGoTH BHKOPHCTOBYE-
ThCA QHAJIOTIS MiXkK:

- momupenuamM indekniit abo indopmariii;

- (bopMyBaHHAM KOMIIETEHTHOCTEH y IIPOIeci HaBYaHHS.

Y KOMIApTMEHTHUX MOJEISX MOIYJIAIis MOJISEThCA Ha MAIPYIIHN, MizK SKHUME BiJI0y-
BaIOTHCsl ITEPEXOIH 3 MEBHOIO IHTEHCHBHICTIO. AHAJIOTIYHO, Y HABYAJBHOMY MPOIECi CTYIeHTH
MOXKYTb IIepebyBaTH Ha PI3HUX PIBHAX C(hOPMOBAHOCTI KOMIIETEHTHOCTE Ta MIepeX0IuTH MizxK
HUMU i1 BILTABOM HABYAJIbHUX, MOTHBAIIMHUX 1 COMAJTLHIX YUHHUKIB.

[eit nijaxin jgo03BoOJISIE:

1) gitko opmasizyBaT megaroridHi NPHUITYIEHHS;

2) orpuMaTn GadaHCHI CHIBBIIHOIIEHHS;

3) 3abe3meunTH MATEMATHIHY KOPEKTHICTH MOJIET.

3ayBakKuMo, 110 Mporec (popMyBaHHd KOMIIETEHTHOCTEH € ITOeTAIHUM 1 HEOHOPITHUM.
[le 3ymMOBJTIOE AOMIMBHICTD BHIALIEHHS KLIBKOX KOMIIAPTMEHTIB.

[oznaamvo gepe3 N(t) — KIbKicTh 3700yBadiB OcBiTH Yy MOMeHT dacy t > 0, ski
IPOXOISITH HaBYAHHS BIIIOBITHO J0 JaHOI memaroriguol Momxeni. Hexai

e F(t) — kimbkicTh 3m00yBadiB, siki mepebyBaOTh Ha eTari MepBHHHOI MOTHBAIl Ta
O3HAOMJ/IEHHSI 3 HaBYAJbHUM MarTepiajaoMm, PaKTHIHO HE BOJIOAIIOTH BIIIOBITHUMEI
komnrenTHOCTAME (Entry level — Bxiguuit piBens);
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e [(t) — xinbKicTh 3100yBaUiB 3 HU3bKUM (TIOYATKOBUM) piBHEM C(HOPMOBAHOCTI KOM-
nerentHocreil (Low level — HusbKuii piBeHsb);

o M(t) — kiubkicTb 3100yBadiB 3 cepesHiM (penpopyKTUBHAM) piBHEM ¢(DOPMOBAHOCTI
komnerenTHocreil (Medium level — cepesniii piBens);

e S(t) — xinbKicTh 3700yBaviB 3 JoCTATHIM (KOHCTPYKTHBHUM) PiBHEM C(DOPMOBAHOCTI
komnerenTHocreil (Sufficient level — mocrarhiit piBens);

e H(t) — kinbKicTh 3700yBaviB 3 BUCOKMM (TBOPYNM) piBHEM c(OOPMOBAHOCTI KOMIITEHT-
nocredi (High level — Bucokuii piens).

Toumi
N(t)=E(t)+ L(t)+ M(t)+ S(t) + H(t).

Bei ni dbyHKIii BBaxKaOThes HeBix' eMEUME 1 HeniepepBHO audepentiioBHuMu Ha [0, +00).
[lepebadaeTbest, 1m0 37100yBadi OCBITH IOCTYIIOBO IIEPEXOIATD BiJI HUZKIUX PIBHIB cop-
MOBaHOCTI KOMIETEHTHOCTEH JI0 BUIUX y HPOIECi HABYAHHA. 3 YpaxXyBaHHAM IiJIXOJIB, 3a-
IPOIIOHOBAHUX Y |5], BBasKa€Mo, M0 MIBUIKICTH MEPEXOLy 3100yBadiB MizK PIBHAME MiITOTOB-
KU 3aJ1eKUTh He JIMIIE BiJl iX MOTOYHOTO CTaHy, a i Bij B3a€MOJIil 3 OLIBII I ArOTOBICHUMHE
3aobyBadamu. Taka B3aeMoisI BimoOparkae eeKTH KOJeKTHBHOTO HABYAHHS, KOHCYJIbTAIIi,
HACTABHUIITBA Ta CIJIbHOT poboTu. BijnosijgHo BBegeMo Taki j10/aTKOBI HapaMeTpu:

e A — iHTEHCUBHICTH BXiHOTO MOTOKY 3/00yBaviB OCBITH, sIKi PO3MTOYNHAIOTH HABYAHHS
BiIMOBIHO 10 mearoriguol Mojesi (KiIbKicTh 0cib 3a OJUHUITO Yacy);

e o — KOeDilli€eHT IHTEHCHUBHOCTI KOHTAKTHOI'O IEpexoiy 300yBadiB OCBITH 3 piBHS
E 1o piBag L, T06T0 KOediieHT KOHTAKTHOI KOHBePCil MiXK BXigHUM F 1 HU3bKUM
L piBHAMH, KU XapaKTepHU3ye COIIATBHO 3YMOBJIEHUN Tepexia 3100yBadiB OCBITH 3
piBHg F 10 piBHS L BHACTIIOK B3a€MOIIl 3 IHIMAMA yIacCHUKaAMHU HABIATIHHOTO TTPOTIECY
(meit koedpinienT € anamorom kKoedinienra 3apazxkenus B ST R-MO/IeIX);

e [ — koedili€HT IHTEHCHBHOCTI OE3KOHTATHOTO TIePexXoy 3/100yBadiB OCBITH 3 BXiTHOTO
piBaga E 1o cepeannoro M;

® 1 — KOeIIi€HT IHTEHCUBHOCTI OE3KOHTATHOTO TIEPEXOLy 3/100yBadiB OCBITH 3 HU3b-
KOro piBHg L 10 cepenaboro M

® 5 — KOoedIilieHT IHTeHCUBHOCTI GE3KOHTATHOIO Iepexoay 37100yBadiB OCBITH 3 cepe-
muboro pisad M 10 HE3LKOro L;

e 01 — KoedilieHT IHTEHCHBHOCTI H€3KOHTATHOTO IIEePEeX01y 3J00YBadiB OCBITH 3 cepe-
auboro M piBHs 10 g0cTaTHBOTO S 0€3 KOIHUX KOHTAKTIB;

® )y — KoedilieHT IHTEHCUBHOCTI DE3KOHTATHOrO TEepexoy 3700yBadiB OCBITH 3 cepe-
nuboro pisuga M o Bucokoro H;

e 03 — KoedImieHT iIHTeHCHBHOCTI DE3KOHTATHOTO TEPEXOLy 3100yBadiB OCBITH 3 J10CTa-
THROTO PiBHs S 10 cepenaboro M 6e3 KOJIHWX KOHTAKTIB;

e () — Koedilli€HT IHTEHCUBHOCTI OE3KOHTATHOI'O HEPEXO/y 3/100YBadiB OCBITH 3 JI0CTa-
THHOT'O PiBHA S /10 BUcoKoro H;

e (5 — KoedIIieHT IHTEHCUBHOCTI GE3KOHTATHOIO HEepexoay 37100yBadiB OCBITH 3 BUCO-
KOTO piBHg H 10 H0CTATHBHOrO S 0€3 KOAHUX KOHTAKTIB;

® 0 — KOedIilieHT IHTeHCUBHOCTI BUOYTTs 3/00yBadiB OCBITH 3 HABYAJBHOI'O IIPOLECY
Ha OyJIb-AKOMY €Talli.

Ha pucynky 1 300pazkeno cxemy, sika LIIOCTPY€E JlaHy Mojeab. Takuii momiin Ge3mnoce-
peJiHbo BigoOpazkae JIOTIKY IeJaroriauol Mojesti Ta J03BOJIsS€ BpaXyBaTu dK IIPOrpec, Tak i
MOXKJIUBHiI perpec y HaBYaHHi.
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Puc. 1. Cxema mogeni guHaMikn (hOpMyBaHHS KOMIIETEHTHOCTEH

YucesrbHicTb 37100yBadiB BXiIHOIO PiBHS 3POCTAE 33 PAXyHOK IIPHUILIABY HOBHUX 3100y Ba-
qiB A. 3MmeHIIeHHS i€l rpyu BiAOYBaeThCsI BHACIIIOK IBOX OCHOBHHUX Iporecis. [lo-nmepiie,
JacTuHa 3700yBadiB IIePEeX0IUTh 10 HU3HKOTO PiBHS L YHAC/IIIOK COIAJIbHO 3YMOBJIEHOI B3a-
€MOJII 3 IHIUMH 37100yBavaMHU, IO OMUCYETHCA HETHIRHNM KOHTaKTHUM wieHoM aF L. Ilo-
Jpyre, 3/100yBadl MOXKYTh 0€3KOHTAKTHO EPEXOAUTH Oe3110CePeIHBO J0 cepeiHboro piBusa M
3 KoedilieHTOM IHTeHCHBHOCTI 3, 110 BiANOBiAa€ iHAWBIAyaJIbHOMY 3aCBOECHHIO HABYAJIHHOTO
marepiaay. Kpim Toro, BpaxoByeThcst MpunnHeHHS HaBYaHHA 3 Koedimiearom o. OTKe, 3MiHa
KIJIBKOCTI 3/100yBaviB BXiJHOTO PiBHS OMUCYETHCS PIBHAHHSIM

& =A—aEL— (f+0)E.
dt
I'pyna 3100yBaviB 3 HUBLKUM piBHEM L MOMOBHIOETHCH 33 PAXyHOK KOHTAKTHOTO IEpe-
Xo/y 3 piBHg F Ta 6€3KOHTAKTHOTO mepexoay 3 piBug M 3 koedinieHTaMu iIHTEHCUBHOCTI (v i
2 BLAMOBIIHO. 3MEHITIEHH YUCETBHOCTI €T IPYIIN 3yMOBJIeHE OE3KOHTAKTHUM IIEPEXOJIOM J10
cepeHboro piBug M 3 KoedilieHTOM iHTEHCHBHOCTI 7 Ta NPUIUHEHHAM HaBYaHHdA. TakuMm
YUHOM, 3MiHAa KLIBKOCTI HU3BKOTI'O PiBHS ONMMUCYETHCS PIBHAHHIM

dL
i aFEL+ M — (v +0)L.

YucesrpHicTb 3700yBadiB cepeHbOTO piBHA M 301IbIIYETHCA 33 PAXYHOK OE3KOHTA-
KTHUX TepexoiB 3 piBHiB F, L Ta S 3 koedimientamu (3, v i d3 BiamosigHO. 3MeHIIEHHS
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i€l IPyIu MOB’d3aHe 3 IMepeXolaMi JI0 HU3BKOI'0, JIOCTATHBOI'O Ta BHCOKOI'O PiBHIB 3 Koedi-
iEHTAMH Y9,01 1 0o, & TAKOXK 3 HpUIUHEHHSIM HapuaHHs. OTKe,

dM
T BE +mL+835— (12 +061+0d2+0)M.
Pirenn S dopmyeTbest BHACTIIOK TTEPEXOLy 3/700yBadiB i3 cepegHhOro PiBHA 3 IHTEH-
CHBHICTIO 07, & TAKOK 3a PAXyHOK 3BOPOTHOIO MEPEXO/IY 3 BUCOKOro piBHs H 3 KoedimieHTOM
f5. 3MeHIIeHHd YUCeIbHOCTI Iiel IPYIH 3YMOBJEHE MEePEX00M JIO BHCOKOI'O Ta CEPEIHBOIO

piBHIB 3 KoedimienTamMu #1 1 d3, Ta TPUIHHEHHAM HaBYaHHA. TaKUM YHHOM, MAE€MO PiBHSAHHS

E = (51M+(92H — ((53 —|—61 +O’)S
dt
Bucokwuii pisenb H (dopmyeTbesd 3a paxyHOK HEPEXOiB i3 cepeHbOro Ta J0CTATHLOTO
piBHIB 3 KoedimienTamMu 0o Ta €1 BiANOBIIHO. 3MEHIIEHHS YNCEIBHOCTI Il Ipymu BigOyBae-
ThCST BHACJIIIOK 3BOPOTHOTO MEPEXOJy 10 PiBHs S Ta MpUNWHEHHS HaBYaHHSA. TO0OTO MaeMo

PIBHSIHHS

dH
E = 52M‘|—915— (€2+0)H

Orxke, nuHaMiKa (popMyBaHHd KOMIIETEHTHOCTEH BiIIOBIIHO 10 BU3HAYEHUX PIBHIB OIU-
CYETBHCS CHCTEMOIO TU(ePeHIaJbHUX PiBHSIHb:

dFE
( “=A-aBL-(B+0)F,
dL
o = OEL+ M —(n + o)L,
dM
WzﬁEmelLJMS?,S’—(72+<51+62+<7)J\4, (1)
dS
E = (51M+92H— (53+91 +O’)S,
dH
L E = 52M+015— (02+0)H

3.2. Bamada Komri: oOMe>KeHicTh, iCHYyBaHHS Ta €IUHICTh PO3B’A3KY.
Posrasinemo 3agaay Komrl mist cucremu (1) 3 MOYATKOBUME YMOBAME

E(0) = By, L(0) = Lo, M(0)= M, 5(0)=S, H(0)=H, (2)

e
Ey, Lo, My, Sy, Hy > 0.

Teopema 1. Jlas 6yov-axur ne6id eMHUT NOUAMKOBUT 0QHUT PO36°A30%K
(E(t), L(t), M(), S(t), H(t)) € C*([0,+00), RY)
zadawi Kowsi (1), (2) € obmesicernum.

Jlosederna. Jlonasmm Bei pisasiuas cucremu (1) i Bpaxysasmm, mo N(t) = E(t) + L(t) +
M(t) 4+ S(t) + H(t), orpumaemo nudepeHIiagbHe DiBHSIHHS

dN
— =A—-0oN(t
o aN(t)
abo AN
E—i—UN(t) = A. (3)
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3 HO4YaTKOBOIO YMOBOIO
N(O)=N02:E0+LQ+M0+S()+H0. (4)

Posp’sa30k 3ama4i Ko (3), (4) mae Bursn
A A
N(t) = — + (NO — —) Bio’t.
o o

OueBugHO, 110

lim N(t) = —
t—+4o0 [0}
Hexait A
Ny < —.
o
Toui
A
0<N(t) < —
o

s Beix ¢ > 0. 3pigcu BumuBae, mo Gyuknis N (t) € obmexkenorw yis Beix ¢t > 0. Ockinbku
BCi KOMIIOHEHTH PO3B’3Ky HeBil 'eMHi i He mepeButyoTh N (t), BOHE TaKOXK € 0OMesKEHUMH.

O

Teopema 2. Jlaa 6ydv-axuzr wesid’emnur nouamrosur danux sadaua Kowd (1), (2) mae
edunutl po3e’a3ok

(E(t), L(t), M(t),S(t), H(t)) € C*([0,+00),R%).

Jlosedernsa. Tlepenumemo cucremy (1) y BekTopaiit dopmi

dX
Jie
X=(E,L,M, S, H)",
—(B+0) 0 0 0 0
0 —(m +o0) Y2 0 0
L= B M —(v2 + 01+ 62+ 0) 03 0 ;
0 0 (51 —((53+61+0') 92
0 0 09 th —(02 +0)
a HeJiHiitEKH onepaTop N BH3HAYAETHCSA PIBHICTIO
A —aFL
aFL
N(X) = 0
0
0

st moBeIeHHA TeOpEeME JOPCTATHRO IMOKA3aTH, o onepaTop F' e gimmunesum. Crpas-
i, Hexai

Xy = (B, Ly, My, Sy, H)", Xy = (Ey, Ly, My, Sy, Hy)" € C'([0, +00),R%).
17
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Posriigaemo pizHuiio
—Oé(ElLl — EQLQ)
Oé(ElLl — EQLQ)
N(X)) = N(Xy) = 0
0
0
Tomi
”N(Xl) _N(X2>|| S 2c0 |E1L1 - E2L2|.
Posknanemo pizHuUIO:
E\Ly — EsLy = Ey(Ly — L) + Lo(Ey — Es).
Tomi
|E1Ly — EyLy| < Ey|Ly — Lo| + Lo|Ey — Es.

BukopuctoByioun obMexKeHiCTh PO3B’sI3KiB

A
Ei,LiS—, i:1,2,
o
OJIePKYEMO
A
|Ey Ly — EyLy| < ;(|L1 — Ly| + |Ey — E)).

Otxe,

2aA
V(X)) = N (X < == (1B~ Bal + L1~ La).

Ockinpku Bei nopMu B R® eksiBasentni, To icnye craga C; > 0 Taxa, M0
|Ey — Ea| + |L1 — Lo| < Ch| X1 — Xof|.

Tomy

2a\
IN(X)) = N(Xo)|| < CIX: — Xaf|, C= %01.

Ockinmbku oneparop L € JiHIHHUIM, TO
1£X1 — £ < 21| 1X) — Xl
Orxe,
|1F(X1) = F(Xo)[| = [|I£X1 + N(X1) — (£Xo + N (X))l < ([I£]] + O)[[ X1 — Xo.

Takum guHOM, IIpaBa YaCTUHA CUCTEMU € JIMIIUIEBOO, 110 i J0BOAUTHL HEoOXiaHe.

O

BucuoBku. Takum unnoM, y po6oTi moOy10BaHO MATEMATHIHY MOJEIb JTUHAMIKA dOp-
MyBaHHS KOMIIETEHTHOCTel 3700yBaviB OCBITH HA OCHOBI KOMIAPTMEHTHOTO IIiJIXOTY. 3aIpo-
HHOHOBAHA, MO/I€/Ib BPAXOBYE HOETAITHUI XapaKTep HaBYaJbHOI'O IIPOIECY Ta JI03BOJILE ONUCATH
JK IIPOTPECUBHI, TaK 1 PEI'PECUBHI MEePexoau MizK piBHAMU c(HOPMOBAHOCTI KOMIIETEHTHOCTEI].
Y pe3syiabrari MpoBeIeHOro aHaJji3y BCTaHOBJEHO, 110 CyMapHa YHCeJIbHICTH 37100yBatiB OCBi-
T € oOMerkeHOto (PYHKIIEI Yacy, 1o 3a0e31medye KOPEKTHICTh MOJE/l 3 TOYKH 30py MpH-
KJIaIHOI iHTeprnpeTalii. TakoK [10BeIeHO iCHYBaHHY Ta €INHICTH PO3B’ 13Ky 3aa4i Kot st
o0y 1oBaHol cucTeMu JudpepeHIiaIbHIX PIBHAHb HA OCHOBI BJACTUBOCTI JIIIIIIHIIEBOCTI Ipa-
BOl YaCTHHHU. 3aIlPOIIOHOBAHA MOJEJIb MOXKe OyTH BHKOPUCTaHA sK 6a30Ba JId MOJIAJBIITNX
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JOCTIIIZKeHb, 30KpeMa aHaJ i3y CTIHKOCTI PIBHOBayKHUX CTAHIB, JOCTIIKeHHS BILJIUBY IapaMe-
TPiB Ta MOCTAHOBKH 3a/a9 ONTUMAJLHOTO KEPYBAHHS OCBITHIM ITPOIECOM.

KouduaikT inTepeciB i etuka. Cepriit bak € ronosuum pejgakropom, a lannna Kos-
TOHIOK € 4JICHOM PeJIKOJIeril JaHoro XKy pHaury. Ias yHuKHeHHS KOHMIKTY iHTepeciB, pyKOIIUC
HPOMIIIOB BIIIIOBIAHY TPOIELYPY PeIeH3yBaHHs He3aJIeXKHUMU PEIleH3eHTaMH, a NPHITHATTS
pillleHHsT PO MyOTIKAII0 3aiHCHIOBATIOCS HE3AJIEKHUM PETaKTOPOM. ABTOPH TaKOXK 3asgBIIs-
I0Tb 1IPO IIOBHE JOTPpUMaHHA BCiX IpaBuJI €TUKHU 2KYPHAJIbHUX ,ZLOCJILZL)KGHB.

IMomsikmu. ABTOpHU 3asBIMIOTH PO BiACYTHICTD CIIemiaabHOTO (biHAHCYBaHHS M€l pobo-
TH.
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Construction and analysis of a mathematical model of the dynamics
of competence formation in the learning process

Serhii Bak, Halyna Kovtoniuk

Abstract. The article proposes a mathematical model describing the dynamics of compe-
tence formation in the educational process. The model is developed based on an analogy
with compartmental and epidemiological approaches and considers five levels of competence
development: entry, low, medium, sufficient, and high. Both progressive and regressive transi-
tions between these levels are taken into account, including contact and non-contact interacti-
on mechanisms. The resulting model is formulated as a system of nonlinear ordinary di-
fferential equations that describe the temporal evolution of student groups across different
competence levels. For the proposed system, the corresponding Cauchy problem is analyzed.
In particular, the boundedness of solutions is established, and the existence and uniqueness
of solutions are proved using standard results from the theory of differential equations, based
on the Lipschitz continuity of the right-hand side. The developed model provides a formal
framework for describing the competence formation process and can serve as a foundation for
further investigations, including stability analysis, sensitivity analysis of model parameters,
and optimal control of the educational process.

Keywords: mathematical modeling, competence formation, compartmental models, epi-
demiological models, Cauchy problem, existence and uniqueness of the solution.
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ITiBaixiitHI TapaboJsriyHl piBHIHHA Ha rpadax

Ouer Byrpiiil, Japia SAnenax?
! Mpsisebkuil nanjonampuuii yaisepcurer iveni Isana ®panxa,
kadeapa MaTeMaTHIHOI CTATUCTUKY 1 audepeHIiajabHuX PiBHSAHD, M. JIbBiB, YKpaina
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2 JIpBiBChKMiT HAIOHAMLHMIT yHIBepCcHTeT iMeni IBana ®panka,
kadeapa MaTeMATHIHOI CTATUCTUKY 1 AudepeHiaIbHuX piBHSAHD, M. JIbBIB, YKpaiHa
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Anomauia. Y crarTi po3ryIsiHyTO MIIIAHY 3a1a4y JJIs MiBJIIHITHOrO TapaboIiaHOro PiBHs-
HHsI Ha MPOCTOMY 3B’S3HOMY OpieHTOBaHOMY rpadi. BusHnadeno ciabkwit po3B’s30K 3a/1ad4i
y BiamoBimHuX PYHKIGHHUX MPOCTOPAX Ta HABEIEHO YMOBH HEIIEPEPBHOCTI ¥ CIPSKEHHS y
By3sax rpada. JloBeaeHo ogHO3HAYHY PO3B’I3HICTD 3a1adi.

Karuo6i cao6a: PIBHSIHHS 3 YaCTHHHUMHU TIOXiTHUMU, TAapaOOJIivHi PIBHAHHS, MIIIAHA 3a-
nada, 3B’s3HMI OpieHTOBaHuUi Tpad, cIabKuit po3B’d30K.

1. Bectyn

Hexait M,n € N — nesaki uncna, G — meskwuit npoctuii 38’s13HMIT opieHTOBaHU Tpad
i3 sepimunavu P; (j = 1, M) Ta peépamu ; (i = 1,n). [lapamerpusyemo kozxue pedpo €
inTepsasiom (0, 4;) (TobTo, n1d 3pyunocti, nexait Q; := (0,4;), ne i = 1,n).

Hexait J; Ta Jj+ — IIe MHOXKHHHI YCiX HOMEPiB pebep, 110, BiAMOBIIHO, BXOJAAThH Y BepIIH-
ny P; ta suxomats i3 mei (aus. [1], [2]), j = 1, M. TyT BXia Ta BUXi 3 BepuImHn 06yMOBICHO
napamerpusamieio pebep. Hanpuxman, ansa rpada 3 Puc. 1 maemo J; = @, J;7 = {1,3,4}
TOLIO.

Jndepenriaabui piBHIHHA HA rpadax OMUCYIOTh OAraTo BayKJIMBUX MPOIECIB OTOUYIO-
qoi mificHocTi. 30KpeMa, y Cy4aCHHX JOCIIKEeHHAX MiBIIHIAHI mapaboaidHi cucTeMu BHCTY-
MaTh HEHTPAJHHIM IHCTPYMEHTOM JIJI MOJEJIOBAHHS CKJIAJIHUX TTPOIECIB peakirii-1ndys3ii.

e-ISSN 3041-1955 DOI: https://doi.org/10.31652/3041-1955-2026-03-01-03
2020 Mathematics Subject Classification: 35R02, 35K58, 35K20, 35D30.
(© 2026 Byrpiit O., fAuensk ., Creative Commons Attribution 4.0 International Licence.
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B crarri [3] geranbHO PO3MISIAETHCS OJHOKOMIIOHEHTHA MOJIeJb HA OCHOBI PIBHSIHHS 3e/Ib-
JIOBHYA, IO € HapabOJTidHIM PiBHSIHHSIM BHILY

ou

ne Mostommmit metinifiauit wien R(u) = Ku?(1—w) onmcye mBHAKICTH XiMIYHOT peakIlii, a ma-
pamerp K BH3HaYa€ IHTEHCHBHICTD IepPeTBOpEeHHS pedoBHHH. Take dopMy/TioBaHHS € iAeiiHO
OJIM3BKHUM 10 3aJ1a4i, M0 JTOCTIIZKYEThCA B HaIIiil mpailli, e HeJiHifiHicTh BU3HAYA€ BHYTPI-
ITHIO IWHAMIKY cHCTeM”. BiamoBiaHI Mojes i J03BOJSIOTH 3 BHCOKOIO TOYHICTIO OMUCYBATH
JUHAMIKY KOHIEHTPAIIIl XIMIYHUX PEIOBUH, MPOIECH TOPIHHS, a TAKOXK MPOIECH TOITHPEHHS
HEPBOBUX IMILYJIbCIB y Ol0JIOMYHUX MepezKax.

Q
(Py——A(P)
o Qs

QESG

Puc. 1. Ilpuknasg rpada.

Po3BuTok Teopil eBosroNiitnux piBHAHDL Ha Tpadax TAKOZXK TICHO MMOB I3aHUN 13 HOBITHI-
MW BUKJIMKAMW B aHAJI31 maHuX Ta 06pobui curnarip. Sk 3asznadeno y [, c. 4-5], nudepentri-
aJIbHI MeTO/IM Ha rpadax € 0CHOBOIO JIJId HEJIOKAJILHOI cerMeHTallil 300pazKeHb Ta aJfOPUTMIB
MaIIMHHOTO HABYAHHS Ha CKJIAJIHUX MEPEXKEBUX CTPYKTYpaxX. 3acTOCyBaHHs BapiamiitHux 1miji-
XOIIB /10 Hmapabo/HidYHUX 3aJa4 J103BoJsg€e edeKTUBHO MojedioBaTu Audy3iio indopMmarii Ta
JUHAMIKY B3a€MOJIIIl BY3JIiB Y COMIAJIBHAX 1 TEXHOJOTITIHAX MeperKax.

Y mpani |5 po3risiHyTo esiKi BJIACTHBOCTI AMHAMIYHUX CHCTEM, sIKi OHHCYIOTHCS PiB-
HIHHSIMEI TapabOiIHOrO i rinepbosiyHOro TUIB HA Tpadax. 30KpeMa, JI/isi PIBHAHHS TEILIO-
MPOBITHOCTI

ot Ox?
Ha rpadax-jiepeBax aBTOpPaMH JOBEJIEHO 3JaTHICTb IEPEBECTH CUCTEMY 3 OYy/b-AKOI'O 10Ya-
TKOBOI'O CTaHy B HYJILOBHUI 3a JMOBLibHUI intepsasi yacy 7 > 0. [lnga posrignay mpejcras-
JIeHa 3aJ1a4a, Jie TpaHnvdHe KepyBaHHs 3/ificHI0eThCa depe3 ymoBu /Jlipixiie, 3acTocoBaHi /10
IPpaHMIHUX By3JiB rpada, 1o Mae 3HauYeHHs ISl TPOEKTYBaHHS Ta cTabijizalil rHydIKuxX
OaraTo/;JaHKOBUX 1HKEHEPHUX KOHCTPYKIIi, 3abe3leuyioun TeopeTudHy 0a3y JJid yIpaBJIiH-
Hsl KBAHTOBHUMH IPOIECAMH Y HAHOCTPYKTYpPaX, Jie TOIOJIOris 3B SI3KiB BU3HAYAE JUHAMIUHI
BJIACTHUBOCTI BCi€l CUCTEMU.

AKTyaJbHICTD TOCIIKEHHS IIiICHIIOETHCA TOTpebaMu cydacHol HayKu mpo gani. Cra-
Tt 6] nmiakpeciioe BaxKMBICTH BAKOPUCTAHHS €BOJIONIAHIX PIBHSIHL Ha rpadax jyist onucy
HEJIOKAJIbHOI AUHAMIKH BEJIUKHX MACHBIB JaHUX. 3aadi /s MiBAIHIHHIX 1apaboJiaHuX pPiB-
HSHD, IO PO3LJISIAI0THCS HAMU, PO3IIUPIOIOTH ICHYIOUNI MaTeMaTUYHUE atapaT, J03BOJISIO-
Y1 BPAXOBYBATH CKJIAJHI BHYTPINTHI B3a€EMO/I1 B MeperKax, M0 HEMOXKJINBO B MerKaxX KJIaCh-
YHUX eBKJIJIOBUX Mojiesieil. BianoBiino po3pobka MeTOJIIB JIOBe/IeHHs iCHYBaHHA PO3B A3KY
TaKUX 33724 € HeOOX1IHIM KPOKOM JIJIsi CTBOPEHHS HAJIHHUX aJITOPUTMIB MO/IC/TIOBAHHS €BO-
JIIOTIWHAX TTPOTECiB Ha CKJIATHUX T€OMETPUIHUX CTPYKTYpax.
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Y mii cTaTTi ME PO3IVISHEMO MIIAHY 3aJa4y I eBOJIOIIHHOIO piBHSIHHS Ha rpadi
G. llokaxkemo iCHYBaHHSI Ta €IMHICTHL PO3B’I3KYy 1€l 3amadi. Bignosiani mimrani 3agaqi jiist
Jinifinux pisusinb Ha rpadax posrsinyTo B | 1] Ta |2].

2. IlocTanoBka 3agadi

Hexait T > 0, 4; > 0, Q; = (0,4;), Qb p = i x (0,T), i = 1,n. Tyr mykarumemo

bynkuio w = (ul, ..., u") raky, mo u’ : Q&T — R, ¢ = 1,n. Po3ruisitnemo piBHsSIHHS

ul —a'ul, + g'ut|7 = fi(x,t), (x,t) € Qém i=1n, (1)
3 BIAMOBITHAMHU KPAfOBUMH YMOBaMU

uF (b, t) = ul(ly, t) = u"(0,t) = w(0,1), k,d € J;, rs € J],

> up(lr,t) = 30 wi(0,1) =0,

- +
kGJ]. rGJ].

j=1,M,te(0,T), (2)

Ta IIOYaTKOBHIMH YMOBaMHU

u'(z,0) = uh(z), z€Q; i=1,n, (3)

gea',g' > 0maq> 1 gesxi ancra, f':Qf p — Rrau):Q — R gesxi Gynkuii, i = 1,
BBenemo HeoOX1AHI MO3HAYEHHST:

Q = Ql X ... X Qn7 QO,T = Q%),T X ... X Qg,T7 (4)

V= {v e HY (D) x ... x HY(Q,)

V() = 0% (Ly) = 0 (0) =v*(0), k,de T, rsed, j= 1—} (5)
Vo= H*(Q) x ... x H*(Q,), Y :=LY(Q) x ... x LYQ,), (6)
H:=IL*0) x ... x L*(Q), V=VinY. (7)

Tyt Vi ta H € rinpbepToBUME MPOCTOPAMHA 3 HOPMaMHU

1/2 n A 1/2
[ (ZHUHHI )) o ol = ol = (3 ) (®)
=1

BLANOBIIHO. 3pO3yMiI0, IO
n
Ioll?, = Zuv By = S (1106 Baqy + 1122y ) = oslh + [0l (9)
i=1
1

)

o]y = (i/w(;p)wx)”q, v= (o}, o). (10)

Tyt i mami v, = (v ., vr). Ilpoctip Y posrasggaTuvemMo 3 HOpMOIO

Heit npoctip € 6anaxoBuM 1npu ¢ > 1, a 3a yMoBH ¢ > 1 BiH € ped/IeKCUBHIM.
Baysaxkumo Takox, o V O H, tobro npoctip V miabHO #i HENEpEepBHO BKJIAJICHUIM
B H (mus. |1, c. 3]). Tomi orpumaemo V- O H = H* O V* (mus. |7, ¢. 232-233| s Giibin

JeTanbHOl iHdopMaIii).
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Ananorigno o mpocropy Y 3 (6) BBegeMo mpocTip

V(Qor) =L (Qor) x ... x LQ5r), (11)

3 HOPMOIO
l|w; Y(Qo,r) ||—<Z||u Li( Z / |’ :Bt|qda:dt>
1= 1Q0,T

CupstzkeHuM 710 Y € HPOCTip
Y*=L7(Q) x ... x L7 (), (12)
a 110 Y(Qo,r) — mpoctip Y*(Qor) = qu(@(l),:r) X ... X Lq'(Qg’T), ge ¢ > 1 — cupsxenuit 10

1 1 .
q > 1 moka3HuWK, TOOTO YMCJIO, IO 33/ I0BOJILHSIE YMOBY — + — =1 3posymio, 1o
9 q

¢ =—. (13)

Hexait
U(Qox) = L*(0, T3 V1) N Y(Qo,r)- (14)
Haninumo nieit mpocTip cTaHJapTHOIO HOPMOIO IepeTuHy 6aHAXOBUX IPOCTOPIB
||w; U(Qor)l| = [|u; L0, T; Vi)|| + [|u; Y(Qor)ll.
Cnpsizxenum 10 U(Qor) € npocrip U*(Qor) = L*(0,T; V) + YV*(Qor). Moxua nokaszarw,
IO MPOCTIP
W(Qor) ={ueU(Qor) | u €U (Qor)} (15)

¢ 6aHAXOBUM IPOCTOPOM 3 HOPMOIO

l[w; W(Qo,r)|| = [|u; U(Qo,r)| + [|ug; U™ (Qor)ll-

Kpim toro, C*([0,T];V) € mimbanm y W(Qor), W(Qor) C C([0,T]; H) it BUKOHy€ETHCS
HacTynHa opmysaa iHTerpyBaHHsa 9acTUHAME
to to

/(ut(t), v(t))y dt = (u(tz),v(t2))n — (u(ty), v(t2))n — /<’Ut(t)a u(t))v dt,  (16)
ge 0 <ty <ty <T rawuveW(Qyr) 3posymiugo, mo upu v = u 3 (16) BumiuBae, mwo

7 1 , 1 ,
[twto) ey = ) - Sutn) (17)

t1

Busnaunmo oneparopu A : Vi — Vf‘ Ta N :Y — Y™ tak:

(Az,v) Z/ dr, z,v €V, (18)

(Nh yy_z/ Whi(2) |7 2hi (2)y' () dz, h,y €Y, (19)

210

[TpunycTumo, 1Mo BUKOHYIOTHCA HACTYIHI YMOBH.
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(A): ai' >0,i= E; ap := min{a', ... a"}, a® := max{a',... a"};
(G): ¢ >0,i=1,n; go:=min{g",...,g"}, g° := max{g',...,g"};
(F): f:=(fY...,f") e L*(0,T; H), ne H B3aro 3 (7);

(U): ug == (ug,...,uy) € H.

Oznauennsa 1. Bekrop-dyukiia u € W(Qo r), HA3HBAETbCA y3araabHEHIM PO3B’SI3KOM 3a-
nadi (1)-(3), axmo s seix v € U(Qor) BUKOHYeThCs PIBHICTD

/(ut(t) + Au(t) + Nu(t),v(t))y dt = /(f(t),v(t))H dt, (20)
a TaKOXK U 3a/J0BOJILHAE II0TaTKOBY YMOBY
u(0) = uy. (21)

Saysastcerns 2. Te, mo po3rasayTnil HamMu rpad § € OPICHTOBAHUM, JO03BOJISIE HAM 3AITHCY-
BATH KpaiioBi ymoBu (2) y 3pyuHimomMy s Hac BANIsAAL. OTpUMaHI TYT Pe3yJbTATH Tepe-
HOCSTBHCH HA BHIIQJIOK HEOPiEHTOBaHUX rpadis, 00 jI0BeeHH TeopeM iCHYBaHHS 1 €JIMHOCTI
po3B’sa3Ky 3ajgadi (1)-(2) He 3amexkuTh Big cnocoby BUOOPY Takoi opieHTAIll.

3. lomomixkHi dpakTu

Po3ib’emo 11eit migpo3mia Ha KijabKa YacTHH.

3.1. Bamaua Ko gyg cucremu 3BHYaliHUX AudepeHiaabHuX piBHAHBb. Hexaii
de N, Q = (0,7)xR™. Posrisgremo 3a1a4y BiamyKasast ciabkoro poss’sisky ¢ : [0, 7] — R™
Takol 3aaa4i Kormi:

P'(t) + Lt (1) = M(t), t€[0.T],  »(0)=¢", (22)
ae L :Q — R™mrma M :[0,T] - R™ — nmesaki dbyHKUI (18 3pYIHOCT TMPUIYCKAEMO, IO
L(t,0) = 0 ga koxuoro t € [0,T]), ¢* = (¢9,...,¢%) € R™.

Hexait m € N, p € [1,00], X — 6anaxis upocrip, W™P(0,T; X) — upocrip CoboJieBa-
Boxuepa (mus. |8, c. 286]). Haramaemo KijgbKa MOHSTS.

Osznauvenns 3. Bekrtop-dyukuia ¢ € Wh(0,T;R™) nasupaeThes raobaJbHAM CIaOKEM
pO3B’a3KOM 3aj1aui (22), AKINO  3370BOJbHSE MOYATKOBY YMOBY 3 (22) Ta 3a10BOJIbHSIE CH-
cremy 3 (22) maiixe s Beix (M) t € (0,7).

Osnauennga 4. Bekrop-dyuknisa L : () — R™ 3axoBoabusie ymoBy Kaparteomopi, 9K1mo: s
Beix (1.8.) ¢ € R™ dbynkuis (0,7) 5 t — L(t, () € R™ € Bumipnow; Mm.1.B. t € (0,7) byukiisa
R™ 3 ( +— L(t,{) € R™ € HeuepepBHOI.

Osnauennsa 5. Bekrop-dynknia L : Q — R™ 3amoBosbuse LP-ymoBy Kapareomopi, SKImo
BOHA 3a710BOJIbHsE yMOBY Kapateomopi ta a.8. R > 0 icuye dyukuis hg € LP(0,T) Taka, 1o

|L(t, Q) |rm < hg(t) (23)
M.B. t € (0,T) ta 1.8. ( € Dp :={y € R™ | |ylgm < R}.

Teepmxkenns 6 (reopema Kapareomopi-Jlacamia, aus. [9] ta Teopemy 3.24, [10], ¢. 872).
Hezatip > 2, pynruia L : QQ — R™ zadosoavnae LP-ymosy Kapameodopi, M € LP(0,T;R™),
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o' € R™. Sxwo icuyromo neeid emns dynwuii o, f € LY(0,T) maxi, wo d.6. £ € R™ ma
m.0.6. t € [0,T] sukonyemovcsa nepisnicmo

mo sadana (22) mae 2aobanvruli caabkutl pose’asok @ € WHP(0,T;R™).

3.2. TomomixkHi HepiBHOCTi. HacrymHi 1Ba TBepzkeHHs € Bijomumu. st 3pyaHOCT] HaA-
BeIEMO IX JTOBEIeHHS.

Teepaxenns 7 (uepisuicts [Iyankape ua rpadax, Jlema 1 [1], c. 4). Ienye cmana C; > 0
MaKa, wo 0Ai KooHcHozo z € Vi BUKOHYEMDCA HEPIGHICMb

2+ (2 / ) ) > Cilafy (25)

110

Josedenna. Tlpunycrumo nporuiexue, To0To Hexail a1 Koxkaoro C7 > 0 icHye Take
z=2z9 €V, mo

‘z$|H Z/ dl’ < CﬂZ‘%I

7,10
k

. 1 z
Bizememo C) = 77 T8 HOSHATAMO 2P =20 wh = 2’ , k € N. Tenep |v*|y =1 Ta
z

Z/’“ ) dx <%

110

3BiJICH BUILINBAIOTH TaKi IMILIIKAIT:

vy =1 = {v"}y obmexenas H, (26)
M = {v*}y obmexena s H, (27)
v I:O(O s O) B H, (28)

£
n

> [war <y — Z/ M) de 0w R (29)
=1 0
3 (26) Ta (28) BUILIUBAE, 10 MOCTiO0BHICTH {'v }ren € obmezkenomn y Vi. KommakTHicTh

BKJIaJIeHHS V) C H oszHavae, Mo icHye HiImocaigoBHicTh Taka, mo v — v cunbHo B H.
‘]*)OO

3Biacu caiaye, mo

vl =1, Z/ : (30)

=1 0
Kpim Toro, 3i 36ikHocTi (28) maemo, 1o v, = (0,...,0), 3 90ro pobuMo BUCHOBOK, IO
v' € cramumu Jas KoskHoro ¢ € {1,...,n}. 3 noGymosu npocropy V) BUNIMBaE, MO BCi M
KOHCTaHTH piBHi, TOOTO v = (f,...,) € R™. 3 piBHocti Hysi0 inTerpaia B (30), BummBae,
mo v = (0,...,0) Mo NpoTUPiYUTh TpUNyIIeHH |v|y = 1. O
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Teepmxkenns 8 (yzaranbuena jema ['ponyona-Benvana). Swxwo ¢gynwuyia y € L1(0,T) sa-
J0BONBHAE HEPIBHICMD

T

y(r) < C+ K(r) + L/y(t) dt, 7€][0,T], (31)

3 dearumu cmarumu C >0 ma L > 0 i dearoro dynruyicro K (1) = [ B(t) dt, 7 € [0,T], de
be LY0,T), mo euxonyemoea ouinka

y(1) < (C’ + K(T)) e, T el0,7). (32)

Josedenna. 3 ominkn (31) Ta Bimomol memu I'poryosna-Beamana (mus. [10, ¢. 872]), Buxkopu-
cranol 3 dyukiieio A(s) = L, BumiuBae take:

T T

—tAs ds 7—A,d
y(r) < <C+/B(t)e {4¢) dt) i iBE_ (C+/B(t)e“ dt) el <

0 0
T

< <C+/B(t) dt) el

0
Tomy (32) nosesero. O

Caigyrody jgeMy Mu BHKOPHCTOBYBATHMEMO JIAJI.

Jlema 9. Hexat sukonyromocea ymosu (A), (G) G onepamopu A ma N eusnaueno 32iono 3
(18)-(19). IIpunycmumo, wo {w'}jey CV, m € N - desre wucao. Poseasrnemo eupas

2" =) Gt (= (..., &) ERT
pn=1

Busnauumo sexmop-pynxuyito L(t,&) = (L1(t,€), ..., Ln(t,€)) 3a npasusom
L,(t, &) = (Az™ w")y, + (Nz2" w")y, p=0,m, te(0,7T).

Toodi matioice dan sciz t € (0,T) ma dan sciz & € R™ cnpasedausa ouyinka
(9. 2 Y [ (a0 122 + golm17) do (3)
i=1¢ i=1

Zosedenna. 3a oznadenusM GyHKIil L MaeMo

(E(t€), )m = D Lult, € = | (2™, w)ys + (N2, wh)y |, =

pn=1
= 3[4 Gt + (V2 Gty | = (42730 gy, + (V2" 3 )y =
u=1 pn=1 pn=1

= (Az™, 2"y + (N2, 2%)y.

Jlnst mepriioro goianka, BUKOpucToByoun yMOBY (A) Ta BusHauenHs (18), omepKyemo

(Az™ 2™y, = Z/ai|z;”’i|2 dx > aoz / 1272 d = ag|z. |3
=1 =17
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Inst npyroro mojanka, Bukopucropytoun ymoBy (G) ta Busnadenus (19), Mmaemo

(N2™, 2™)y = Z/gilzm’ilq‘gzm’izm’i dz > go Z/ |27 dw = gol |23

=17 =17
O6’ennytoun orpumani HepiBHOCTI, npuxoanmo 10 (33). Jlemy moBeseHo. 0

3.3. Baza megakoro npocropy dyHKIIil, Bu3Ha4YeHuXx Ha rpadax. Cruepiry Haramaemo
JOIIOMIZKHI O3HAYEHHSI.

Hexait X,Y — nBa Gamaxosux mpocropu. @yukiis A i3 gactuan D(A) npocropy X B
Y masuBaeThes JHHIAHEM OmepaTopoM, sIKINO BoHA 30epirae mimiiimicts. D(A) masuBaeThes
obactio BusHauennst A. flkmo A siniitna, to D(A) — miniiiauii mignpocrip y X. Muoxuna
snadensd R(A) Bu3HadaeThCs IK MHOKHHA eJIeMeHTiB npoctopy Y Burisany Az, me x € D(A).
Axmo muoxkuna D(A) migsaa B X, To omepatop A HA3WBAETHCS MILILHO BH3HATCHUM.

Omnepatop A Ha3uBaeTbcs HelmepepBHUM, AKINO 3i 30i:KHOCTI ¢ — 2 BHUILIHBaE, IO
Ax" — Az (y cusbwiit Tonosorii). Jlist nenepepsHocti Jjinifinoro oneparopa A neobxiqHo i
JIOCTATHBO fioro 0O6MerkeHoCTi, TOOTO TaKOIo

|| Az]| < M||z|| Vz € D(A),

qae M > 0 — crana. MuHOXKUHY BCiX JiHIHIX 00MexkeHnX onepartopis nosnaanmo L(X,Y).
Omnepatop A : X — Y Ha3uBaeTbCs 3aMKHEHHM, SKIIO

L }:{xeD(A)

Axt — y Ax =y.

Ile piBHOCHIBHO TOMY, 106 Tpadik A (Tob6ro mMHOXKEMHA map (r,y) € X X Y, takux, mo
x € D(A), y = Ax) 6y 3amknenuii B X X Y.
Omneparop A € L(X,Y) HazuBaeTbCsi KOMIAKTHAM a00 IIJIKOM HelepepBHUM, SIKIIO
obpasz {Ax'}ieny 0OMexkenol mocaimoBHoCTi {2} ey MICTHTE 36I2KHY ITMOCI I0BHICTD.
Hexait A : B — B — 3aMKHeHWHil omeparop y JIedKoMy OaHaxoBOMY mpocTopi B Ta
I : B — B — TOTOXHHIi omepaTop.

Oznavennsa 10. KowmiurekcHe 9ucio A Ha3MBa€ThCs BJIACHUM 3HAYEHHSIM OTIEPaTOpa,
A : B — B, 9x1mo icHye HeHYJILOBUil ejieMeHT x € B, Takuii, 1o

Az = \z.
[leit etleMeHT & HABUBAETHCS BJIACHUM BEKTOPOM (BJIACHOW (BYHKINE0) omeparopa A.

[linpHO Bu3HAUYeHHUH oneparop A, 1mo BimoGpazkae riapbeptTiB npocrip H y cebe, Ha3H-
BAETHCSI CUMETPHIHIM, SKIIO

(Az,y)n = (z, Ay)n Va,y € D(A). (34)
CumeTpuvHuit OMepaTop HaMiBOOMEKEeHUH 3HU3Y, SIKIIO ICHYE CKiHI€HHE 9HUCJIO 1M, TaKe IIo:
m = inf{(Ax,x)H ) mo Beix x € D(A) rtakux, mo |z|y = 1}. (35)

3 (35) BurumBag, 1Mo HAMIBOOMEZKEeHHIi 3HU3Y OMEPATOD 3aI0BOJBHSE OIIHKY
(Az,x)y > mlz|;; Va € D(A). (36)

fkmo Tyt m > 0, To omepaTop A Ha3MBAETHCS JIOJAATHO BU3HAYEHUM; KO m = 0, TO
A Ha3UBAETHCSI HEBII €MHIIM.
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Teepmxkenns 11 (qus. teopemy 4.1 [11], ¢. 27). Hexati A € L(H, H) e kxomnaxmuum i
He6id emrum ma 3adososvusc ymosy Ax # 0 npu x # 0. Todi icnye Heckinwenna nocaidos-
nicmo eaacHuT 6exmopie {€'}ien, AKY ModkcHa 6ubpamu opmonopmosanoto (mobmo |e'|y =1,
(e',el) g =0, axwo i # j) i axa ymeoproe 6azy npocmopy H. Hymepauilo eracnus 6exmopie
MODICHA 6UBPaMU MaK, w06 6i0noeioni eaacki ananenns \' (axi € diticnumu ma dodammnumu,)
YMeopsast, MOHOMOHHO CNAJHY NOCATO08HICMDY, WO 30120EMbCA 00 HYAA:

M>XN> >N > =0 (37)
Hexait X — meskwuii rins6eptis mpoctip. @yukiis a(u,v), Busnadena na X X X, Ha3u-

BaeThes JiHIHOW (opmoto Ha X, AKIO BOHA JiHIIHA 110 nEepHioMy f JPYyroMy apryMeHry,
TOOTO:!

a(Au, pv) = Apa(u,v). (38)
Jliniiina dopma HerepepBHa, 4KINO icHye crasa M, Taka I1o:
|a(u, v)| < Ml|ullx [|v]|x. (39)

Cupstzkernm (iBoicTum) 1o X HasmBaerThbesa npoctip X* (abo X') Beix niHiitHUX Here-
peperux Ha X dyHKIioHATIB, T06TO BimoOpaxkensb 3 X B R. KyTosi ayKku ( Ta ) 03HAYa00TH
CHiBBiIHOIIEHHS ABoicToCcTi MizK X* Ta X, TobTO, skimo f € X* tav € X, 10O

f(U) = <f>U>X = <f>U>'

TBepmxkenns 12 (reopema Jlakca-Minbrpama, aus. Teopema 5.1 [11], c. 32). Hezad a(u,v)
— AHIGHA Henepepena Gopma Ha desrxomy 2iavbepmosomy npocmopi X, AKa € KOePUUMueHOoW
8 MOMY CEHCl, WO ICHYE maKa cmanaa ag > 0, w0

la(v,v)| > agl|v||% YwveX. (40)
Hexatii f € X*. Tooi ichye edunuti eaemenm u € X, marxud, wo
a(u,v) = (f,v)x VveX. (41)

[Mow’sszxemo 3 opmoro a(u,v) omepatop A : X — X*| gaxuil BU3HAUEHO TaK: A7 J10-
BltbHOrO u € X enement Au — me rakuii ejement X ¥, 1o

(Au,v) x = a(u,v), ve X. (42)
Omneparop A : X — X* HA3UBAEThCSA KOEPIUTUBHUM, SIKIIIO BUKOHYETHCSI OIiHKA THITY (36):
(Az,x)x > aol|z||% Vz € X, (43)

gae ag > 0 — mesike dprikcoBaHe YUCIO.

3po3ywmiso, 1mo mpauiao (42) mas JiniitHol HenepepBHOT KoeprmTHBHOI hopmu a(u, v)
CTAaBUTDH y BiIIMOBLAHICTD JIIHIHHUN HelepepBHUI KOePIUTUBHEI omepaTop A.

Teopemy Jlakca-Minbrpama MoOKHA TO/Il 3aIIMCATH B TAKOMY €KBIBAJIEHTHOMY BUIJISI

Teepmxkenns 13 (reopema Jlakca-Minbrpama B onepartopHiit dopmi). ko X — ziavbep-
mig npocmip, A 1 X — X* — atnitinutl nenepepsrutl xKoepuumusHuil 0nepamop, mo oad 6CiT
f € X* icnye edunut posze’azox u € X pieHAHHA

Au = f. (44)

HactynHe TBep/zKeHHS TeK € BimoMuM B JriTepaTypi. HaBememo #ioro moBeneHHS /11
HOBHOTH BHKJIAJIY MaTepialy.
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Teepmxkenns 14 (npo oproHopMoBaHy 6a3a Ha rpadax, aus. jgemy 2 [1], ¢. 5-6). Hexat V;
= npocmip 3 (5), H ezamo 3 (7). Ienyromo nocaidosnoemi {\,}52, ma {w"}°2, mawi, wo:
(i) {w"}52y C Vi € opmonopmosanoro 6asoto das npocmopy H;

n —-1/2 n -1/2
ﬁUNfﬂLw%:«XMO ,“w(za) )eRﬂmwmmﬂqu;
i=1 i=1
(iii) xoorcna dynryia wh = (W, ... wh") e anadkoro na pebpax, 30Kpema,
—wht =Xt =1,n. (45)
Josedennsa. Buznaanmo HACTYIIHI TpOCTOPH
¢

\N/:{ve\/l 27 dx—()} ﬁ:{veH Z/ dx—()} (46)

i=1 0

3

3HaiteMo opTOHOPMOBaHY 6a3y 3a JOMOMOTrOI0 PO3B’I3KY 3a/1avl Ha BJIACHI 3HAYEHHS:
suaiitu napy (A, 2) ERx V, A\ #0, z = (z!,...,2") Taky, mo

(2o, Va)m = Mz, 0)y, vEV. (47)
Cuepiry po3rJissHeMO iHITY 3aJa4dy: juid 3ajanoro h € H, 3uafitu z € ‘7 Take, II0
(2o, v2)p = (h,v)g, vVEV. (48)

Hexait Buznauumo oneparop K : H — V rakuii, mo Kh = z, ie z € po3s’sa3kom 3aja4i (48).
Hosejiemo, 1110 /' € KOPEKTHO BU3HAYEHUM, KOMIAKTHUM, CHMETPUYHUM Ta JOJATHUM, & 10-
TiM, 3aCTOCYBABIIHN CIIEKTPAThHY TeopeMmy (TBep/zKeHHs 11), oTpuMaeMo iCHYyBaHHS TIaIKOT
Ha KOKHOMY pebpi rpada oproHopmoBaHoi 6a3m.

1. Kopexmmnicmo suanauenns. [leprn 3a Bce, moTpibHO moKasaTu, 1o Takuit oneparop K
crpapji icHye, To6To, mo 3amada (48) mMae po3s’a30K. JloBeseMo Iie, 3aCTOCYBABIIN TEOPEMY
Jlakca-Murbrpama. Hexait 6ininiitny dopmy a: Vi X Vi — R Bu3HadYeHO TAKUM IPABUJIOM:

a(z,v) Z/ dx, z,v € V. (49)

110

KoeprutusnicTs 1iel ¢hopmu BUILIMBAE 3 TBEpKeHHs 7, 60 ockinbku z € H, T0O

Henepepsricts dbopmu (49) Bumaubae 3 takoi oninkn (auB. dhopmyy (9))

|a(z,v)| = |(22, Vo) u| < [2aln - [valn =

1 1 1 1
= (Izal2)? - (Jwali)? < (Jzally + 12[5)2 - (Jvaliy + [05)2 =210 - [[v]vi.
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Tomy 3 Teopemn Jlakca-Minbrpama BunauBae Take: i jnoBiatbHOro h € H C V| icuye
€MMHUI ejleMeHT z € V| Takuii, 1110

a(z,v) = (h,v)g Vv e,
10670 (48) BUKOHY€EThCs 1 omeparop K BH3HAYEHO KOHKPETHO.
2. Obmeorcenicmy. Hexait h € H ta z = Kh, ne z € V € po3s’sskom 3amaui (48).
Buxkopucrosyioun dopmyiy (48) 3 v = z maemo:
2.5 = (22, 20)0 = (R, 2)m < |h[w - |25
Bukopucrapimm oninky (25) y dopmi
12| < Co|24|m, (50)
orpumyemo, o |z, |4 < |h|g - Co|z.|g. 3Biacu Bumiusae, mo
|ze| < Calhlu, (51)
a Tomy 3 (25) Mmarumemo, mo |z|g < Ci|h|y. Buxkopucrosyioun oznauents zopmu V; 3 (9),
OJIEPAKIMO
KRR, = 2[5 = 1205 + 2zl
[TincraBiasioun cloaM OTpUMaHi OIIHKH, OIePKUMO HEPIBHICTD

IER|[, < (C3|h[n)? + (Calhln)® = (C3 + C3) R

Orxe,

IRy, < C2\/14CF |hlu, (52)

110 A0BOJIUTH 0OMexkeHicTh oneparopa K : H — V.
3. Komnaxmuicms. Hexaii {h;};eny — obmexkena nocainosnicts B H. Toni |h;ly < Cs.
Tomy mist z; = Kh; 3 oninku (52) ofep:KUMO Take:

||zillvi = [[Khillyy < Coy/1+C5 - Cs.

3aBasKi KOMIIAKTHOCT1 BKJIAIEHHS V C 1 g H BumiuBae, 1Mo MOCTIIOBHICTD {2; }ien Mae
3012KHY IILANOC/TII0BHICTE, TOOTO K € KOMIIAKTHUM OIIEPATOPOM.
4. Cumempuunicmo. Bisbmemo nosiibHi h, g € H. Hexait Kh = z ta Kg = v. 3 (48)

OTPUMAEMO, IIIO

(z4,v.)g = (h, Kg)y. (53)
3 anasora (48) (3aminusimu h Ha g Ta 3MIHHBIITH Z Ta ¥V MICIFMHI) MATHMEMO, 110
(Vy, 22)u = (g, 2) g 1 TOMY

(e, 2:)uw = (g, Kh) . (54)

3posymino, mo gisi yactunu (53) Ta (54) ommaxosi. Tomy mpasi Tex:

Orpumaemo, mo omneparop K € CHMETPUIHUM.
5. Jdodammicms. Maemo 3 (48) mpu v = z Take:

(Kha h’)H = (Z,h)H = (zxazx)H > 07

T00TO K € J0/IaTHO BU3HAYEHUM OTIEPATOPOM.
6. Icnysanns 6asu. Ockiibku K € CHMETPUYHHEM, JO/IATHO BU3HAYECHUM Ta KOMIAKTHUM
THIHIM OIIepaToOpoM, TO 3 TBep/KeHHs 11 BunmBae, mo Bei foro BracHi 3HadeHus {1, } en
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€ JIHCHHMHA HeBLT'€MHIMH 1 NpAMYIOTH 10 HyJsd, a BiaacHi dyskmil {w'},cy yTBOpOIOTH
oproHOopMoOBany 6azy y H.

3ayBakumo, mo 1714 1, # 0, piBHicTs Kw# = 1, w" BUKOHyeTbCcd TOJI i TIMBKU TO],
Ko w* € BiracHOW (DYHKINEH 3a7a4i HA BJacHI 3HadYeHHsi (47) JJisi BIACHOTO 3HAYEHHS
Ay =1/n,, upu p € N.

3BepHEeMO yBary, 1o B HIyKaHiii 6a3i MU He MaeMoO CTajuX BeKTOpiB 3 V) (BOHU He
HasiexkaThb 10 npocropy V). Orxe, skimo BisbmMemo z € V ra r = (a,...,a) € R ne a € R
MOXKHA B3sITH JOBUILHUM (DIKCOBAHUM YHMCJIOM, HANPUKJIAI, TaKuM, 06 |r|g = 1, T0 Maemo

¢ —
(z,’r)H—Z/zi(x)adx—aZ/zi(x) dr=0 = H=H®a,...,q).
=1 =17

Orxe, mabip BekTop-pynKIiit 7, w', w?, . .. yreopus opronopmosany B H 6a3y mpoctopy V.

7. T'hadkicmo. Ha xoxkuOMy pebpi rpada it qns xozkuol BracHol mapu (A, w”), Mmaemo
(45). 3posymino, mo koxua GyHKIig wh' € TIaIKoI0, MO0 MOXKHA JOBECTH, BAKOPHCTOBYIOUH
CTaHIAPTHY TPONEIYPY MABUINEHHS IIaIKOCTi. TeopeMy mOBeIeHO. O

3.4. 36ixkHocTi B dbyHKIIiiHUX TpocTOopax. BukopucroByBaTHMeMO Taki (pakTH.

TBepmxkenns 15 (reopema Obena, aus. TBepzkenus 4.2 12|, c. 7). Hxwo s,h > 1 - deaxi
wucaa, YW, L, B — banaxosi npocmopu, VW cr O B, mo

{ue L*(0,T;W) | u, € L"0,T;B)} C L*(0,T; £) N C([0,T); B),

mobmo axuo {u"}men — 0bmesrcena nocaidoswicms ¢ npocmopi L(0,T; W) ma {u*}men —
obmesrcena nocaidosricmy ¢ L"(0,T; B), mo icnye nionocaidosicmv {u™ }iey C {u™ }men
maxa, wo u™ — u cusvno 6 L*(0,T; L) ma ¢ C([0,T]; B).
J—00
Teepaxenns 16 (nus. zaysawenns 7 [13], ¢. 183). Hezati d € N, G C R? — obmescena
obnacmo, q € [1,00], {zm}tmen C LUG). Todi axwo z,, — z cuavno 6 LIY(G), mo ichye
m—r0o0

nidnocaidoenicms {2y, }ien C {2Zmfmen maxa, wo z, — v matiorce cxpizv 6 G.
m—0o0

Teepaxkenna 17 (mus. gemy 1 [14], c. 714, nua q(x) = q). Hexati d € N, G C RY -
obmesrcena obracmv, ¢ > 1, {zmtmen C LUG). Todi axwo z, — z caabko 6 LY(G) ma
m—r0o0

Zm — U Mmatioce ckpidv 6 G, mo z = v.
m—o0

Teepmxkenns 18 (maus. [15], ¢. 482). Hexati H — cenapabesvhuil 2iavbepmis npocmip, a
T > 0. Hxwo nocaidosnicmv {v™ }en € pisnomipno obmescenoro y npocmopi L>°(0,T; H),
mo 3 wei mootcra sudiaumu nionocaidosricmo {v™ }ien, axa *-caabro 36izaemuvcea do desko-
20 eaemenma v € L®(0,T; H). Tobmo, dasn 6ydv-axoi mecmosoi gynxuii w € L'(0,T; H)
BUKOHYEMDCA 2DAHUNHE CNIGEIOHOULEHHA

T T

lim [ (v™(t),w(t))y dt = /(v(t),w(t))H dt.
—00
g 0
Teepmxenus 19 (nus. reopemy 3 [7], ¢. 723). Hexalit X — pefaerxcusnui banaxie npocmip

i {2 }men — 0bmesicena nocaidoswicmo y X. Todi icnye nidnocaidosricmo {x™ }jen ma

eanemenm x € X maxi, wo 2" — x caabro 6 X.
J—00
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4. OCHOBHI pe3yJIbTaTHI
OCHOBHEM Pe3yJIbTaTOM CTATTi € TaKa TeopeMa.

Teopema 20. Hezati suxonyromocs ymosu (A ), (G), (F), (U). Todi npasusoni maxi meep-
Oocenna.
1) (€dunicmv). 3adaua (1)-(3) ne moorce mamu Giavwe 001020 cAabK020 PO36 AKY.
2) (Anpiopna ouinka). Koowcen caabruti poss’asor zadaui (1)-(3) sadosorvnae nacmy-
NnHY HEPIBHICTD

cup (a0l + [ 1O di+ [l ar < ool + 1552207 IE), 69

t€[0,T

de cmana Cy > 0 ne 3anrescums 6id u, ug, f.
3) (Ienysanna). Ienye caabkull pose’azor w 3adawi (1)-(3).

st 3pyanocti, moznadumo depes SP(ug, f) MHOKIHY BCIiX cabKUX PO3B’sI3KiB 3a1a4i
(1)-(3). Teopema 20 mae, mo SP(ug, f) # @ i axkuo u € SP(ug, f), T0 u € €IUHAM CTAOKUM
po3B’sa3koM 3aaadi (1)-(3).

Josedenns. (Eaunicrs). Tpunycrumo, mo u', u? € SP(uy, f),
ta @ = u' — u? Toxi 3 (3) orpumaemo, mo w(0) = 0. Hexait 7 € (0,7 ii

r®={ 5 e ¢ 0.1 0

Ockinbku u' ta u? € crabkuvu poss’sskamu 3a1a4i (1)-(3), TO 119 HUX BUKOHYETHCS iHTE-
rpanabHa ToToKHICTH (20). 3amumenmo i gis u' ta u?:

/(u%(t) + Au'(t) + Nu'(t), / dt, (57)
/ )+ AuP(t) + Nu(t),v(t))y dt = /(f(t),v(t))H dt. (58)

Biguimatoun (58) Biz (57) Ta BAKOPUCTOBYIOUHN JMIHIAHICT CKATSIPHOTO TOGYTKY Ta OMEpaTopa
A, mpuxoaumMo 10 piBHOCTI
T
/ (Uy(t) + Ad(t) + Nu'(t) — Nu?(t),v(t))y dt =0 Yo € U(Qor). (59)
0
Y (59) migeraBumo recroBy dyukuio v(t) = xo-(t)u(t), ne xor B3s10 3 (56), OTPUMYEMO

T T

(ﬂ@@ﬁ@Wﬁ+/Mw)(»mﬁ+
+/<Nu1(t) — Nu(t),u'(t) —u?(t))y dt =0, 7€ (0,T]. (60)
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Ockinekn U € W(Qo,r), T0 BEKOpHCTOBYIOUH (OpMyJIy iHTerpyBamts dactuHamu tuiy (17)
Ta BPaXOBYIOYH OIIHKY

(€726t — |292) (¢ =€) >0, ¢ eR, (61)

3 (60) orpumyemo t|a(7)|} + 1 (Au(t), w(t))y, dt < 1|u(0)[3; = 0. 3Bakaioun na nesix'em-

t
nicTs onepatopa A, 3sincn orpumyemo 3|6 (7)[3, <0, 7 € (0,7]. Orxe, @ = 0 Ta u' = u?.

(Ampiopna ominka). na w € SP(u, f) ta v = xo,u, 3 (20), BukopucToByoun ¢op-
MyJIy iHTerpyBaHHs dacTuHamu tumy (17), Maemo

T

(Ol = )+ [ [t ul; + Nu(®), u(®)y] it <

< /(f(t),u(t))H dt, e (0,1] (62)

3 nepisuocti Korri

2 2
o8l < T+ aper (63)
BHILIUBAE, 110
1 1
(CF )l < |l fuls < 51T+ 3l
3 ymoBu (A) ta dopmyn (9) i (18) Bumiusae, 1o
(Av,v)v; +aglvly > aol|vlf3,, v e Vi (64)

Toxi 3 (64) Ta (62) orpumyemo

1 T T
Sl + a0 [ IR, de+ g [ o]l de <
0 0

| 1] 1 f
< gluoly+ 5 [170OR de+ (5 +a0) [ futo)l ae (65)
0 0

Beenemo gonomixay dynkuio y(t) = |u(t)|%, t € [0,T]. Toxi 3 (65) orpumaemo Take:

T

y(r) < |uo\?q+/|f(t)\i[ dt+(1+2a0)/y(t) dt.

BacrocyBaBiiu y3arajibHeHy Jiemy ['poryosia-Beinmana (JinB. TBep/zKeHHs 8), 3BLICH Ma&EMO
o) < (juoly + [ 17O dt)eltr, r e (0.7)
0

[TiicTaBUBINH IIO OIIHKY B MPaBYy YaCTHHY HepiBHOCTI (65), OTpuMaeMo Take:

[u(r)[f < C5F(7), (66)
Z / [\u;(x, t)]* + |ui(x,t)|q] dxdt < CeF (1), (67)
I
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ae F(1) = |uol3; + [J |F(1)[3 dt, 7€ [0,T]. 3sicu i punamsae oninka (55).
(IcayBamnst). Bukopucraemo meros, Paeno-Tanbopkina. BisbMemo mocaiioBHICTh
{w"}°2 3 TBepmKenna 14. Busnaummo dynxmio u™ : [0, 7] — V' 3a npasuiom

w"(t) =) ertw”, tel0,T], meNU{0}, (68)
pn=0
Jie aificrosHavHi QYHKIIT ¢, . . ., @) 3aJ0BOJBHIIOTH HACTYIHI PIBHOCTI
(ui"(t) + Au™(t) + Nu™ (1), w)y = (f(), w" ), ¢€10,7], (69)
0 (0) = (uo, w"), p=0,m. (70)

m
Ssepuemo ysary, mo gynxiis ug' := Y ¢ (0)w" 3a/10B0/1bHsAE HACTYIIHE
n=0
u;’ — up cuibHO B H. (71)
m—00

Kpim Toro, opronopmoBanicTsh QyHKITT 3 {w“}fﬁzo y npoctopi H Ta mepiBHicTh Beccens mis
psiniB @yp’e (muB. Teopema 1 [15, ¢. 323|) mepenbavarors, 1o mis Gyab-skoro m € N U {0}
BUKOHYETHCS PIBHICTH

s =[S o = (o3 pon) -

p= A=0

=D MO (0)(wH, w) .

p=0 A=0
X 1, gximo pu #
© 00 o A — ’ )
Oproronanbuicrs cucremu {wh }52 ) oznadae, mo (w", w*)y { 0. axmo 1 = A Tomy
g’ =D _ e O)F < fuof. (72)
p=0

Bamaua (69)-(70) e 3amavero Komi qjist cucremu 3sudaifHux audepeHriajibHuX piBHIHD. 3a-
crocyemo TBepzkennst 6 (teopemy Kapareonopi-Jlacass) 1o 3anaai Ko jyist cucremn 38u-
qaiiHux JudepeHIiaibHuX piBHsIHD, Ky orpumyemo 3 (69)-(70). Tloznaqupim

) = (0, M) = ((FE) ), (F(0), 0",

Ly(t, (1)) = (Au™(t), w")y;, + (Nu™(t), w")y, p=0,m,

oTpuMaeMo, 1o (69) — ne cucrema Buraany (22). Ymosu Kapareogopi /yist L BUILIHBAIOTH 3
(A), (G) Ta mobymosu 6asucuux bynkmiii. Kpim Toro, 3apagku ominmi (33) 3 gemu 9 MaeMo

&- n ei
(Lt 9™ (1), @™ (O)gn > ag y / ™ () dr + g0y / [u™ ()| dz > 0.
i=17 =17

Tomy BuKOHYeThCs HepiBHICTH (24) 3 at) = 0, B(t) = 0. Orke, 3riHO 3 TBEPIKEHHAM 6
icHye eauuuii robanbHui po3s’a30k @™ € WP(0, T;R™), ne p=2 (6o M € L*(0,T; H)).
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Homuozkupmm 06uaBi cToponn p-i pisrocti (69) Ha ) (t), mpocymyBaB 3a f1 Bif 0
JI0 M Ta 3IHTEerpyBaBIIN OTPUMaHi PiBHOCTI 3a dacoM Bif 0 10 7, OTPUMYEMO

T T

/(u{”(t) + Au™(t) + Nu™(t),u™(t))v dt = /(f(t), u™(t))y dt, T € (0,7T]. (73)

3 (63) onepxumo: |(f,w™)y| < |f|u-|u™|n < 3|3+ 2u™3. Toui, sinterpysasmu B
piBaocTi (73) meprmit 10aHOK YacTHHAME, BUKOpHCTABIM orinku (64) ta (72), orpumyemo

1 f " ,
Sl O+ ao [ @R, det oY [ e dede <
0

=1 =
Q@b,r

1 1/ 1 f
< gluoli+ 5 [1£OF dt+ (5+a) [ ©f d (74)
0 0

Beenemo monomikay byHKIIO ¥, (1) = |[u™(t)|3, t € [0,T]. Toni 3 nepisuocti (74)
OTPHMAEMO TAKY OIHKY:

Y7 < |uo\§q+/|f(t)\2 dt+(1+2a0)/ym(t) .

3acTocyBasiiu /10 1€l HEPIBHOCTI TBEP/KEHHS 8, MATHMEMO
() < (juolh + [ 1FOF de)0727, 7 0.7
0

ITiicTaBUBINT OJIepP:KAHY OIIHKY y TpaBy YacTUHY HepiBHOCTI (74), IPUXOAUMO 0 OIIHKH:

O+ [ a0l des [ Ol dode < Cr(r), ®
0 0
ne
F(r) = lwoly + [ 1F0f e, 7 [0.7) (76)
0
Tyt crana C; > 0 He 3ayexkuth Big m. 3 HepiBHOCTI (75) BUIUIHBAE, IO
ess sup |u™(7)|4 < Cs, (77)
T7€[0,7T
T
[, a < 78)
0
T
g e < (79
0

ne cranga Cg > 0 me 3amexkuthb Bix m. Tomy mocainosmicTs {u™}°_ ) € 00MeKEHO0 Y IPOCTO-

pax L>(0,T; H) (zasngaku (77)), L*(0,T; V1) (3aBnaxu (78)) ta L4(0,T;Y) (3aBaaxu (79)).
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Ha mizcrasi TBepizKenns 18, a Takoxk 3paxkaloun Ha pedaekcuBHicTs npocropis L2(0,T; V)
ra LY(0,T;Y) (TBepikenns 19), BUILTUBAE MOXKIMBICTH BHOPATH TAKy MiIMOCTITOBHICTS
{u™}jen C{u™}00_ ), 1m0 BUKOHYIOTBCH 3012KHOCTI
u™ —u  x-cnabko B L>(0,7; H) ta caabko B U(Qor).
j—>OO

Kpim Toro, 3actocoBytoun BusHadents oneparopa (19), ymosy (G), criBBigHOIIEHHS Crpsi-
JKeHnx mokasHukip (13), o3nauennst mpocropy Y* (12) ma orpumany piBHOMIpHY ampiopHy
omiuky (79), Maemo

v L. 7 = [ (e | de =

T 0 T
:/ /g ‘umz x, )1 2 ml(x t) d$dt—/z /‘umz z t)|(q V4" drdt =
0o =170 0 i=1
A T
:/Z /W“ a,t)|? dwdt < ( go)q//z ™ (2, £)|9 dwdt =
0 0 =1

Z%/WWWWﬁSCm

ne crana Chg > 0 Texx He 3ame:kuTh Big m. Tomy icHye Take y € Lq'((), T;Y*), mo

Nu™ —s x cmabko B L7 (0,T;Y™). (80)
j—oo
Haui, anasoriasno sk B [10, ¢. 880-881] orpumyemo obmezxenicTsb mocaigosuocti {w)"}5°_,

y Bianosinnomy dyukuiiiaomy npocropi. Toxai 3 Teopemu Obena (TBepszkenust 15) i TBep-
JKeHb 16 Ta 17 marumemo, 1o
u" — u Mailxke CKpi3b B Qo 7.
_]*)OO
Tomy x = Nu (nuB. nosnavenns (80)).
[Tepeitmosiu o rpanuni y pisaocti (69), 3 orpuManux 361:KHOCTEH MaTHMEMO, IO
GbyHKIS © 3a10BOIbHSIE YMOBH o3HadeHnHda 1. Teopemy 20 moBemeHo. [

BucHoBku. YV cTaTTi PO3MJIAHYTO MIMAHy 33134y JJId MBIIHIHHOTO TapaboJidHoro
PIBHAHHS Ha 3B 43HOMY OpieHTOoBaHOMY rpadi. BBeseno ra poc/ijizkeHo BijiioBijHi QyHKIIO-
HAJIbHI POCTOPH, CPOPMYTIHOBAHO TOHATTS CJIADKOTO PO3B A3KY 3ajadi, 10 PO3TJIALAETHCA.
JloBeieHO TaKi pe3ysibTaTh: OJEPKAHO AIPIOPHY OIIHKY PO3B’d3KYy, BCTAHOBJIECHO HOTO €/11-
HICTBH i, 3a gomomoroio meroay Paeno—lanbopkina, I0BeIeHO iICHYBaHHS CJIA0KOT0 PO3B’SI3KY
33,1441,

Kondaikt inTepecis i etuka. Oser Byrpiii € wienoMm pemakoserii 1aHoro »KypHaTy.
Jlng yHuKHEHHs KOHMJIKTY iHTEpeciB, PyKOIHC MPOHNIIOB BiJITOBIIHY NPOIEAYPY peleH3y-
BaHHS HE3AJIEXKHUMHU PEIEH3EHTAMU, & NMPUITHATTS PINTeHHS NPOo MyOJIIKAINI0 311 HCHIOBAIOCS
He3a/IeKHUM PETAKTOPOM. ABTOPH TaKOXK 3asBJIAIOTH PO MOBHE JOTPUMAHHS BCiX MPABUIT
eTHKW KYPHAJIbHUX JIOCJILIZKEeHb.
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Semilinear parabolic equations on graphs

Oleh Buhrii, Dariia Yatseniak

Abstract. The paper considers an initial-boundary value problem for a semilinear pa-

rabolic equation on a simple connected directed graph. A weak solution to the problem is
defined in the appropriate functional spaces and conditions for continuity and transmission
at the graph vertices are provided. The unique solvability of the problem is proved.
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lem, connected directed graph, weak solution.

39


https://doi.org/10.3390/math11214453
https://doi.org/10.30970/ms.65.1.58-73
https://doi.org/10.1038/s41598-020-60853-2
https://doi.org/10.48550/arXiv.2505.20690
https://doi.org/10.1017/S0956792523000128
https://doi.org/10.1017/S0956792523000128
https://doi.org/10.1515/math-2017-0069
https://doi.org/10.1007/s10958-011-0288-8
https://doi.org/10.1007/s11253-011-0537-5
https://doi.org/10.1007/s11253-011-0537-5

Byrpiit O., Auensax /1. IliBniniiiai napabosivuni piBHAHHS Ha rpadax

References

1. Zugec, B. (2023). Regularity of a parabolic differential equation on graphs, Mathematics, 11 (21): 4453.
https://doi.org/10.3390/math11214453

2. Buhrii, O.M. (2026). Stochastic parabolic equations on graphs, Matematychni Studii, 65 (1), 58-73.
https://doi.org/10.30970/ms.65.1.58-73

3. Li, A, Chen, R., Farimani, A.B. et al. (2020). Reaction diffusion system prediction based on convolutional
neural network, Sci. Rep., 10: 3894. https://doi.org/10.1038/s41598-020-60853-2

4. Gennip, Y., Budd, J. (2025). A prolegomenon to differential equations and variational methods on graphs,
Cambridge University Press.

5. Avdonin, S.A., Mikhaylov, V.S. (2025). Controllability of partial differential equations on graphs: Preprint,
arXiv:2505.20690v1. https://doi.org/10.48550/arXiv.2505.20690

6. Esposito, A., Patacchini, F.S., Schlichting, A. (2024). On a class of nonlocal continuity equations
on graphs, European Journal of Applied Mathematics, 35 (1), 109-126. https://doi.org/10.1017/
S0956792523000128

7. Leoni, G. (2010). A first course in Sobolev spaces, American Mathematical Society, Providence, Rhode
Island.

8. Evans, L.C. (2010). Partial differential equations, American Mathematical Society, Providence, Rhode
Island.

9. Bubhrii, O., Buhrii, N., Kholyavka, O. (2019). On Caratheodory-LaSalle’s theorems for systems of ordinary
differential equations and their application, Visnyk Lviv. un-tu. Ser. prykl. matem. ta inf., 27 9-17.

10. Bubhrii, O., Buhrii, N. (2017). Integro—differential systems with variable exponents of nonlinearity, Open
Mathematics, 15 (1), 859-883. https://doi.org/10.1515/math-2017-0069

11. Sanchez-Palencia, E. (1980). Non-homogeneous Media And Vibration Theory, Springer—Verlag, Berlin,
Heidelberg.

12. Buhrii, O.M., Buhrii, N.V. (2019). Doubly nonlinear elliptic—parabolic variational inequalities with vari-
able exponents of nonlinearities, Advances in Nonlinear Variational Inequalities, 22 (2), 1-22.

13. Buhrii, O.M., Hlynyans’ka, Kh.P. (2011). Some parabolic variational inequalities with variable exponent
of nonlinearity: unique solvability and comparison theorems, Journal of Mathematical Sciences, 174,
169-189. https://doi.org/10.1007/s10958-011-0288-8

14. Bokalo, T.M., Buhrii, O.M. (2011). Doubly nonlinear parabolic equations with wvariable exponents
of mnonlinearity, Ukrainian Mathematical Journal, 63, 709-728. https://doi.org/10.1007/
511253-011-0537-5

15. Kadets, V. (2018). A course in functional analysis and measure theory, Springer.

ITpo aBTopiB / About the authors

Ouaer Byrpiii, 1okTop dizmko-mMaTeMarnIHuX HayK, mpodecop, Kadeapa MaTeMaT-
YHOI CTATUCTHUKU 1 JudpepeHIialbHuX PIBHAHD, JIbBIBCbKMIT HAIIOHAIbHUI YHIBEPCUTET iMEHi
IBana ®panKa, By/1. YHiBepcuTeTchbKka, 1, M. JIbBiB, 79000, YKpaina;

Oleh Bubhrii, Doctor of Science in Physics and Mathematics, Professor, Department
of Mathematical Statistics and Differential Equations, Ivan Franko National University of
Lviv, 1 Universytetska Str., Lviv 79000, Ukraine;

Hapia Anensak, acuipanTka, Kadepa MareMaTnaHol CTATUCTUKY 1 JudepeHIiaJbHIX
piBHAHD, JIbBIBCHKU HanlOHALHKI yHIBepcuTeT iMeHi [Bana @panka, By/1. Y HIBEPCUTETCHKA,
1, m. JIbBiB, 79000, Ykpaina;

Dariia Yatseniak, Postgraduate student, Department of Mathematical Statistics and

Differential Equations, Ivan Franko National University of Lviv, 1 Universytetska Str., Lviv
79000, Ukraine.

Orpumano / Received 31.03.2026
[Tpuiiasto 10 Apyky / Accepted 04.05.2026
Omy6.aikosano / Published 27.05.2026

40


https://doi.org/10.3390/math11214453
https://doi.org/10.30970/ms.65.1.58-73
https://doi.org/10.1038/s41598-020-60853-2
https://doi.org/10.48550/arXiv.2505.20690
https://doi.org/10.1017/S0956792523000128
https://doi.org/10.1017/S0956792523000128
https://doi.org/10.1515/math-2017-0069
https://doi.org/10.1007/s10958-011-0288-8
https://doi.org/10.1007/s11253-011-0537-5
https://doi.org/10.1007/s11253-011-0537-5

Maremaruka, Indopmarnka, ®@izuka: Hayka Ta Ocsira, Tom 3, Ne 1 (2026), c. 41-54.
Mathematics, Informatics, Physics: Science and Education, Volume 3, No. 1 (2026), pp. 41-54.
Journal homepage: https://intranet.vspu.edu.ua/miph

YK 517.958:539.3:530.182

MaTteMaTudHe MO/IeJIIOBAHHSA BILJIUBY ):[e(bopmaumm/lx

edekTiB Ha KoedinieHt audy3ii JOMIIIOK Yy
HAHOTETEPOCTPYKTYypax

Ounecs Hambkis!, FOpiit Heuunop?, Oaer Kysuk3
! Mporo6uupkuii nepxxaBuuii negaroriuamii yuisepcurer imeni Isana ®panka,
kadeapa bizuku Ta indopmariiianx cuctem, M. [Iporobud, YKpaina
dankivolesya@dspu.edu.ua
https://orcid.org/0000-0002-2154-8396

2 ITporoGumpKmit geprKaBHMii Teqaroriyamii yrisepcuTer imeni Isana ®panka,
kadeapa bizuku Ta indopmaniiinux cucrem, M. Iporodud, Ykpaina
nechypor.yurij.asp@dspu.edu.ua
https://orcid.org/0009-0007-8010-1010

8 ITporoGurpKuit mep:KaBHMii eqaroriyamii yaisepcurer imeni Isana ®panka,
xadenpa bisukn Ta iHdopmaniitaux cucrem, M. Iporoduu, Ykpaina
olehkuzyk@dspu.edu.ua
https://orcid.org/0000-0002-8474-444X

Anomauia. TlobymoBano MaTeMaTUIHy MOJIENb sBUIa Audy3il y rerepocrucreMax i3 Bpa-
xyBauHaM aedopwmariii. Maremarndna MoIeab IPYHTYETHCA HA, PO3B’si3yBaHHI MOmmpikoBa-
HOTO MexaHiko-gedopmariiinumu edexkramu cramionapuoro piBasgnasg Pika. Y mexax pos-
pobyienol Momesi mocimKeHo BILTHB aedopmariii Ha koedirienT mudy3sil moMimoK y rere-
poctpykTypi. Becranosieno, 1o 3i 301/IbIIeHHAM HEBIAIOBITHOCTI TApaAMETPiB I'PATOK KOHTA-
KTyIOUnX MaTepiainis rerepocrpykrypu GaAs/In,Ga;_,As/GaAs va 7% xoedinient nudysii
JOMIIIIOK BHIY IEHTPY PO3TATY y BHyTpimHboMy mapi Ing oGag gAs 3menuryerses ma 35%
BiHOCHO KoedimienTa audy3ii JOMIMIOK y HEHAPYKEHOMY IIMapi, 10 MOB’sA3aH0 3i 30i/1b-
meHHaM JedopMariii po3Tdary B pe3yabTaTi caMOy3romzKeHOro aedopMariifHo-audy3iitHoro
[IePEePO3IOJILITY.
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1. Beryn

[ndopmanis mpo xoedimienT audy3ii JOMIMOK i JedeKTiB y HAIBIPOBITHAKAX Ta reTe-
POCTPYKTYpax Ha iX OCHOBI BazKJIUBA JIJI PO3YMIHHS HPOIECIB POPMYyBaHHS TXHBOI CTPYKTY-
pu Ta Biaacrusocreii. [leit napamerp Bu3Ha4va€, 9K came PO3MOLIAIOTHCH JIOMINIKOBI aTOMU
il 9ac TeXHOJOTIYHUX TPOIeciB, 30KpeMa Audy3iitHOro JeryBanusd, HOHHOT iMILIAHTAIT Ta
TepMiunoi 00poOku. BpaxyBanusa andysii 1edekTiB gae 3Mory Kpailie KOHTPOJIOBATH SKICTh
KPHUCTaJIy Ta CTabLIbHICTh XapaKTEePUCTUK HAIIBIPOBIHUKOBUX MpuiaiiB. OmaHuM 3 dhaxTo-
piB, sKHii MOKe BIUIHBATH Ha KoedinienT audysii € mexanidna nedopmariist |1, 2|. ABropamu
poGir |1, 2, 3, 1] mocstizKeHO BILTMB HEOJHOPITHUX TIOJIB MEXaHIYHOTO HAIPYYKEHHs PI3HOTO
BHIY Ha XapaKTePUCTHKH MIrparlil ToOUKoBuX JedeKTiB — BaKaHCiil 1 MizKBY3JI0BUX aTOMIB. Y
pobGorax [2, 5] m0ciIKeHO 3MIHY €HePreTHIHOTO pesibedy Mirparli Bakauciil 1 MizKBY3/I0BUX
aTOMIB 3a HAgBHOCTI I'Da/IIEHTA MEXaHITHOTO HAIPYZKEeHHS.

Jlnsg BakaHCiit Ta JOMINIOK 3aMillieHHd 3 HIOHHUM Pa/liycOM, MEHIITHUM BiJl IOHHOTO paJli-
yca 3aMillieHOTo aTOMa, eHePreTHIHO BUTIHO € Mirparlis B obnacTsb nedopmariit crucky |2],
a JJI9 MizKBY3JOBUX aTOMIB, JOMINTOK BITPOBAJIYKEHHS Ta, JOMITITOK 3aMIIeHHsT 3 HOHHUM pa-
JIiycoM, OLIBINMM BiJl HOHHOT'O Pa/jiiyca 3aMillleHoro aTroMa, — B 00J1acThb gedopMaliil po3rary

5]

Takum YuHOM, HAABHICTH HEOJHOPITHOI MEXaHIIYHOI HAIPYTH MPHU3BOJINUTH 10 BUHUKHE-
HHS JIOJATKOBOTO J1epOpPMAIHOTO MOTOKY BIACHUX AePeKTiB Ta JOMIINIOK, TOOTO 10 3MiHH
iX KOHIEeHTpaIl. A 1e, CBOEI0 4eproio, € MpUuIrHOIO 3Minu 1x koedinienrta nudysii |6, 7, §|.

[TpuamHOIO BUHUKHEHHSI HEOTHOPIAHOT jiecpbopMmaliil y reTepocTpyKTypax MoxKe OyTHu K
HasBHICTH TOYKOBHX nedeKTiB Ta auciokarmii 9], Tak i HeBiAmOBiqHICTH TApaMeTpiB IpaToOK
KOHTaKTy04unx Marepiasis [10].

HesBaxkatoun Ha BEJHUKY KiIbKICTb €KCIIEPUMEHTAIBHUX JTOCTKeHb |1, 2, 3, 4, 5, 11]
010 BILIUBY JedopManiitiux edeKTiB Ha mporec jqudy3ii, Ha ChOTOAHI BiICyTHA MaTeMa-
TUYHA MOJE/b, dKa O J03BOJIsIa NPOrHO3YBATH KOHIEHTPAIiiitHi mpodiai BiaacHux aedeKTiB
i 9y>KOpLAHUX JOMIIMIOK Ta iX KoedimieHT audy3il y HAIPYKEHHX reTepocucreMax. v ps-
i po6iT [12, 13, 14, 15] po3pobaeHo MaTeMaTu4dHi MOJETl JJisi OHUCY BILTUBY JecdbopMarii
Ha nporec audy3il B 00’eMHUX HANIBHPOBiIHUKAX, a0 MAPYBATHX CTPYKTYypax. 30Kpema,
y pobori [12] 3anpononoBano momennb audysii, y sKkiii BpaxoBaHO BILUIHB JIOKAJIbHOT MeXaHi-
qHO1 gedopmariii Ha KoedimienT audy3ii Ta MBUIKICTH MEPEHOCY PEYOBUHU B KOMIO3UTHUX
CePeJIOBUINAX, & JIJI OOYHCIeHb BHKOPUCTAHO METOJ CKiHYeHUX pi3Huih. ¥ pobori [13] pos-
po0JIeHO OJIHOMIPDHY MaTeMaTUIHy MOJIE/Ib B3a€MO3B a3Ky audy3il Ta jedopmaliii y GiHapHIX
mapax, Je JJudy3isgd YJacTHHOK CIPUIUHIE JOKAJIbHL JedopMallii, a KOHIEHTPaIiiHi rpajieH-
TH BUKJHKAIOTH MeXaHiuHi HalpyzKeHHd. MareMaTndra MoJie/ib, dKa IpeJcTaBIeHa y poboTi
[11], Bkatouae 3asexnuicTs KoedimienTa audysii Ta XiMIYHOTO TOTEHIATY Bijl JOKATBHOI JIe-
dopmarii KpucTaaigHOl I'PATKHU, PO3IVISTAIOYN CTUCHEHHS 1 PO3TATHEHHS aTOMHUX TIaPiB, 0
JI03BOJISIE TIepegdadaT 3MiHy HpodiiB KOHIIEHTPAIll /i BILIMBOM MeXaHI9HOIO HaBaHTaXKe-
aas. OnHak, y BCix mux poborax He GeperTbest 10 yBaru jaedopMaliis, 9Ka BUHUKAE B OKOJI
reTepoMesk, 10 € BayKJIMBUM JIJIsl TOYHOTO ITPOTHO3YBaHHs AUQY31fiHUX TPOIECIB y peaqbHuX
HATIPYKEHUX CTPYKTYpax.

Jlns opMyBaHHS HAIiBIPOBIIHUKOBUX T'eTEPOCTPYKTYP 3 Halmepen 3aJaHnuMu hizu-
YHUMH BJIACTHBOCTIME BaXK/JIMBOIO € 1H(OpMAIlisd PO 3aKOHOMIPHOCTI 3MiHEM KoedilieHTa
Jucy3il IMIUTAaHTOBAHUX JOMIIIOK 1 BJAACHUX TOYKOBHUX JIe(DEKTIiB IiJ BIIMBOM MeXaHIYHUX
Hanpyr |1 1], o i Bu3HAUAE aKTYATBHICTH POGOTH.
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Memoro 11iel poboTH € PO3podKA MAaTEeMATHIHOI MOJIeN i ABUIa Iudy3il TOIKOBHX JIe-
¢eKTiB Yy HAIIBIPOBIAHUKOBHX IeTEPOCUCTEMAX, sika O BpaxOBYBaJIa HAasSIBHICTD JedopMalrii,
cTBOpeHoi camumu Jiepekramu, Ta Jedopmaliii, siKka BUHUKAE B OKOJII IreTepoMesKi marepia-
JIIB 13 pI3HUMU IMapaMeTpaMu IpaTok. ¥ podoTi B MekKax Po3pobJIeHOI MaTeMaTHIHOT MOJeIi
JOCIZKEHO BIINB HEBIOBIIHOCTI mMapaMeTpiB I'DATOK KOHTAKTYIOUNX MaTepiaiB 1 KOH-
HeHTparii JOMINIOK Ha iX KoedirienT qudy3ii y HanpyKeHiil TpUITapoBiil TeTepoCTPyKTYpi

GaAs/InAs/GaAs.

2. IloctanoBka mmpobjieMn

Bzaemomisa jomimok i3 moseM Jgedopmalii, CTBOPEHUM K HEY3TOIKEHHSIM KPUCTaJIi-
YHUX I'PATOK KOHTAKTYIOUUX MaTepiaJiB, TaK i JOMINIKaAMH, 3YMOBJIIOE TPOCTOPOBHUI Tepe-
po3moaia octannix. Ile Moxke mpusBecTn 10 3MiHu Koedimienta audysii, a TAaKoXK gK 10 Ha-
KOIMYEHH, TaK 1 JI0 3MEeHIIIeHHs Yucja JedeKTiB y aKTUBHIN 00/1aCTi 3a/I€2KHO Bijl XapaKTepy
necdopmariii.

Posrasinemo Hanpyzkeny rerepocucremy ABA| 1m0 ckiagaeTbes 3 Tphox mapis (puc. 1)
i3 cepeIHBOIO KOHIEHTPAIIE JTOMITOK Ny. Y 3B’I3Ky 3 THM, IO TOBIMWHA TTapy A 3HAYHO
IePEBUIIYE TOBIIMHY BHYTpintHboro mapy B (I >> 2a), MoxkHa 3HexTyBaTH J1ehOPMAIIEO
30BHINIHIX mapis A.

Mexaniuna jgedopmaliig y mapi B MogemoeTbes KyCcKOBO-TIHIRHOIO (PYHKIIIEIO:

e(x) = g0~ |z| < a. (1)

L )

_____  —

B: | Ba
£

Puc. 1. Jledopmaris Tpumraposoi rerepocucremu ABA.

Jedopmariisi, sika BUHUKJIA BHACIIIOK HEY3TO/KEHHS TTapaMeTpiB I'PATOK KOHTAKTYIO-
qux mapiB A ta B, onucyerhes TakuMu KOMIOHEHTAMU TeH30pa JedhopMAaIrii:

Exz — Eyy-
Cu
Je as Ta ag — HapaMeTpd paTok mapis A ta B, BignosiaHo.
Bernunna nedopmaril Ha Mexki mapiB A ta B BusHauaeThCa K

€0 = 2€|| + €xz- (2)
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B pesyabraTi camMoy3rojizkeHol B3a€MOIil JOMIIMIOK i3 AedopMaliiHuM IoJieM rerepo-
CTPYKTYPH, K€ CTBOPIOETHCS SIK BHACTIIOK HEY3TOKeHHS MapaMeTpPiB I'PATOK KOHTAKTYIO-
4UX MarTepiaJjiBb, Tak 1 4epe3 HasiBHICTH JOMINIOK, BLJIDYBAETHCH IX IPOCTOPOBUIL 11€PEPO3IIO/ILI
[15, 16, 17]. B ocroBi momeni noknagemo moaudikosane nedbopmaniianmu ederramu 3Hade-
HHSI TIOTOKY JOMIIIOK [5]:

J= _a%« {DN(:L’) (1 - my%)] , (3)

ae D — koedinienr audysii gomimok, N(x) — koHueHTpamis JoMilioKk, Ni — KOHIEHTpaIlist
aTOMIB HAIIBITPOBITHUKOBOTO MaTepiay HapPY»KEHOTO TIapy,
kT 1—2v p (4)
b= T 1 N
W 1—vur
W — Bermuuna mgudysiitnoro 6ap’epa, kg — crana boabnmana, T — Temueparypa, v — Koedi-
uient Ilyaccona, ry — xapakrepuuii paJiyc Judy3iiiHOro KanaJjy, p — KOHCTAHTa, KA BXO/IUTh
y BUPA3 Jj1d MOAEIBHOTO MOTEHIIAIY BIAIITOBXYBAHHS MizK aTOMAMMU:

Ulr) ~ e/

[Torik medekTiB y HANPYKEHIN reTepOCTPYKTYPi CKIAJTAETHCS 3 IBOX YACTHH:
1) 3Buuaiinoro audysiiiHoro (rpaji€HTHOrO) MOTOKY:

Ji = —DefaN—(x),
ox

3 mepeHopMoBaHuM Koediriearom audy3ii Do BHACTIIOK 3MiHN €(DEKTUBHUX PO3MIPIB Ju-
dy3iiinnxX KaHaJiB MMiJ] BILIMBOM HAIPYZKEHb Y TeTePOCTPYKTYPI,

Dy =D {1—%%/_}(:@)@]; (5)

2) nedopmaniitHoro mOToOKY:
. N1 85(1’)
N Nb 8x

JKUI BUHUKAE 33 HASBHOCTI HEOTHOPiAHOI gedopMartii.
CramioHapHuil po3MOIia JOMIIIOK Vv HANpPYzKeHiil KpucTaaidnii cucremi ABA 3naxomu-
ThCS ILISIXOM PO3B’si3aHHA MOAU(DIKOBAHOIO MeXaHiKo-AedopMaliiitHuMy epeKTaMy PiBHIHHS

auy3il:
O?N () 0 NiOe(x)\
Def—8$2 - % (DN(I)M—ax ) = 0.

[Tepemnuiemo pisasiaag (6) y BUDIsI:

2 2
O*N(x) _,ON _ DN(x)%aagg)
b

Ip

(6)

Dt =0, (7)

ox? ox
eV = D%g—i — MIBUJKICTH JOMIIIOK, OTPUMAaHA i1 A€o rpajgierTa aedopMaliifHoro moJs,
IO BUHUKAE BHACJIIOK HEOMHOPIIHOI aedopmairtii.
Po3p’s130K nudepeHtiaabHOTO piBHAHHS (7) 3HAXOAMBCS Y KOXKHI 061acTi TeTepocTpy-
KTypu okpeMo. O6sacti By i By BIApi3HAIOTbCS THM, IO MBUJAKICTH JOMIIIOK ITiJT II€I0 I'PaJIi-
eHTa 1edopMaIifHOrO MO/ Ma€ NPOTUIeKHI HapsaM. Lle nmoB’da3aHo 3 THM, IO IIBUJIKICTH
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JIOMIIIIOK, OTPUMAaHAa y TOJI HeOAHOPiAHOI 1edopMallii, CTBOPEHOI SIK BHAC/IIIOK HEY3T0/I2KEeH-
H¢ ITapaMeTpiB I'PATOK KOHTAKTYIOUMX MaTepiaJiiB, TaK 1 HAABHICTIO JIOMIIIOK, € TTPOTOPITiii-
. de
HOIO JI0 I'PaJIi€HTa ;LeQ)OpMaull Vo~ g 1] .
Ha mezkax mapie rerepocrpykrypu (r = —a, x = 0, £ = a) NOBUHHI BUKOHYBATHCH
YMOBH PIBHOCTI KOHIIEHTPAIILH JOMIIIOK, & TAKOXK IX MOTOKIB:

N(—a—0) = N(—a+0), J(—a—0)=J(—a+0),
N(0—) = N(0+), J(0—) = J(0+), (8)
N(a—0)=N(a+0), J(a—0)=J(a+0).

Kpim nporo, BBazKaemo, 110 IMicjiss BAMKHEHHs JIZKepeJia IMILJIAHTYIOUHUX JIOMITITOK MOTiK KpPi3hb
MOBEPXHI KPUCTAIIYHOI cucTeMu BifacyTHiil (BinObusHi Mexi) [4]:

J(=1) = J(1) = 0. (9)

[Ipu 3aannx ymMoBax KiJIbKiCTb JOMIMIOK, IO epebyBae B reTepocucTeMi, Oy/ie 3aaulnaTuch
HNOCTIHOIO, TOOTO MOBUHHA BUKOHYBATHCH YMOBA!

!
/—z N(z)dr = Q. (10)

e () — KiIbKICTh JOMIIIOK V KPHCTAJIUHINA CTPYKTYpi, IO HTPUNAIAE HA OJMHHINO ILJIOII
HOIIEPEYHOTO 1epepizy, 2] — TOBIUHA MeTePOCTPYKTYPH.

Y BiANOBIHOMY OJHOPIIHOMY MarepiaJi IpU OJHAKOBUX (DI3UYHUX YMOBAX KLIBKICTH
JOMITIOK, O MPOHUKHYTH Y KPHUCTAJ 3a MEeBHUI Yac IMILTAHTAIlll, BBA7Ka€MO PIBHOIO Kib-
KOCTI JIOMITIIOK, 1O TPOHWKAIOTH 3a TaKWil yKe MPOMIYKOK Jacy y TeTepOCTPYKTYpY 3 Hampy-
Kenumu Tmapamu. [le TBepikenns Oyge crpaBeJIMBUM MPH BUKOHAHHI HACTYITHOI YMOBH:
Ly << I, ne Lg — edexruBHa audy3iiina JTOBKUHA.

VY crarioHapHOMY BHIAJKY B pe3y/brari BiibHOI qudy3il (HeHAIPYKeHA reTepocTpy-
KTypa) MpH 33JJaHUX YMOBAX JOMIIIKY PO3MOIISIIOTHCI PIBHOMIPHO, TOOTO

Q = 2Nyl. (11)

Poss’s30k qudepenniansuoro pisusuns (7), sxuit 3agosinbusge ymosam (8)—(10), ma-
THMe BUIVISLI:

No

a 1 ’
1—=— = (1 — eka/l
(1 —e/l)

{
Ny k
“@+a)|, —a<z<0,

N(z) = 1_9_1(1_€ka/l)eXplz(x ‘1)} =7 (12)

[k

No
a 1
1—=—2(1— ka/l
\ ] k( eha/t)

x| > a,

k
eXp|:—7(.CE— a)] , 0<z<a,

Je k = —signeg ]‘%l.

Jlnst nocitizkenns mporeciB udysii JoMINIoK i TOYKOBUX JieheKTiB y HAlpYyrKeHiil re-
TEPOCUCTEMI BUKOPHCTAHO AHAJITUYHHI METO, 10 0a3yeThcd Ha pO3B’gd3aHHi MoAudiKoBa-
HOTO piBHAHHYA AUdYy3ii 3 ypaxyBanudaM gedopmariiiinoro mojist. Mexanianuii ctan cucTeMu
OTIMCAHO B MeykaX Teopil MPY’KHOCTI, a BILINB HEOZHOPiIHOI jnedopwmallii BpaxoBaHO depes
JIOJATKOBUI BHECOK y MOTIK JOMIIOK. Po3B’d30K 3aja4i OTpUMaHO ILISXOM aHAJITHIHO-

ro iHTerpyBaHHsS CTAIIOHAPHOIO AudpepeHIiaIbHoro piBHAHHS Auy3il 3 ypaxyBaHHSIM YMOB
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HEIEePEePBHOCTI KOHIIEHTPAIIIl Ta MOTOKY Ha MexKaX IIapiB, a TaKOXK YMOBHU 30eperkKeHHs 3a-
rajJbHOI KLIBKOCT1 JTOMIINIOK.

3. OcHOBHI pe3yJbTaTH

st imocTpariii BUCHOBKIB 13 3allpOIIOHOBAHOI Moje Il jJedopMaliiiHoro mepeposmnomi-
JIy JIOMITIOK YV TPHUIIAPOBUX HAINPYKEHUX TETEPOCTPYKTypaxX IMPOCTEKUMO 3a BIIUBOM Ha-
npyzkenoro mapy IngoGaggAs Ha npodinb cramioHapHOrO PO3MOALLY JOMIIIOK KPeMHIIO y
rerepoctpykTypi GaAs/In,Ga;_,As/GaAs macrynuux posmipis: a = 30 A, 1 =1 mxu.
Pezysibratn po3paxyHKy KOOPAMHATHO! 3a/I€2KHOCTI KOHIIEHTPAIIT JOMIIOK NP PI3HUX 3Ha-
YeHHX IapaMmerpa k npejcrasieni Ha puc. 2. /g Bizyaizanii orpuManux pe3yabrariB 0y/10
BUKOpPHCTaHO mporpaMue cepegopuine Wolfram Mathematica. ITomiTHO, M0 gOMIimIKH HaKO-
NHYYIOThCs y cTHCHYTOMY mapi IngoGaggAs. VY pesynbprari Takoro mepeposnofiny KOHIEH-
Tpallisl IMITAHTOBAHUX JOMIIIOK y HeHanpyzKkeHniii dactuni (GaAs) rerepocTpyKTypH pi3Ko
3MEHIYEThCA. | IpHM BEJIMKUX 3HAUEHHAX HapaMeTpa k IX KOHIIEHTpAIlisl MOXKe 3MEeHIIyBa-
tucst y 30 paszis (k = 85) NOpPIBHSIHO 3 HEHANPYXKEeHOI CTPYKTyporo. Ockiabku k = %l,
TO OYEBMJIHO, IMO 3JATHICTH HANPYKEHUX IIapiB 3aTpuMyBaTu audy3iio Oyiae 3pocTaTd 3i
3MeHIIeHHAM edekTuBHOro Koedimienta nudysii D.s. e aBuime npospisdeTbesd MOMiTHINIE
npu 3Ha4HIi 3MiHl gedopmanil 3 BigmaseHHsM Bifg rerepomex (Vo ~ g—;), TOOTO 3HAYHOIO
MIpOI0 BU3HAYAETHCS MPYKHUMH CTAJIUMHU KOHTAKTYIOUNX MaTepiasiB reTepoCTPYKTYPH Ta
HEY3TO/IZKEeHHSIM TTapaMeTpiB iX I'paToK.

Hasgsuicts pominiok vHerysb0Boro 00’emy (); Ipu3BOANTS /10 301/1bIIeHES 00’€MY KPUCTA-
JIy Ta NePepPO3MOIiIy MEXaHIYHUX HAIPYKEHb FeTePOCTPYKTYPHU. Y HAHIIPOCTIIIIOMY BUIAKY
(Q; = Qo, e Qy — o6’em aroma mMarpuri) gedopMaliist KpUCTATIYHOT ITPDATKH BHACIIOK HASB-
HOCT1 JOMINTOK HEHYJIhOBOTO 00’€MY BU3HAYAETHCS BiIHOIIEHHAM KOHIIEHTPAIll JOMINTOK 10
KOHIIEHTPAIIIT aTOMIB MaTepiaty iMIJIaHTOBAHOI MATpHI £1 () = %f) Toni moBuy nedopma-
IO TeTEePOCTPYKTYPH, CIPUINHEHY K HEY3TO/ZKeHHSIM TapaMeTpiB I'PATOK KOHTAKTYIOUUX
MaTepiaiB, TaK i HAABHICTIO JIOMIIITOK, MOYKHA 3alUCATH Y BUTJIAI:

N
50‘%'—’_&7 ‘l” Saa

Ule) = () +21(2) = § yp M (13)
N, |z| > a.

Xapaxrep nedopmarii rerepocrpykrypu GaAs/In,Ga;_,As/GaAs Bu3HavaeThCs JBO-
Ma (haKTOpaMu: PO3MOJILIOM JOMIIIOK i HEBIIMOBIIHICTIO NapaMeTpiB I'PATOK KOHTAKTYIOUUX
MaTepiaJiB rerepocucremMu. bBijsg MeXK reTepoCTPYKTYPH BU3HAYAJILHUM € JIpyTuil hakTop i,
BiMOBiIHO, Hanpyzkenuii map In,Ga,_,As 3a3nae medopmarii crucky. Ilpu BimgmameHsi Biz
reTepoMezKi 3MeHIITYEThCs BILIUB HEBIAMOBLTHOCTI HapaMeTpiB I'PATOK KOHTAKTYIOUNX IITapiB.
Toxi xapakTep aedopmalii reTepoCTPYKTYPU BU3HAYAETHCS PO3MOALIOM JoMiIoK. [Ipudo-
MY, MPU 3POCTaHHI HEY3TO/IXKeHHsI TapaMeTpiB KPUCTATIYHUX I'PATOK KOHTAKTYIOUUX MaTe-
piajiiB Ta mBHUIKOCTI 3Minu JedopMaliii 3 BJIAJIEHHIM BiJl FeTepoMerKi, sika BU3HAYAETHCs
HPYKHUMHU CTAJIUMU MaTepiajy, crnocrepiraerbesd 30iabinenus gedopMaliil B eHTpi BHYTPi-
IMTHBOI'O HATIPYKEHOro mapy. ¥ HaAlPYzKEeHUX Iapax, OKpiM 3BuYaitnol rpajienTnol qudysii,
CYTTEBY POJIb Bijirpaiors audys3iitni edpektu, iHayKoBani 1edopMaliifHIM T0AeM, TKe iCHY€E
B HanpyzKeniit rerepocucremi. ledopmaniitnmii moTik j,, AKnit BUHNKaE B TaKiif rerepocucre-
Mi, IPOHOPINHHUN I'PAIIEHTY MEXaHIYHOTO HAIPYZKEHHSA. 3a HAABHOCTI CTUCHYTHX INapiB Y
reTepoCTPYKTYPI Heil MOTIK CIpusie HAKOMMYEHHIO JTOMIIIOK Y HAPYKeHUX mapax (puc. 2).
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N(x)

vl _ .
B—# = 4 1immen
M. 80 Vimrm
By
60 - 60 x,A
GaAs In,Ga. As GaAs

Puc. 2. Ilepepo3mnoain KOHIEHTpAIl JOMIMOK KPEMHII0 y TeTepOCTPYKTYPL

GaAs/In,Ga;_,As/GaAs: 1 — |DL| =40 1/MKM; 2 — |DL| =80 1/MkM (x=0,2)

ef ef

Y BUNAJIKY BceOIUHOI medopMallil po3Tary BHYTPIITHBOrO mapy jgedopMamiiinuii moTik
HPU3BOIUTEL 0 MEPEMileHHsT JTOMINTOK 13 MEHIT HeOIHOPIIHO-PO3TATHYTOI 00JaCTi BHYTPI-
HIHBOTO Tapy (IEHTPY BHYTPIIIHBOIO MIaPy) J0 MeXK KOHTAKTYIOUHX MaTepiaJiB rerepocTpy-
KTYPH.

Jlnsg Toro, mo0b JOCAIUTY BILIUB HEBIIIOBITHOCTI TapaMeTpiB IPATOK KOHTAKTYIOUNX
MaTepiaJiB Ha Mepepo3NO/ILT JOMIIIOK y IMapax reTepocTpyKTypu 3 J1ehOPMAIIE0 PO3TATY
(rerepoctpykrypa In,Ga;_,As/GaAs/In,Ga;_,As), npoBesemMo BiImOBiIHI PO3paXyHKH KO-
OPJMHATHOT 3aJIeKHOCTI X KOHIIeHTpaIlii Ta moBHOI gedopmartii U () Marepiaay npu Bia eMHIX
3HAYCHHSAX IMapamMeTpa k. FK 6adumo 3 puc. 3, y IbOMY BHIIQJIKY JOMIIIKHA NPAKTUIHO HE IIPO-
HUKAIOTH Y BHYTPIIIHI HATPYKeH] TapHu.

BracJiiok 1mp0oro KOHIEHTpallis iMIIAHTOBAHUX JIOMIIIOK y 30BHIIIHIX IIapax rerepo-
CTPYKTYPH HECYTTEBO 3POCTAE MOPIBHIHO 3 KPUCTAJIYHOIO CUCTEMOIO 0e3 HAIIPYKEeHHUX IapiB.
[Ipuyomy, ipu 3pocTanHi BeJIMYUHN HEBIIMOBITHOCTI TapaMeTpiB IPATOK KOHTAKTYIOUUX Ma-
TepiaiB TPUITAPOBOT NeTepOCTPYKTYPH (3pocTanHi napaMerpa k) CoCTepira€Thesi 3MeHIIeH-
HsI KOHIIEHTPAIIil JJOMITIIOK Y BHYTPIIMTHBOMY Tiiapi. Takunii XxapakTep CTalioHAPHOTO PO3MOJILITY
iMILTAHTOBAHKUX JIOMIIIOK MOYKHA MOSCHUTH HA OCHOBI MeXaHIKO-1edOopMaIliiHOro MexXaHi3My
Juys3il.
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N(x)
Ny

Wl _ )
Do 40 1/ mrem
vl _ )
— D—H! = 80 1/ uru
103
1 1
-30 0 30 x, A
Puc. 3. Ilepepo3mnoin KOHIEHTpAIl JOMIMOK KPEMHII0 y TeTepOCTPYKTYPL
V V
In,Ga;_,As/GaAs/In,Ga;_,As: 1 — u = 40 1/mMKM; 2 — |—| = 80 1/mkM
Def Def

(x=0,2)

Y HalpyzXKeHux mapax, OKpiM 3BHYANHOI rpaieHTHOI jqudy3ii, CyTTEBY POJIb Bifirpa-
10Th audy3iiini edpexTn, iHayKOBaHI jJeopMaIiiiHuM 10/IeM, SKe iCHY€ B HaIPyzKeHiil rere-
pocucremi. dedopmamniitnuii moTix j,, AKWil BUANKaE B Takiii reTepocncTemi, mponopIiianit
I'PA/IIEHTY MeXaHIYHOTO HANpPYXKeHHd. 3a HASBHOCTI CTUCHYTUX IIApiB Y TeTepOCTPYKTYpl
1eif OTIK CIpHsie€ HAKOMYEHHIO JOMIIIOK Y HAPYKEeHUX Imapax (puc. 2). Y BuUmajky Bcebi-
qHOI jJedopMaliil po3TsAry BHYTPIIIHBOIO Mapy gedopMaliifiuil mOTiK NPpU3BOAUTD JI0 IIepe-
MIIIeHHsI JOMIIIOK i3 MEHII HeOTHOPITHO-PO3TATHYTO! 06JIaCTI BHYTPINTHBOrO Mmapy (IeHTpy
BHYTDIIIHBOIO Iapy) J0 MeK KOHTAKTYIOUUX MarepiaiiB rerepocrpykrypu (puc. 3).

Hanpy:xenns, dki BAHUKAIOTH B T€TEPOCUCTEMI K BHACJIIJIOK HEBIJIIOBIHOCTI mapame-
TPiB I'PATOK KOHTAKTYIOUNX MaTepiasiB, Tak i Yepe3 HASIBHICTH JOMIIIOK, € MPUYNHOI 3MiHI
edexkTuBHOTO pO3Mipy maudy3iitHoro Kamay. 3amexHicTb KoedinienTa audy3ii HATPYKEHOT
reTepOCUCTEMH BiJl HEY3TOAKEHHS TTapaMeTPiB TPATOK Ta KOHIEHTpAIll JOMITTOK BU3HAYAE-
thest popmyaoro (5). [igcrasupim nmepenopmosany fgedopmarnio U(z) (13) y dopmyay (5),
OTPUMAEMO:
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Des N eg n-1/(ka) < (ka) )
=1——==+ — =1 14
D N2 T Toafi— (- () \ P \T (14)
,ZLGT]I%.

Ha puc. 4 mpeacraBieno pe3yabTaTd pO3PaxyHKy 3ajaeKHOCTI KoedimienTa qudysii mgo-
Mimok kpemuioo B rerepocrpykrypi GaAs/In,Ga;_,As/GaAs Big ckiany 11 BHYTPIIHBOTO
mapy ado BiJl BEIMYUHYE HEBIJIIIOBIIHOCTI MapaMeTpiB IpaTOK KOHTAKTYIOUUX MaTepialiB mpu
PI3HUX 3HAUYEHHSIX CepeHbOI KOHIeHTPAIlil JOMIIIOK BijiHOCHO KoedirierTa BijibHOI Audys3il.
[Tpu mesnauwiit Konuenrpanii gomimoxk (n = 1075, Ny = 10'3 cm™3) 3i spocranusm Besuun-
HM HEBLJIIOBLIHOCTI I'PATOK reTepocTpyKTypr Koedinient qudysii D,y JiHiliHO 3011bIIYyETHC.
Ioro 3mima BinHOCHO Koedimienta BinpHol nudysil D ne mepesumye 3 %. [loxaibime 3pocTa-
HH$ CepeJIHbOI KOHIIEHTPAIIil JIOMIIIIOK PU3BO/UTH JI0 MOHOTOHHOI'O 3MEHIIIeHHsI KoediienTa
audysii. [Ipuaomy, 3 pocrom HeBiamoBiaHOCTI TapaMeTpiB rpaTok (3 poctom gomi In y mra-
pi In,Ga;_,As) koedinient nudysii B HAIPYKeHiil TeTepOCTPYKTYPI TAKOK 3MEHIIYEThCSL.
Bokpema, Ipu cepeiHiit KonmenTparii gomimox kpemuio Ny = 1,510 em™3, 17 = 0,015 xo-
edimient qudysil rerepocucremu 3MeHIIyeThCst Ha 35 % (X = 1) nopiBHsHO 3 KoedilieHTOM
BLIbHOI qUdy3ii.

Fi] {\}

0.014 0.028 0.042 0.056
1 M
1.0 — p=10"8
— n=0.005
%'_r_' 09 | — = 0.01
n=0.015

0.8

0.7

0 0.2 0.4 .6 0.8 1
X

Puc. 4. 3anexnicts koedinienra muy3ii KpemHil0 y BHYTPIIIHBOMY TiIa-
pi rerepocrpykrypu GaAs/In,Ga;_,As/GaAs Bix cKIagy TBEPAOro PO3YHHY
IpU PI3HUX 3HAYEHHSIX cepeiHbol KoHIeHTparii gomimok (k= 2700): 1 —n =

1078 2—-n=0,005, 3—n=0,01; 4—n=0,015

[Ipu He3HAYHUX KOHIEHTPAIIAX JOMIIIOK AedopMallias CTPYKTYpH B OCHOBHOMY BH3HA-
YaEThCA CKJI3JI0BOIO, IO BWHUKAE BHACTIIOK HEY3TO/ZKeHHs TapaMeTpiB I'paTok mapis B
(In,Ga;_,As) ta A (GaAs) |l 1]. B npomy Bunagxy spocraunst poui In y mapi In,Ga,_,As
HPU3BOANUTH J0 3pocTanus jgedopmarii ctucky BayTpimuaboro mapy In,Ga,_,As 3a adbcostio-
THOIO BEJIMYWHOIO 1, BiMOBIJIHO, /IO 3MEHIITEHH 9acy MixK JBOMa 3ITKHEHHIMH JOMIIIOK, 10
i € mpuanHo 36inbIeHHst Koedinienta audysii (puc. 4, mixig 1).

ITpu 3pocTanHi cepeaHbOT KOHIIEHTPAIIl JOMIMTOK XapakTep jaedopmaliii maTepiaay re-
TEPOCTPYKTYPH OCHOBHUM YMHOM BHU3HAYAETHC MEPEPOIMOLIOM JIOMITIOK. Y TTbOMY BUIAIKY
301IbIIEeHHA HEBIAIOBIIHOCTI apaMeTpiB I'PATOK KOHTAKTYIOUHUX MaTepiajiB NPU3BOIUTD J10
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HAKONUYeHHsT JOMIIIOK ¥ BHYTPINTHbOMY Tapi (puc. 2) i, BIANOBIAHO, 10 30UIbIIeHHs Jedop-
Mariil po3rary. Sk 6y/10 3a3HaUeHO B po6OTI [ 15|, HATIPYKEHHST PO3TATY 30LIBIIYE MOTEHIIATb-
uuit 6ap’ep Jis pudy3ii. 30iIbIIEHHS] KOHIIEHTPAIIIT JOMIIIOK Y BHYTPIIIHBOMY HAIIPY ZKEHOMY
mapi In,Ga;_,As Tpumaposoi rerepocrpykrypu GaAs/In,Ga;_,As/GaAs upusBoaurb 10
3MEHIIeHHsI BiACTaHi MiK JBOMA MOJOKEHHSIME DIBHOBAru (BiJcTaHb MiK By3iaMu abo Mixk-
BY3JISIMH ), IO 1 € IPUINHOI0 3MeHTeHHs Koedinienta audysii (puc. 4) [8]. ¥V Bunagxy, xkoau
BHYTDINHiii 1rap 3a3uae Beebiunol nedopmariii po3rary, cnocrepiraethest Hesnadue (10 3,2%)
MOHOTOHHE 3MeHIIeHHs KoedirienTa audys3ii JoMIMoK K Hpu 301IbIIeHH] IX KOHIEHTPAIIil,
TaK 1 IpH 3POCTaHHI HEY3TOIKeHHS MapaMeTpiB KPUCTAJIYHAX I'PATOK KOHTAKTYIOUHX IMa-
piB (puc. 5). Taka noee/inka Koedinienta audy3ii MOICHIOETHCSA THM, IO HASIBHICTH JTOMIIIOK
NPAKTUIHO He 3MIHIOE BeTHIWHY /ebOpMAaIiil BHYTPIITHHOTO PO3TATHYTOTO TIAPYy TPUIIIAPOBOL
reTepOCTPYKTYPH 1, BIJAIOBIIHO, HECYTTEBO 3MEHIIYETHCA KoedinieHT Judy3il B HalIPY2KeHii
crpykTypi [15] 3 BHyTpimHiM mmapom, skuil 3a3Hae BeebiuHOT qedopmariii po3Tsry.

e(x)

1.00 T T T T
1 0.014 0.028 0.042 0.056
0.99 — n=10"8
— 1=0.005
Des — =0.01
D 028 n=0.015
4
0.98 |-
0.97 |-
0 0.2 0.4 0.6 0.8 1

Puc. 5. Bajexuicty kKoedinienta audysil KpeMHiI0 y BHYTPIIIHBOMY IIapi
rerepoctpyktypu In,Ga;_,As/GaAs/In,Ga;_,As Bij ckaady TBepaoro pos-
YUHY TPH PI3HUX 3HAYEHHSX CepelHbol KoHmeHTparii jomimok (k= 2700):
1-n=10"% 2-1n=0,005 3—n=0,01; 4—n=0,015

[TpoBeeni TeopeTnyni po3paxyHKu SKICHO y3TOIKYIOTHCI 3 €KCIEPUMEHTATLHUMA pe-
3yJIbTaTaMi, OTPEMAHUME y poboTi [18], Je moka3aHo, Mo HAIPY2KEH] AP TeTePOCTPYKTYPH
InGaAs/AlGaAs cyTTe€BO BILTMBAIOTH Ha MIZKIIAPOBY MH(bY3il0, 3MEHIITYIOYH KOeMDIIEHT JTi-
dy3il 1ig medekTiB, SKi € HeHTPaMU PO3TATY.

[IpakTuuna MIHHICTH POOOTH MOJATAE B TOMY, IO PO3POOJIEHA MATEeMATHIHA MOJIETh JT0-
3BOJISIE TTPOIHO3YBATH HIPOCTOPOBUN PO3IO/IJI JOMIIIOK 1 TOYKOBUX Jie(DEKTIB Y HAIPYKEHUX
HAIIBIPOBIHUKOBUX T'€TEPOCTPYKTYPAX 3 ypaxyBaHHAM BILIUBY MeXaHiuHuUX JedopMalliii,
CIPUYMHEHNX 9K HEBiIMOBIAHICTIO MapaMerpiB rPaToK, TaK i HASBHICTIO HoMimmoK. Orpumani
pe3yJIbTaTH MOXKYTh OyTH BHKOPHCTAHI JIJIs ONTHMI3AI] TeXHOIOTITHAX MpoTeciB (andysiii-
HOTO JIeryBaHHsI, OHHOT IMILTaHTAIlll, TepMidHOT 06POOKHN) TIISAXOM KePYBAHHSI T€PEPO3IO-
JILIOM JIOMIIIIOK Y IeTepOCTPYKTYpaxX, MPOrHO3YBAaHHS KOHIEHTpAIifinux npodiiiB y Oara-
roraposux crpykrypax tumy GaAs/In,Ga; ,As/GaAs 6e3 mpoBeeHHs JOPOrOBAPTICHUX

20



Dan’kiv O., Nechypor Yu., Kuzyk O. Mathematical modeling of the influence of deform...

eKCIIePUMEHTIB, KepyBaHHs edeKTUuBHUM KoedimieaTom audy3il yepe3 3MiHy HeBiAIOBIIHO-
CTi mapaMeTpiB I'PATOK 1 piBHSA JIeTYBaHHs, a TAKOXK MMiIBUIIEHHS SKOCTI HATIBITPOBITHUKOBIX
HPUJIAJIIB HIJIIXOM 3MeHIleHHs HeDaXKaHOI'O POHUKHEHHS JOMINIOK Y akTuBHI obsiacti. o-
Ka3aHo, 110 HAIPYKeH] Iapu MOXKYTh BUKOHYBaTH POJib Oap’epiB abo NAaCTOK /IJis JOMIIIOK,
0 BIJIKPUBAE MOYKJIMBOCTI JIjid IIPOEKTYBAHHS T€TEPOCTPYKTYD i3 Hanepes 3aganuMu (pizu-
YHUMH BJIACTUBOCTSAMU Ta KOHTPOJTHOBAHUM TPOCTOPOBUM PO3IOIIIOM HOCIIB 3apsLy.

BucuoBkun.

1. Po3pobieno maTreMaTHYHY MOJEIb ABUIMIA JUPY3ii TOUKOBUX J1ePeKTIiB y HAIIBIPO-
BLJIHUKOBHUX I'€T€POCUCTEMAX, sIKa BPAXOBYE HAasSBHICTD jiepopMaliil, cTBOpPeHOl caMuMu Jiedpe-
KTaM#, Ta jedopmaliil, SKa BUHIKAE B OKOJI reTepoMezKi BHAC/IIIOK HECIIBIAIIHHS apaMe-
TPiB I'PATOK KOHTAKTYIOUNX MaTepiaiB.

2. Y mexkax po3pobJieHOl MOJIeJIi JIOC/IZKEHO 3a/ie2KHICTD KoedinienTa udy3ii JoMiox
BiJl BEJIMYMHN HEBIJAMOBITHOCTI TapaMeTpiB I'PaTOK MaTepiajiB HaIIBIPOBIIHUKOBOI TeTepo-
crpykrypn GaAs/In,Ga;_,As/GaAs.

3. Beranomneno, 1o 3i 301AbIMIEHHSM HEBiANOBIIHOCTI TTapaMerpiB rpaTok Ha 7% (X
= 1) koedinienr audysii gomimok y HyrpimaboMy mapi In,Ga;_,As rerepocTpykrypu
GaAs/In,Ga;_,As/GaAs 3 medopmariiero cTucky 3menrnyerbes Ha 35%. Taky moBeiHKY
kKoedimienTa audy3ii MOKHA MOSICHUTH 3POCTAHHAM KOHIEHTPAIil JOMIMIOK i BiJIIIOBLIHUM
301IbIIEHHAM BeJUIUHE JehOopMallil po3TAry, IO TPU3BOIUTEH 10 30LIBIIEHHS IMOTEHIAIb-
HOTO Oap’epy mas audysii.

4. BcTaHoBJIeHO, 10 y TPUIIAPOBIH I'eTePOCTPYKTYPl 3 BHYTPIIIHIM PO3TATHYTUM IIIa-
POM HAABHICTH JOMIIIOK NMPAKTUYHO HE 3MIHIOE 3HaYeHHs KoedirienTa judy3il nopiBHAHO 3
0e310MIITKOBOI KPUCTAJIIIHOIO cucTeMo0. 1le 3ymMoBIeHO THM, IO IMILJIAHTAIS JTOMIIIIOK BU-
JIy IEHTPY PO3TATY NPAKTHYHO HE 3MIHIOE BEJUYMHU TapaMerpa jedopMaliii BHYTPIITHHOTO
HaIIPY2KeHOTO TIIapy.

KoundaikT inTepeciB i eTuka. ABTopHu 3asB/sI0Th, MO HE MAOTh KOHQIIKTIB iHTe-
peciB. ABTOpH TaKOXK 3asBJISIOTH MPO MOBHE JOTPUMAHHS BCIX MPABUJI €TUKHU YKYPHATIBHUX
JOCJILIZKEHb.

IMomaku. ABropu 3asB/IsI0TEH PO BiACYTHICTD creniaabHOTO (hiHaHCyBaHHS IMiET pobo-
TH.
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Mathematical modeling of the influence of deformation effects on
the diffusion coefficient of impurities in nanoheterostructures

Olesya Dan’kiv, Yurij Nechypor, Oleh Kuzyk

Abstract. A mathematical model of diffusion in heterosystems taking into account
deformation has been constructed. The mathematical model is based on the solution of the
stationary Fick equation modified by mechanical-deformation effects. Within the framework
of the developed model, the influence of deformation on the diffusion coefficient of impuri-
ties in the heterostructure was studied. It was found that with an increase in the mi-
smatch of the lattice parameters of the contacting materials of the GaAs/In,Ga;_,As/GaAs
heterostructure by 7%, the diffusion coefficient of impurity of the type of stretching center in
the inner Ing,Gag gAs layer decreases by 35% relative to the diffusion coefficient of impurities
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in the unstrained layer, which is associated with an increase in stretching deformation as a
result of self-consistent deformation-diffusion redistribution.

Keywords: mathematical modeling, heterosystem, deformation, impurity, diffusion, mechani-
cal strain.
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Anomauis. Po3riasuyTo 3amady mpo moOyI0BY aCHMITOTHIHUX PO3B’I3KiB 3UUCIEHHOI CH-
cTeMu JIHITHUX qudepeHIlianbHuX PiBHAHL L-IiaroHaabHOrO BUIIAMLY, HAa OCHOBI SKOI TOOY-
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Karwosi cao6a: 39UCIEHH] CUCTEMU TUDEPEHIIATBHUX PIBHIHD L-TiaroHaIbHOTO BUTJISILY,
ACUMITOTUYHUN XapakTep PO3B’sA3Ky, 3MIIaHA 33a4a I8 PIBHAHHS TinepOOiYHOrO THITY
B HEOOMEYKEHOMY TIMJIIH/IPI.

1. Beryn

Jloc/IiIzKeHHIO aCUMIITOTUYHOI [TOBEIIHKU PO3B’A3KiB JHIHUX nudepenniaibHuX piB-
HHb [-7iaroOHAIbHOTO BUTJISAY y CKiHdeHHuX mpoctopax npucsdueni mpami O. Ilepona,
I'. ITnera, P. Bespmana, C. @aeno, H. Jlesincona. Ykpaiuceski Bueni M. [TIkine Ta [ 3asizion
ACHUMIITOTHYHO 3BeJIU CHHTYIIpPHO-30ypeHy cucteMy nudepeHIiaIbHUX PiBHIHb 3 Peryssp-
HOI0 0COOJIUBICTIO /10 AiaroHagbHOro Burasany [$]. S, Tlmorkin Ta A. Typ6in moc/iaKyBatn
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ACHMITOTHYHY TOBEIIHKY PO3B’SI3KY CHHIYJISIPHO 30yPEHOro KBasiIiHiiHOrO maudepeHIiaib-
HOTO PiBHsIHHA y GanaxoBoMy mpoctopi |[7]. B. €BTyXoB mpeacTaBuB acCUMIOTOTHYHE MOJAH-
Hsl PO3B’s13KiB JBoMipHOT cucremu judepennianpuux pisusiab [1]. O. Kouepra, B. fkosenp
JIJIST BUPO/IZKEHO1 CHHTYJISIPHO 30y peHol JIIHIHOT cucTeMu po3podmin aCHMITOTHKY PO3B’A3KY
zagadi Komi [5]. AcuMnroTudsi BIacTHBOCTI PO3B’sI3KiB AudepeHIialbHIX PIBHIHD PO3TJIs-
naorbes y npangx M. Tlepecrioka, O. Kanycran, I1. @ekern, H. Kacimosoi [6], M. IIkins
[10] Ta in. ¥ mpargx M. Kosromok Ta O. Coi [1], [3] mobymoBano po3s’s3kn 39UCICHHEX CH-
creM nudepeHIiaTbHIX PIBHAHb 3 MAJUMU MMapaMeTPaMU i BCTAHOBJIEHO IX aCUMITOTHIHY
MOBETIHKY.

2. IToctanoBka mmpobJieMn

Mema cmammi: BU3HAYUTH YMOBH 1 100Y/lyBaTy PO3B’ 430K 3MIilIaHOT 3a/1a4l JIJisl PIBHSI-
HH¢ TinepOoJIiYHOrO THILY B HEOOMEXKEHOMY IMUJIHPI, BAKOPUCTOBYIOYN ACUMIITOTUYHI PO3-
KA JJId 3YUCJACHHUX CUCTEeM JIHIHHUX JudepeHIiajbHuX piBHAHDb [-1iaroHaIbHOTO BH-

LJISLLY.

3uuc/ienHi cucremMn JiHIRHUX AU epeHIliaJIbHIX PIBHSIHB L-1iaroHaJIbHOTO BUTJISI LY 0~

caikyBasucsa y npangx M. Kosroniok [2] Ta M. Hlking it M. Kosroniok [J]. 3okpema y
pobGorax [2], |9] posrasHyTO cucremu
dy

Yo W)+ o) v, )

ne W(t),C(t) = ||ci;(t)||s° — nlitcni Heckindenni marpu, y — HecKiHueHHUIt BeKTOp, T > 1) —

nificna 3Minna, mMartpunsg W (t) ckiramaersed i3 xoppaxosux kmitua Wi(t), j = 1,2,... i3

BJIACHUM 49HCIOM Bigmosinno w;(t) posmipnocti r;, rob6ro
W(t) = {Wi(t), Wy(t),...}. (2)

npuuomy 1 < r; < +oo i mocainosuicTs {r;} kparHocti Kiaitun zZKoprana obMe:keHa 3BEPXY:

r = sup{r;}.
J
Po3B’s130K cucremu (1) mrykaemMo y IpocTopi m piBHOMIPHO OOMEKEHUX 1 OTHOCTAHO He-

nepepBHuX QyHKIIOHAJIBHUX HOc/HaLoBHOCTE. [Ipuitycrumo, 1m0 koeditientu L-jiaronajibHol
cucremu (1)—(2) 3a/10BOJBHIIOTH YMOBAM:
o0

a) wi(t), cem(t), cr(t) = > crm(t) - t* nenepepsui npu t > t,

m=1
6) sup max ck(t)=v< 400 Vk=1,2,..., ne v >0 — craja, 1o He 3aJ1eKUTh BiJ t,
k
B) exementn Marpuii C(t) Taki, mo - ¢;(t) < M, j=1,2,...; [ C(t)||dt < +oo,
k=1 t

r) mo3HaunMo depe3 Dy, (1) = Re(wy(t) — wp,(t)). [Ipunycrumo, 1o Bei rp < 00 moma-
JIAl0Th B OJINH i3 ABOX KjaaciB Iy, Iy, jge r, € I, gKio,

t
t7" exp Dim(s)ds | — 0 mpu t — oo, (3)
0

¢
¢ t
[t — 7|* exp —/ka(s)ds < M < 400, 11, € 5, gKII0 /ka(s)ds < N. (4)

o6
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Tonai mae mictie Teopema [2].

Teopema 1. fkxuwo cucmema (1)-(2) 3adosorvhac ymosam a)—2), mo icnye maxe docmammuwvo
seauxe T >ty > 0, wo npu t > T dana cucmema Judeperyiasvhux Pi8HAHD MAE P03 A30K
yi(t), j=1,2,... acumnmomuuno pishud

yi(t) = () (1 +o(1)), (t = o0), (5)

de ;j(t) — poss’aszor crinuennoi cucmemu JuPepenyiaivHuT PIeHAND % = W;(t)1.

ITro TeopeMy MOKHA BUKOPHCTATHU ITPU 3HAXOJ/KEHHI PO3B’I3KiB 3MINIaHOl 3a1adi J11st
PIBHAHHS TiepOOJIIYHOTO THITY B HEOOMEKEHOMY TTHJIIH/IPI
Ho,o=0<z<0<y<m]x[0<t<00):

*u  0*u  O*u

92— 92 + Iy + a(t,z,y)u, (6)

lulp =0, L — mexa obnacti G =1[0<z<[;0<y<m], (7)
u(0,2,y) = uo(z,y),

u(0,2,y) = w(z,y), =y€Gq, (8)

ne a(t,x,y) — yHKIis, sKa Mae HellepepBHi MOXiAHI 10 ¢, X, Y JIO TPEeTHOTO MOPSIIKY BKJIIO-
YHO, aDCOIOTHO iHTerpoBHA B obsacTi G, TOOTO HEBJIACHMI IHTErpaJI 1o 3MiHHil ¢ 30iKHMi

[e.o]

/a(t,x,y)dt < +00,
0

a dyukuil ug(x,y), ui(z,y) gocraTHe aucao pas audepeHIiioBHi.

3. OcHOBHI pe3yJibTaTH

[Topsiz 3 (6) po3rIsTHEMO DiBHSIHHSI

,0'u  0*u  J*u
P =
o2 0x?  0Oy?
e — nmeskuii mapaverp (0 < e < 1).

Ilpu € = 1 piBuanng (9) cuoiBmagae 3 (6). 3a gomomoroo mifgcranosku t = &7, (T —

: Ou _ Ou dr _ 1 0Ou 0%u _ 1 0%*u
HOBa He3aJI€?KHa 3M1HHa) 9t — Br Atz B0 o2 T = a2

u  0*u  O*u

+ ea(t, x,y)u, (9)

MPUXOANMO /IO PIBHSIHHS

+ ea(t, x,y)u. (10)

_|_
or?  0z?  0y?
Jnst mobyosu dopmanbHoro po3s’sa3ky 3mimanol 3aaaqi (6)—(7)—(8) BukopucToByEMO
Metos Pyp’e. ¥V BiANOBITHOCTI 3 UM METOJIOM PO3B’S30K IYKAEMO Y BUTJISIL PSLY

— 1
u(t,z,y) = Z w_TkJ(t)Xk‘(I)}/](y)? (11)
k=1 ki
e Xi(x),Y;(y), k,j =1,2,... Bracui Gyuknil Bignosiaguux kpaifoBux 3a1a4
d’X
T~ uX(@): X(O)=X()=0, (12)
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Y _ —vY(y), Y(0)=Y(m)=0, w=p+v, (13

dy?
{t}, {v;} — Binnosigui Baacui 3Havenus:

2
2

. 2 .
T 2 ™ .
Uj:(J—) ; Yj(y):\/—sinﬂ; j=12 ...
m m m
Wy = T2 (’;—22 + 731—22> 0 Ugi(T,y) = \/% sin '”T”" sin J%y — IIOBHA& OPTOHOPMOBaHA cucTeMa (PyH-
kiiii. [Ticag mimeramosku (12) B piBusnus (10) orpumaemo

1 Ty, 1 2X,
E — X Y = E —T —Y.
Wi dT2 Ho)Yi ) k.j Wi k() dz? i)+

Octranuio piBaicTs noMHOKHMO Ha Xy (2)Yj/(y), k', 7/ = 1,2, ... i mpoinTerpyemo moci-
JIOBHO JIBa pa3u 10 = Ta y B Mexkax Big 0 10 [ i Big 0 10 m. BukopucroBywodu cuiBBiaHOIIEHHS

(14), mpuxoAUMO JI0 3YHCIEHHOT cucTeMu JAudepenIiajibHIX DIBHIHD

LTy _ gy he S o ()T(0) (15)
— = Ty (T)+ € agjp g (T) i (T
wk/j/ dT2 kj kal wkj kj’kj kj
Il m
xe aniaey(7) = [ ] alr,2,y) Xe(@)Yi) Xio (@)Y (y) dady, K, 7 = 1,2,...
00 ~~ ~~

Vkj (I7y) V! 5! (I,y)

[TouaTkoBi yMOBU HAOUPAIOTH BUTJISALY

l m
T j(0) = / / uo(z, y)vg i (z, y)dzdy
0 0
di»/j/

l m
= / / ul(x7y>vk’j’(x7y)dxdy7 kl?j,: 1727"'
o |,_, o Jo

Y piBusnHi (15) ingekcu k' i j' piBHOTIpaBHI, BOHK 3MIHIOIOThCSI HE3AJI€XKHO OJIUH BiJI OJHOTO.
ITocrasumo ingekcam k' i j' y BianoBiaHicTh HATYpaJbHe 9ucyao r = k'+j'. ZKIno 3MiHIOIOThCS

(16)

k' 14, abo oguH i3 iHgeKciB, TO BIANOBIIHO 3MIHIOETHCS 1 7.
Toni piBusnHs (15) MOKHA IIEPENHUCATH Y BULJISIL:

1 T, — 1
w_ = = —T,.(T) + € Z —Qp oy <T>T7'1 (T)
T 7'1:1 1
abo
T, — 1
dr2 —w, Tr(T) + ew, 721 w_naf‘an (7)T, (7) (17)

3a gonomorotw uijgcranosku 1,.(7) = Zo,_1(7), dq:;m = Zop(7), 7 =1,2,..., HOYATKOBY
sagady (16)—(17) npuBoaMMO /10 3YUCJIEHHOI cucTeMu JAudepeHIialbHIX PIBHSIHD:

o8
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2, 0 1 0 0 ..7T([=xn [0 0 0 0 %
zh —w; 0 0 0 ... 2o %CLH 0 Z—;am 0 29
zzl = 0 0 0 1 ...| |z & o 0 0 0 23
2y 0 0 —wy 0 ... 24 Z—fagl 0 :—zagg 0 24
abo y BeKTOpHO-MaTpu4Hiil (popmi ) )
dz
0 AZ +eB(1)Z. (18)

Enementu Heckingennnx marpuips A, B(t) € nocrarue uncio pasis qudepentiiiopanmu (yH-
kiisimu 1o t. [TpuBogumo many cucremy (18) mo L-miaroHaabHOMY BHIJISLY 32 JOTIOMOIOO
MiJICTAHOBKH

Z =U(t)W, (19)

[e.e]

npuaomy U (t) = [[upg()]|7° — neckindyenna marpus, sika 3a10B01bHsE yMOBY » u2 (1) < M,
qg=1

W — neckingenunii Bektop. PiBustans (18), sukopucronyioun (19), HabyBae BUTIIALY

U(t)‘il—vf + U (OW = AUOW () — eBOU )W (L),

Marpumio U (t) Oymayemo Tax, mo6 BUKOHYBAJIACh MATPUIHA PIBHICTD
AU(t) —eU'(t) —eB)U(t) = U(t)(A(t) + eC(1)),

A(t) = diag{ i (t), Xa(t),... }, C(t) = ||lci;(1)||3° — meckinuenna marpurs.
[IpupiBHSEMO B OCTAHHHOMY MATPUYHOMY PiBHAHHI KOe(pIIiEHTH TPH OJHAKOBHUX CTe-
nersx €. OTpUMaEMO MaTPUUHY CHCTEMY aJareOpaidHux piBHIHD

{AU(t) —U(t)A(t) =0 (20—21)

—U'(t) — Bt)U(t) = z}(t)C(t).

3 piBustab (20—21) snaxommmvo U (t) i A(t). [Ipoanasizysasimu Matpuio A, 6aduMo, 1Mo
Marpuifo U norpibHO 1iyKaTu y KBasijiaroHajibHomy survisii. [lepiie marpuyune piBHsAHHS
(20—21) po3nasaeThCs HA 3YMCICHHY MHOKWUHY CKIHYEHHUX CHCTEM JIPYTOTO MOPSIKY

Uzj2j-1(1) = Aaj—1(t)Uzj1,2-1(t), Uszjj(t) = Agj(t)Uzj1,25 (1),
—w;Usj1,25-1(t) = Agj—1(t)Usj2j-1(t), —w;Usj—1,25(t) = Agj(t)Usj;(t),
j=1,2,3..., po3B’d3KaMu SIKUX €

Agjo1 = /Wy, Agj = —i/wy, 1=V,
Usj12j-1(t) = Uzj12;(t) = 15 Uzjzj-1(t) = Agj1 = i/wj,

Usj2i(t) = —iy/w;, Tobro marpumi U(t) i A(t) MaoTs Bursn

29
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1 1 0 0 ]
iyw, —iyw; 0 0
Ut)y=1| 0 0 1 1 :
0 0 z\/w_g —i\/Wy
] ] (22)
[iyawr 0 0 |
0 —iyw; 0
At)=1] 0 0 iywz 0
0 0 0 —iw,

Ockinbku Marpuig U(t) Mae KBasimiaroHaIbHU BUTJIS, TO MH MOYKEMO MOOY/IyBATH
taky marpuimio U~ (t), axka 3a10B01bHANA 6 YMOBI:

U(t)U_l(t) = Ex,

ne B, — onmamuHa Heckimuenna Marpund, U~ 1(t) = H k”oo
Uy ()= Uy 1(0) = 53 Ubyany(t) = 51 Uns(t) = 1#
2j—1,2j—1 = Ugjoj1 — 251,25 - 2\//(1)_]’ 27,25 - _2 wja
TOOTO
1 i
2 2w 0 0
1 L 0 0
-1 2 2V 1 %
U (t)=|0 0 2 T 2w
0 0 3 5
Vs

3 apyroro marpudHoro pisHsinHs (20—21) Burminsae, mo
C(t)=-UYt)(U'(t) + B(t)U(t)), abo
C(t)=-U"'(t)BMU(t) =

[0 (1) (1) () ()

2”LU1 2'[1)1 21[)2 211)2
zzqffilan(t) Z;{;an(t) _;‘éjalg(t) Z;{Ujau(t)

= | 2w a1 (t) _i\/@(lgl (t) _imagg (t) _i\/@(lgg (t)

2wa

wagl (t) @agl(t) @GQQ (t) i\/@a22<t>

2wo

Moxua moBectn, 1o aas Marpuii C(t) BHKOHYIOTHCS YMOBH HemepepBHOCTI (yHKIIii
00 +0c0
ci(t) = > leyr(®)], 7 =1,2,3...,at >0, a rakox ¢;(t) < a(t) ( [ a(r)dr < —|—oo>. Takox
k= 0
st Beix j, k= 1,2,... dbynkmia Re(A;(t) — Ax(t)) = 0, To6TO He 3MiHIOE 3HAK.
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Tomy L-miaroHajibHa CHCTEMa, 3TiTHO 3 2], Mae po3B’sa30K BUISLY
wi(t) = ) O Gk =1,2,..., (23)

npuaoMy 7);;(t) — HemepepsHi dynknil Ha [0;400), A AKAX MalOTh MicIle aCHMITOTHYHI
PO3KJIAIH:

nik(t) =o(1) (5 # k),
Mek(t) =1+ 0(1) mpu t — +o0.

Iligcrapnsioun (23) B Heckimdenny cucremy mudepenriagbuux pisusanb (18) (¢ = 1)
OTPUMAEMO PO3B’A3KHU

jwt
25-1() = (i (t) + mj1n(t)) €%,
20j(t) = /w07 (e () + My (1)) €50, j=1,2,..
3Buaunrb, jaudepenniajabhe piBHsAHHS APyroro nopsiaky (17) mae poss’sisku

To(t) = () + mrs (1)) €%,

T. - (24)
AT () = iy (N (t) + N (t)) eF, T=1,2,...

dt
JIJISI IKAX MAlOTh MiCIie acuMITOTUYHI (DOpMyJin
o dT(t , -
T, (t) = (1 + o(1))e*™~ # = iy/w,o(1)eF ™ gxmo k # 7,7 + 1. (25)

Orpumani pe3yabraru cPOpPMYJIIOEMO Y BULVISII TEOPEMHU.

Teopema 2. Hexali dynruia a(t,z,y) mae nenepepeni norioni no t, r ma y 00 mpemvozo
nopadky, abcosommo inmezposra 6 obaacmi G:

[e9]

/a(t,x,y)dt < 400,
0

modi po3e’a3ok amiwanoi 3adawi (6)—(8) moorcna nodamu y eueandi (11), de gynruii Xi(x),
Y;(y), T-(t), T = j+k obuucaoromov sa gopmyaamu (12), (13), (14), 0as axux maromo micye
acumMnmomusHi poskaadu (25).

MozkHa 3acTocyBaTH aHAJIOTITHIN METO 3HAXOIXKEHH PO3B’ 3Ky 3MIIaHol 3a,a4i /115
PIBHSIHHSI
0%u 0?u
2
— = (ap(t) +alt,2)) =
at2 ( 0( ) ( ? )) 81'2’
sike 3aa0BosibHgAE rpannanuM u(0,t) = u(l,t) = 0 i mouarkoBum u(x,0) = ¢1(x), w(z,0) =
Qul = @b () ymosam, dymkmii a2(t), a;(t, z) MaoTh HemepepBHi TOXiHI 0 060X 3MiHHEX

Bt lt=0
oo

[o.¢]
J10 TPETBOTO NMOPSIKY, a0COMOTHO iHTerpoBHi: [ af(t)dt < +oo, [ aq(t, x)dt < +o0.
0 0

oo
Tomi po3e’st30K Takoi 3amavi MoxKHA TmofaTH y Buriasai u(z,t’) = ) wika(t’)vk(x),
k=1

dbyurit vy () 1 Ti(t) obuucaooTs 3a hopMyTamu 3272 + w?v =0, v(0) = v(l) = 0,

AT, ()

— = 1Wm @0 (T) (Mmk () — Mm1,(t))

eiiwkaO(t)u Tm (t) - (nmk (t) + nm-‘rl,k(t))eiiwka()(t)?
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JIISE AKHX MalOTh MiCIle aCHMITOTHYHI (hpOPMYIN

4 dT,(t ‘ -
T (t) = (14 o(1))eFwrao®) % = iwmao(T)(1 + o(1))eF*®  gximo k= m,m + 1,
. dTl,(t ) ,
T, (t) = o(1)eFiwrao® T() = iwmao(T)o(1)eF 0 gxmo k # m,m + 1.

BucHoBku. ABTOpaMu CTaTTi BU3HAYEHO YMOBH i MOOY/IOBAHO PO3B’SI30K 3MIMIAHOI 3a-
JIadi /s pIBHAHHSA JPYTOrO MOPSAKY TillepOOJITHOrO THILY ¥ HEOOMEKeHOMY IHJIIH/IPI, BUKO-
PHUCTAHO AaCUMITOTUYHI PO3KIAIN /I 3UUCJIEHHAX CHCTeM JIHIHHUX audepeHTialbHuX PiB-
HAHBb L-11arOHAIBHOTO BUTVIAAY V BHUIMAJIKY, KOJW TOJOBHA MATPHIT CKIATACThCA 3 KIITUH
2Kopnana pizHol po3MipHOCTI i pi3HEX XapaKTEePUCTUYIHUX UHUCE.

[TepcrekTuBu MOAAJBINUX JIOCJTI/KEHh BOAYAEMO y BUBYEHHI PO3B S3KiB CUCTEMU BU-
raaay (1), Kosm rooBHA MaTpHIg € HeCKiHUeHHOI Kiaituaow 2Kopaaxa abo iHmm Bama ku
JIUCKPETHOTO CHEKTPY.

Koundaikt inrepeciB i eruka. Map'auna KoBrouok € 4jieHoM peakojerii JaHoro
Kypuasy. [Ing ynuknennsg KOHQIIKTY IHTEPECiB, PYKONUC MPOHIIOB BIOBIIHY IPONELYPY
pereH3yBaHts He3aJeKHUMH DPeleH3eHTaMU, a NPUIHATTSA PillleHHsd PO MyO/IiKaIio 31iii-
CHIOBAJIOCS HE3AJIEXKHUM PEIaKTOPOM. ABTOPHM TaKOXK 3asBJSIOTH MPO MTOBHE JIOTPUMAHHS
BCIX IIPABWJI €THKHU YKyPHAJIBHUX JTOCTLIZKEHb.

Iopaxu. Pobora Bukonana 6e3 crerniaabHOro (hiHAHCYBAHHSI.
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Application of countable L-diagonal systems of linear ordinary
differential equations to the solution of select problems in
mathematical physics

Marianna Kovtoniuk, Olena Soia

Abstract. In this paper we consider the problem of constructing asymptotic solutions
of a countable L-diagonal system of linear ordinary differential equations. Based on this we
construct a solution to a mixed problem for a hyperbolic partial differential equation in an
unbounded cylinder and investigat its asymptotic behavior.

Keywords: countable L-diagonal systems of linear ordinary differential equations, mi-
xed problem for a hyperbolic partial differential equation, asymptotic solution behavior,
unbounded cylinder.
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Abstract. In this article, we continue the analytical research loops of small orders. Namely,
we investigate loops of order 5. Recall that an element of a loop is called unipotent if its
square is the neutral element. A loop is called unipotent if all its elements are unipotent. It
is well known that there are six loops of order 5 up to isomorphy relation. One of these loops
is a semisymmetric anticommutative loop (SAC loop). The following property is true: “If a
unipotent loop is isotopic to an SAC loop, then the components of the isotopism coincide, so
the loops are isomorphic.” Since any SAC loop is unipotent, any isotopism (autotopism) is
an isomorphism (respectively, an automorphism) in the class of SAC loops. This property
allowed us to describe the isomorphy relation on the isotopes of the SAC loop. As a corollary,
we obtain a complete classification of loops of order 5 and their automorphism groups. In
addition, we managed to solve the recognition problem for all six loops of order 5. For
example, a loop of order 5 is isomorphic to: 1) the group if and only if the squares of all
elements are pairwise distinct; 2) SAC loop if and only if it has at least three unipotents.

Keywords: quasigroup, loop, isotope, SAC loop, loops of small orders, loop of order 5.

1. Introduction

Despite the growing use of Latin squares, in particular in such relatively new areas
as information coding and encryption, their research is mainly carried out by computer
methods and mainly combinatorial properties are studied. And the results of such research
are quantitative characteristics and some construction methods [1, 2]. Systematic analytical
research of small-order quasigroups is almost missing. So, for example, it is known that the
set of loops of order 5 are divided into 6 isomorphy classes and 5 of them are isotopic to each
other, but it is not known to which algebraic classes of loops they belong.

e-ISSN 3041-1955 DOI: https://doi.org/10.31652/3041-1955-2026-03-01-06
2020 Mathematics Subject Classification: 20N05, 05B15.
(© 2026 Sokhatsky F., Creative Commons Attribution 4.0 International Licence.
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This article is devoted to the systematic study of loops of order 5. In the class of SAC
loops, a property holds that is very similar to the corresponding property in the variety of
groups: “If a unipotent loop is isotopic to an SAC loop, then the components of the isotopy
coincide, so the loops are isomorphic.” Recall that an element of a loop is called a unipotent if
its square is the neutral element. A loop is called unipotent if all its elements are unipotent.
Since any SAC loop is unipotent, in the class of SAC loops any isotopism (autotopism)
is an isomorphism (respectively, an automorphism) (Theorem 8). This property allowed us
to describe the isomorphism relation on the isotopes of any SAC loop (Lemma 10). If the
group of automorphisms of an SAC loop is transitive on the set of pairs of distinct nonzero
elements, then the isotopes of the SAC loop are divided into 5 subsets by the isomorphy
relation (Theorem 11). Since all nonassociative loops of order 5 are isotopic to an SAC loop,
we obtain a complete classification of loops of order 5 and a description of their automorphism
groups (Theorem 14). In addition, we managed to solve the recognition problem for all six
loops of order 5. For example, a 5-order loop is isomorphic to the group Zs if and only if the
squares of all elements are pairwise distinct. These results were reported in [6].

2. Preliminaries

Let (+) be a binary operation defined on a set (). The pair (Q;-) is called a quasigroup
if for all a and b in @) each of the equations

x-a =0, a-y==b

has a unique solution. In this case, the set @) is called a carrier set or a carrier, and the
operation (-) is called an invertible or a quasigroup operation.

A quasigroup is called a loop if it has a neutral element, that is, an element e such that
e-x=ux-e=uzforall x € Q. The loop is also called an e-loop and is denoted by (Q;-,e).
An element a of an e-loop is called: unipotent if a®> = a - a = e; right inverse to bif b-a = e.
An element a of a quasigroup is called idempotent if a®> = a - a = a. It is clear that only the
neutral element is idempotent in a loop.

Isotopy relation. S denotes the symmetry group of the set (), that is, the group of all
bijections of the set (). Two operations f and g defined on () are called isotopic if there exist
bijections oy, as, as € Sg such that

g9(x,y) = aaflar'(x), a3 (y))
for all z, y in @, the triplet & := (aq, az, a3) is called an isotopism, and «z is its principal
component. These operations are called isomorphic if a«; = as = a3. The operation g is called
the isotope of the operation f and is denoted by ¢f. Every operation that is isotopic to an
invertible operation is also invertible. The equalities

a(éf) — abf of = f, ri=(t,1,1)

imply that the group S% = 5g x Sg X Sg and the group Sg act on the set of all binary
operations and on the subset A of all invertible binary operations defined on (). Therefore,
the sets of all autotopisms Autt(f) and the sets of all automorphisms Aut(f) of an operation
f are its stabilizers under these actions and therefore they are subgroups of the groups Sé
and Sg, respectively. The cardinal m := |Q)] is called order of f where @ is its carrier. If the
order is finite, then the carrier is denoted by Z,, := {0,1,...,m — 1} and Z,, := (Z,; +,0)
denotes the group of integers modulo m.
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Lemma 1. 1. Every loop (Q;*,e) of order m is isomorphic to some loop (Z,;*,0):
zxy = o~ (2) * 97 (),
where ¢ : Q — Zy, is an arbitrary bijection with the property ¢(e) = 0.
2. Every quasigroup (Q;*) is isotopic to some loop (Q); e, axb), where
zeoy:=p, (1) x A (y),
where A\o(z) := 0%z, pp(z) :== z *b.
Proof. 1t is easy to verify. 0

Therefore, considering loops of order m up to isomorphism, it suffices to consider 0-loops
on the set Z,,.

Let us highlight a well-known trivial statement which is well known as a corollary of
Albert’s theorem.

Lemma 2. Every loop isotopic to a group is isomorphic to it. Every isotopism («, 3,7) of a
loop (A;*,0) on a commutative group (B;+,e) has the form

(Oé, 67 ’Y) = (Raea Rbey Ra+b9)

for some elements a, b of the group (B;+,e) and an isomorphism 0 of the loop on the group,
where R,(z) := z + a.

Proof. Let (a, 8,7) be an isotopism of a loop (A;x,e) onto a commutative group (B;+,0),
ie.

a(z) + py) = v(z*y). (1)
Denote a := af(e), b := f(e), ¢ := ~(e), then a + b = c. Let’s define

b1(x) == —c+ a(z) + b, 02(y) == —b+ B(y), O(z) := —c+~(x).

Substituting the relations in (1) we obtain 6, (z) + 62(y) = 6(x * y). Therefore, 6, = 6 = 6,
because 0;(e) = 0s(e) = 0(e) = 0 and so # is an isomorphism. O
Theorem 3 (|2]). There exist exactly two loops of order 5 up to isotopy.

Theorem 4. FEvery loop of order m = 2, 3,4 is isomorphic to one of the following group Zs,
L, Ty X g, Zy. A loop of order 4 is isomorphic to Zoy X Zo if and only if it is unipotent.

Quasigroups of order 4 are described in |5, 7].

Theorem 5 (|!]). If Q is a quasigroup of order m and P is its proper subquasigroup of order
k, then 2k < m.

3. SAC loops

In this section, we introduce the concept of SAC loops and study some of their properties
that allow us to analytically describe all loops of order 5.
Definition 6. A loop (Q;0,0) is called:

o semisymmetric if it satisfies the identity z o (y o ) = y or the equivalent identity

(oy)ox =y
e anticommutative if for all distinct nonzero elements xoy # yox holds. In other words,
if it satisfies the condition

roy=yore (x=0Vy=0Vr=y);
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o SAC loop if it is semisymmetric and anticommutative. We will denote the SAC loop
of order m by L,, or L.

Let L := (Q;0,0) be an SAC loop and a,b € @, then the quasigroup defined by
xﬁjy::(box)o(yoa) (2)
is called (a,b)-loop and denoted it by (Q; (ﬁb), aob). If there is no misunderstanding, we will
simplify the notation and write ab-loop and (Q; (%], a o b), respectively. The neutral element
in this loop is a o b. Indeed,
(aob) Ay =(bo(aoh))o(yoa) = ao(yon) =y,
xﬁ)(aob) =(box)o((aob)oa)=(box)ob=u.
The defining identities
rzo(yox)=y and (roy)ox=y
of semisymmetric loops can be written as L, R, = ¢ and R,L, = ¢, i.e.
L;'=R, and R;'=1L,.

Hence, each translation of a semisymmetric loop has only two directions |8, 9.

Every semisymmetric loop is unipotent. Indeed, if y = 0, then x o x = 0. In other
terminology [3], it is a three-sided loop, i.e. its neutral element is left, right and middle
neutral. Therefore, all parastrophes of a unipotent loop are loops with the same neutral
element.

3.1. Isotopes of SAC loops. It is well known that any loop that is isotopic to a group
is also a group that is isomorphic to that group. Here, in Theorem 8, we prove a similar
property for SA-loops.

Lemma 7. Let («a, 3,60) be an isotopism of some e-loop onto the SAC loop (Q;0,0). Then
a= L0, B = R,0, where a := a(e) and b := [(e).

Proof. Let («, 3,0) be an isotopism of the loop (A; %, e) onto the SAC loop (Q;0,0), i.e.

a(z) o Bly) = 0(z +y) (3)

for all z, y in A. The equality a o b = #(e) follows from (3) for x = y = e. Substituting y = e
and x = e in turn, we obtain

a= R0 = L, B=L,"0=R,0. (4)
O
Theorem 8. Any isotopism of a unipotent loop onto an SAC loop is an isomorphism.

Proof. Let («, 3,0) be an isotopism of some unipotent loop (A;*,e) onto an SAC loop L :=
(Q;0,0), i.e. the equality (3) holds. By Lemma 7 we obtain

Lyf(x) o R,0(y) = 0(x * ).
Replace x with 67*(z) and y with 67! (y):
(box)o(yoa)=0(0""(x) 07 (y)). (5)
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Since the loop (A; %, e) is unipotent, i.e. u x u = e for all u,

00~ (x) 071 () = O(e) = Ble x e) 2 a(e) o Ble) = aob.

Therefore, the equality (5) for = y can be written as

(bozx)o(xoa)=aob. (6)
If x =0, then boa = aob. As the loop (Q;0,0) is anticommutative, then

a=0 VvV b=0 V a=0
For each of these cases, (6) can be written as
(box)ox=b V zo(xoa)=a V (aoxz)o(roa)=0,
respectively. Using the operation (o), we apply: 1) the element x on the left to the first
equality; 2) the element x from the right of the second equality; and 3) the element a o z
from the right of the third equality:
zo((box)ox)=xz0b V (ro(xoa))ox=aox V ((aox)o(roa))o(aox)=aoux.
Since the loop LL is semisymmetric,
bor=xz0b V xoa=aox V xzoa=aou.

The value of the variable x can be chosen in such a way that x ¢ {0, a,b}. Therefore, from
the first equality it follows that b = 0, and from the second and third a = 0. Therefore, each
of these three cases leads to the equalities a = b = 0 and therefore the equalities o = L0,
B = R.0 lead to a = 8 = 6, i.e. the isotopism (a, 3, 0) is an isomorphism. O

Corollary 9. Any autotopism of an SAC loop is its automorphism.

Proof. Each SAC loop is unipotent therefore by Theorem 8, any autotopism of an SAC loop
is its automorphism. O

3.2. Isomorphy relation on SAC loops. In this subsection we will give a complete analyti-
cal description of the isomorphy relation on loops order 5 using only the fact that they are
divided into two isotopy classes. First, we prove the following lemma.

Lemma 10. Let L := (Q;0,0) be an SAC loop. Then

(1) every loop isotopic to a loop L is isomorphic to some ab-loop;

(2) the triplet (o, B, 0) is an autotopism of the ab-loop if and only if 0 is an automorphism
of the loop L and o« = Ry0Ly, 5 = L,OR,;

(3) the bigection 0 of the set Q is an isomorphism of the operations Ab and /Ab, if and only
if d =0(a) and b = 0(b);

(4) the bijection 0 of the set Q) is an automorphism of the operation Ab of and only if
0(a) = a and 6(b) = 0.

Proof. 1. Let aloop (A; %, e) be isotopic to the SAC loop L. It means that there exist bijections
a, B, 6 of the set A onto the set @ such that the equality (3) holds. Using Lemma 7, we
obtain (5), and taking into account notations (2), we have

v ay =007 0% 07 (), e 0(x) A B(y) =0 +y)

for all x, y in Q. Therefore, 6 is an isomorphism of the loops (A;x,e) and (Q; Ab, aob).
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Let the triplet of bijections «, 3, € of the set () be an isotopism of the operations Ab
a,

and A, i.e.
a't!

0(v8y)=alz) & Bly)

a'ty
for all z, y € Q. Using the equality (2), we have
0 (Lo(z) © Ra(y)) = Lya(z) o Ry 5(y).
Replacing = with L, '(z) and y with R;!(y), we obtain
0 (zoy) = LyaL;'(x) o RuBR; (y).
Hence, (LyaL; ', RyBR;1,0) is an autotopism of the SAC loop L. By Theorem 8
LyaLy,' = RyBR;" = 0. (7)

Therefore, 0 is an automorphism of the SAC loop L.
2. If the triplet (v, 3, 0) is an autotopism of the operation ﬁ), then for ' = aand v/ = b
we obtain
a=L,'0L, = Ry0Ly, B=R;'0R, = L,OR,.
3. If the triplet (o, 3, 60) is an isomorphism of the operations a/Ab/ and ﬁ), thena=p=40
and (7) implies

Therefore, Ly = Ly, R = Ry(a), which is equivalent to ' = 0(b), a’ = 0(a).
4. It follows from 3. when @’ = a and &’ = b. O

Theorem 11. If the automorphism group of an SAC loop (Q;0,0) is transitive on the set of
pairs of distinct nonzero elements, then every loop that is isotopic to (Q;0,0) is isomorphic
to exactly one of the following loops:

(@0,0), (@a1), (@41, (@40, (Qa203)

Proof. If the automorphism group Aut(o) of the SAC loop (Q;0,0) is transitive on the set
of pairs of distinct nonzero elements, then the action of the group Aut(o) on the set Q? has
five orbits:

{(0,00y, {0y ly#0},  {(z,0) |z #0},

{(@2) [z#0},  {(zy) [ 0#z#y#0}

A set of representatives of these orbits are the pairs (0,0), (0,1), (1,0), (1, 1), (2,3). It remains
to use item 3 of Lemma 10. O

4. Loops of order five

Each semisymmetric loop is unipotent since x o x = x o (0 o ) = 0. Formally speaking,
the smallest order of an SAC loop is 2. We call this case degenerate.
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4.1. Elementary properties. In this subsection, we prove some elementary properties of
loops of order 5.

Lemma 12. The smallest order of a nondegenerate SAC loop is 5. The loop Ly := (Z5;0,0),
where

= O W N DD
DN O | | W[ W
Ol | QW DO || >

—~

0.¢]

S—’

1s an SAC loop.

Proof. Theorem 4 implies that the loops of the order 2 and 3 are commutative and therefore
they are not SAC loops. It is easy to verify that the loop L5 is anticommutative and satisfies
the identity z o (yox) = y. O]

Let L := (Z5; 0,0) denote the SAC loop given in (8), Ly(x) := aox, R,(x) := zoa and
S} (A]) denotes a symmetric (alternating) group of degree 4, i.e. the group of all (respectively,
even) bijections of the set {1,2,3,4}. Before giving a final theorem in which we describe the
basic concepts in each loop of order 5, we prove the following statement.

Lemma 13. If a, b are distinct nonzero elements of the loop LLs, then

(1) Zs ={0,a,b,aob,boa};

(2) ao(aob)=boa;

(3) (aob)o(boa)=a.
Proof. By the condition, the elements 0, a, b are distinct; by the definition of the SAC loop,
aob+#boa. Suppose boa=0or aob=0, but aoa =0, therefore b = 0. A contradiction.
So,boa#0and aob # 0. Finally, b £Aaob # a since ao0)=a and 0o b =b.

The element a o (a o b) is not equal to any of the elements 0, a, b, a o b, therefore

ao (aob)=boa by item 1. To obtain item 3, we multiply the equality a o (a 0b) =boa by
a o b on the left and use the semisymmetry identity. [l

Theorem 14. Let Ls := (Z5;0,0) be the SAC loop ginen in (8). The following statements
are true:
(1) every autotopism of Ly is its automorphism, namely,

AutLs = {04 | a #0b, a,b=1,2,3,4} = A}, (9)

012 3 4
where 9ab.:(0 0 b aoh boa)’ (10)
(2) every loop of order 5 is isomorphic to exactly one of the following loops:
LS? (Z570A171)7 (Z5>%71)7 (ZSaﬁ70)> (Z5a2A371>7 ZS (11)

(3) the autotopism group of the loop (Q; Ab), where ab € {01,10, 11,23}, is
Autt (Ab) = {(Ry0Ls; R.OL,; 0) |0 € AutLLs} ~ A;

(4) the automorphism group of the loop (Zs; A, 1) is trivial: Aut (QAB) ={};
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(5) the automorphism group of the loop (Q; Ab), where ab € {01,10,11}, is

Aut (8) = {t, (234), (243)} ~ Ay

(6) each autotopism («, 3,7) of the group Zs has the form
a(z) = kx + a, B(x) = kx + b, v(z) = kx +a+0.

The group of autotopisms is a subgroup of the group L x L x L, where L denotes the
group of linear transformations of the field Zs.

(7) Each loop of order 5 has only trivial normal subloops, i.e. they are simple loops; each
proper subloop of a loops is a subloops generated by a nonzero unipotent.

Proof. (1). Theorem 8 implies that every autotopism of an SAC loop is its automorphism.
Suppose that ¢ is an automorphism of the loop L; and let a := (1) and b := ¢(2), then

o(3) 2 p(102) = (1) 0 p(2) = aob,

8)
o) @ p(201) = p(2) 0 p(1) = boa.
Therefore, every automorphism can be represented in the form (10).
Vice versa, let a transformation 6,, be defined by the equality (10) for some distinct
nonzero elements a and b of the loop LLs. Lemma 13 implies that 0, is a bijection of the set
Zs. Let us prove that

Oab(z 0 y) = Oap(2) 0 Ou(y) (12)

is true for all z, y in Z5. In the cases © = 0, y = 0, x = y the equality (12) is obvious.
Consider the case z = 1. The equality (12) can be written as follows:

Ou(Loy) =aolyu(y).

If y = 2, then the equality is aob = aob. If y = 3, then we have the equality boa = ao (aob)
which is proved in item 2 of Lemma 13. If y = 4, then we get b = a o (b o a), which follows
from the identity x o (y o x) = y.

In the cases x = 2, = 3 and x = 4, the equality (12) can be written as:

O (20y) =00 Ou(y), Oup(302)=(aob)obu(z), Ow(dou)=(boa)olyu(u).

Let us consider only the non-obvious cases: if y = 1, then aob =bo (boa); if z = 2, then
boa = (aob)ob;if u =3, then b = (boa)o(aob). All these items are proved in the Lemma 13.
Hence, the trasformation 6,, is an automorphism of Ls.

Therefore, the loop L5 has as many automorphisms as there are pairs of nonzero
elements, i.e. 12. There is only one subgroup in the group S with 12 elements. Hence,
Aut Lg, = Ail

(2). Theorem 3 implies that every loop is isotopic to either the group Zs or the SAC
loop Ls. If a loop is isotopic to a group, then it is isomorphic to it, therefore it is a group
(Lemma 2). Consequently, all nonassociative loops of order 5 are isotopic to SAC loop Ls.

From the just proved item 1) it follows that for any distinct nonzero elements a, b € Z
the automorphism 6,, maps the pair (1,2) to an arbitrary pair (a,b) of distinct non-zero
elements. Therefore, the automorphism 6,46, maps the pair (a,b) to the pair (c, d). It means
that the automorphism group AutILs is transitive on the set of all pairs of distinct nonzero
elements of the set Z5. By Theorem 11, every nonassociative loop is isomorphic to exactly
one of the specified loops, except Zs.

72



Sokhatsky F. SAC loops and loops of order five

(3). Item 2 of Lemma 10.
(4). According to item 4 of Lemma 10, the automorphism of the operation 2A3 is the

bijection ¢ which satisfies the conditions ¢(0) = 0, ¢(2) = 2, ¢(3) = 3. Consequently,
©(1) =p(203) =p(2) 0o p(3) =203 =1. Hence, ¢ = ¢ and

Aut <2A3> ={u}.

(5). The general form of the automorphism 6 of the operations oAl’ %, A is

11
01 2 3 4
SOZ(O 1 =z 1lox :1301>’ z =234

Therefore,
Aut (OA1> — Aut <1A0> — Aut (ﬁ) — {1,(234), (243)}.

(6). Tt follows from Lemma 2.

(7). Since the order of the normal subloop divides the order of the loop, the loop of
order 5 has only trivial normal subloops {0} and Z;. Since the order of its own subquasigroup
does not exceed half the order of the quasigroup (Theorem 5), the only proper subloops of
loops of order 5 are subloops generated by unipotents. O

4.2. Recognition of loops of order 5. In this subsection, we find a criterion for each of
the six loops (11).

Theorem 15. An arbitrary loop of order &5 is isomorphic to:

(1) the group if and only if the squares of all elements are pairwise different;

(2) a loop-23 if and only if it has exactly one unipotent and the squares of some other
elements coincide;

(3) the loop-11 if and only if it has exactly two unipotents and the squares of some other
elements coincide;

(4) the loop-01 if and only if it has exactly two unipotents, the squares of the other
elements are pairwise different and the right inverse of some element is its square;

(5) the loop-10 if and only if it has exactly two unipotents, the squares of the other
elements are pairwise different, and the right inverse of some nonunipotent is not
its square;

(6) the SAC loop if and only if it has at least three unipotents.

Proof. Recall that an element of a loop is called unipotent if its square is the unit of the loop.
All unipotents is on the main diagonal of the respective Latin square. It is obvious that the
number of equal squares (in particular, unipotents) and so distinct suares in a finite loop are
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invariant under any isomorphism. The table

unit | square | 0 | 1|2 |3 |4 | the number of | the number of
unipotents | distinct squares
0 |z4+2x |[0]2]4]1]3 1 5
1 x 2A3 x |4]114]14/|0 1 3
0 |z 1Al x |0/0[1]1|1 2 3
1 |z oA1 x |1|1]4]2|3 2 4
1 |z le x |1]1]3[4]2 2 4
0 zox |[0|0]0|0]0 5 1

and the equalities

2 22 = (102)o4 =304 =1, 3 A 32 = (103)o2=402=1, 4 A 4? = (lo4)o3 = 203 =1,

24 22 = 20(301) =202=0, 3 A 3% =30(401) =303 =0, 4 A 4? = 40(201) = 404 = 0.

imply that each of these six operations (11) satisfies exactly one of the conditions given in
items (1)—(6).

For example, let consider item (2). Two operations have exactly one unipotent + and
2A3, but the sequence all squares of + are repetition-free and 0 2A3 0=4=2 2A3 2. Therefore,

the condition of item 2 uniquely defines the operation 2A3

Now, consider item (4). There are two operations which have exactly two unipotents

and the squares of the other elements are pairwise different. Those operations are 0A1 and %.

Moreover, the right inverse to 2 is 2%: 2 A 22 = 1 and none of 22, 32, 42 is the right inverse

respectively to 2, 3, 4 under the operation 1A0' 0

Corollary 16. Let (Q;o) be a quasigroup of order 5 and u be its arbitrary element. Then
(Q;0) is a group isotope if and only if the mapping v, defined by v,(x) := R, (z) o L, (z)
18 a bijection of the set Q.

Proof. Every quasigroup is isotopic to a loop of the same order (Lemma 1). Theorem 15
implies that every loop is isotopic to either a group or SAC loop.

Since a loop isotopic to a group is also isomorphic to it (Lemma 2), the group and the
SA-loop are not isotopic. Lemma 1 implies that the quasigroup (Q;e), where

rey:= R '(z)o L (), L,(z):=uox, R,(y):=you,
is a loop with neutral element u ¢ u. In this loop, the square of the element x is equal to

r e x = v,(z). According to Theorem 15, a loop is a group if and only if the squares of all
elements are pairwise distinct, i.e. -, is a bijection of the set Q. O
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4.3. Some applications of Theorem 15. Consider the quasigroups (Zs;*,2),
(Q;©) and (Zs; ®) which are defined by the following Cayley tables:

x10]1]2(34 olalblcldl|e ®(0|1(23|4
014121013 alblclalel|d 0143|0112
113(0[1(4]2 claleld|c|b 112113410
210111234 blecld|blale 213121401
3111413210 eldlale|b]|c 31110(2]3|4
41213(4(0|1 dle|blc|d|a 4101411123

Ezxzample 1. To which loop the loop (Zs; *,2) is isomorphic?

From the Cayley table, it follows that the neutral element of the loop (Zs;*,2) is 2,
therefore only 2 and 3 are unipotents: 2x2 = 2 and 3 %3 = 2. The squares of the elements 0,
1, 4 are respectively equal to 4, 0, 1, therefore they are pairwise distinct. The right inverse
of 0 is not its square. Indeed, the element 4 = 0 % 0 and 0 % 4 # 2. Hence, the loop (Z5; *,2)
is isomorphic to the 10-loop.

Ezxzample 2. To which loop is isotopic the quasigroup (Q;<)?
We use Corollary 16. Consider the case u = a, then

a b c d e a b c d e
R“_(bacde)’ L“_<bcaed)'
Yala) = RN a) o L (a) =boc=b;  7.(b) = RN (b)o L, (b) =aoa=0b.

Since y,(a) = 74(b), the transformation ~, is not a bijection of the set Z5. By Corollary 16,
the quasigroup (Q; <) is not isotopic to a group, so it is isotopic to the SAC loop.

Ezxzample 3. Ts the quasigroup (Z5; ®) a group isotope?
Again, we use Corollary 16. Let u = 0, then

ne(1280) me(0123)
Let’s find the values of the function vo(z) = Ry '(z) ® Ly'(z), ©=0,1,2,3,4
%(0) =Ry (0)® Lyt (0) =4®2=1, y(l)=R'()®L;'(l)=3®3=3,
W0(2) =Ry'(2)® Lyt (2) =1®4=0, %B)=R;'B)®L;'(3)=281=2,

o(4) = Ry'(4) ® Ly (4) =0® 0 = 4.

The quasigroup (Zs; ®) is isotopic to the group Zs, because all values of the function ~y, are
different.
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UDC 512.548.7

SAC gynm i aynm m’aToro mopaaKy

®Peqnip CoxanpbKuii

Anomauia. Y miit craTTi MU TPOJOBKYEMO aHATITHIHE ITOCTIIKEHHS JIYI MaJuX II0-
panKkiB. A came, MU J10CaiIzKyeMo Jynu mopsaky 5. Harajgaemo, mo eeMenT Jynu Ha3HBae-
ThCA YHINOMEHMHUM, TKIITO HOTO KBaIpaT HeHTpaabHUi. JIyna Ha3UBAEThCA YHINOMEHMHOTO0,
AKINO Bcl 11 eJleMeHTH YHITOTEHTH.

OjiHa 3 JIyI TOPSJKY 5 € HANBCUMETPUYHOK aHTUKOMYTAaTHBHOW Jynoo (SAC-ayma).
BukonyeThcs Taka BIACTUBICTD: « ZIKIMMO yHimOTeHTHA JTyTa i30TomHa SAC-1yTi, TO KOMIIOHEH-
TH i30Tomii 30iraThes, orke, Jaynu i3omopduiy. Ockiabku Oyab-ska SAC-nyna € yHinoren-
THOIO, TO OyIb-sIKuil i30T0mmi3M (aBroTOMm3M) € i30Mopdizmom (BigmosiaHo, aBroMopdizMom)
y kaaci SAC-ayn. s BracTuBicTh 103BOJIN/IA HAM ONUCATH BiHOIIEHHS i30MOpQI3My Ha
izoronax SAC-aymu. 9k HACTIIOK MU OTPUMYEMO TOBHY KJIACUMDIKAIIIO JYT TOPSIKY D Ta
KOXKHY 3 iXHIX rpyn aBromopdizmip. Kpim Toro, Ham Bjiajiocsd BUPIIIUTH TpobieMy po3Ii3Ha-
BAHHsI JIJIS BCIX IMECTH JIynm Hopsaky 5. Hampukian, jayna mopsaiaky 5 izomopdua: 1) rpymi
TOMi 1 TLIBKH TOMi, KOJIM KBaJIpaTH BCiX 11 eaemedTiB nmomapro pizai; SAC jymi Tomi i TLIbKH
TO/Il, KOJIM BOHA Ma€ MPWHAKNMHI TP YHIMOTEHTH.

Karouosi caosa: kBasirpyna, Jjyma, i3oron, SAC jyna, kBasirpynum Majux MOPsIKiB,
JIYIIA MAJIUX TOPSAKIB, JIyTa TOPSAKY O.
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Abstract. In the article, we study parastrophic-orthogonal ternary quasigroups: namely,
group isotopes which have 3 and 4 distinct parastrophes. The necessary and sufficient
conditions for ternary medial quasigroups with 3 and 4 distinct parastrophes to be totally
parastrophic-orthogonal are proved. The conditions under which these quasigroups are strong-
ly parastrophic-orthogonal are described. Thus, some methods of constructing orthogonal
and strongly orthogonal ternary quasigroups are obtained.

Keywords: ternary quasigroup, group isotope, medial quasigroup, parastrophe, (strongly)
orthogonal quasigroups, totally parastrophic-orthogonal (top) quasigroup.

1. Introduction

Ternary quasigroups possessing a certain number of pairwise distinct parastrophes and
their existence were studied in M. McLeish’s papers [I| and [2]. Later F. Sokhatsky and
Ye. Pirus in [3] and [/] described a classification and canonical decompositions of ternary
group isotopes possessing various numbers of distinct parastrophes. The study of ternary
quasigroups with orthogonal parastrophes is a natural completion of these results. The
conditions for a medial ternary quasigroup to be totally self-orthogonal (i.e. all distinct
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principal parastrophes are orthogonal) were proved in [5] for the case when all its princi-
pal parastrophes are pairwise different. This approach was proposed by G. Belyavskaya and
T. Rotari (Popovich) in [6] who described the conditions for a central binary quasigroup to
be totally parastrophic-orthogonal.

Each parastrophe of an invertible operation can be regarded as a principal operation,
and the regularities that arise in the study of these quasigroups are expressed in terms of
parastrophic symmetry. Suppose that f is an n-ary invertible operation and °f denotes a o-
parastrophe of f, o € S,,. The mapping (o, f) — °f is an action of the symmetric group S, 1
on the set of all invertible n-ary operations defined on a carrier and is called a parastrophic
action [7]. The stabilizer group Ps(f) and the orbit Po(f) of an operation f

Ps(f) :={0 € Spu1 | °f = [} < Suy1, Po(f) :={°f |0 € Sui1}

are called a parastrophic symmetry group and a parastrophic orbit of the operation f respecti-
vely. The series of statements follows from classical group theory, specifically

[Ps(f)] - [Po(f)] = (n+ 1),  Ps(7f) = oPs(f)o,

Therefore, parastrophic quasigroups belong to the same parastrophic orbit and their paras-
trophic symmetry groups are conjugated.

2. Statement of the problem and preliminaries

We restrict our attention to the symmetric group Sys. It is known fact that S, has 30
subgroups distributed into 11 conjugacy classes. Here, we consider groups of parastrophic
symmetry Dg, S3 and As, where

Ds = {1, (12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423)},
S5 = {1, (12), (13), (23), (123), (132)},  As:={s, (123), (132)}.

In the article, we consider the conditions when a ternary medial quasigroup with the
parastrophic symmetry group Dg, S5 and Ajz possesses the property that it is parastrophic-
orthogonal or totally parastrophic-orthogonal, i.e., in the cases when the quasigroup has 3 and
4 pairwise distinct parastrophes. Before proceeding further, we need the following definitions
and statements.

Throughout the article, all operations are defined on a fixed set () called a carrier set
or a carrier and m := |Q] < co. We will often use the following lemma.

Lemma 1. A product of elements in a finite monoid is invertible if and only if each of these
elements is invertible.

A ternary operation f defined on @ is called invertible or a quasigroup operation and
the pair (Q; f) is called a quasigroup of order m, if each of the terms f(x,a,b), f(a,x,b),
f(a,b, x) defines a permutation of @ for all a,b € Q.

Orthogonality. A triplet of ternary operations fi, fo, f3 is called orthogonal, if the system
of equations

f1($1,$2,$3) = aq,
f2($1,l’27$3) = ag,

f3($1,902,$3) = as
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has a unique solution for all a1, as,a3 € Q. A set of ternary operations ¥ = {f1, fo, ..., fs},
s = 3, is called orthogonal, if each triplet of distinct operations from X is orthogonal. Operati-
ons fi, fo, f3 are called strongly orthogonal if the set of operations {fi, fo, f3, €1, €2,e3} is
orthogonal, where e; defined by the equality

61‘(5131,@7953) =T

is called an i-th selector, i € {1,2,3}.
The operation af defined by

(af)(@,y,2) = a(f(2,9,2))

where « is a permutation of (), is called a torsion of f.

Proposition 2. |5, Proposition 1| If a set of operations is orthogonal, then their torsions
are also orthogonal.

Parastrophes and parastrophic symmetry. For each permutation o € Sy, a o-parastrophe
°f of an invertible ternary operation f is defined by

Jf(lla7$207x30) = Typ f(flj'l,ilfg,l';;) = T4,

which is equivalent to

of('rlyx% 'T3) = T4 == f(x10*17x20*17x30*1) = Tyo-1. (1)

For all permutations 0,7 € S; and for each invertible operation f, it is true that

‘H=">1 f=r (2)
A o-parastrophe is called:

e an i-th division if o = (i4) for i = 1,2, 3;
e a principal parastrophe if 40 = 4.

The formula (1) implies that any principal o-parastrophe can be defined by

Uf(xla .Z‘Q,Z['g) = f(xla*17$20*17x3071)'

Each ternary invertible operation has 4! = 24 parastrophes including 3! = 6 principal
parastrophes.

Theorem 3. [3, 7| The relations (2) imply that the symmetric group Sy acts on the set Az

of all ternary invertible operations defined on a set Q. Therefore, the following statements
are true:

(1) parastrophy is an equivalence relation on As; each block under the action is a set of all
pairwise parastrophic operations, where f is one of these operation (representative);

(2) Ps(f) is a subgroup of Sy;

(3) parastrophic symmetry groups of parastrophic operations are isomorphic, i.e., they are
conjugated: namely, Ps(°f) = oPs(f)o™}; )

2

Ps(f)]’

(5) parastrophes °f and "f are different if and only if o and T belong to different elements
of the set Sy/Ps(f).

(4) the number of all different parastrophes of f equals
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B(H) denotes the class of all quasigroups whose parastrophic symmetry group includes
the subgroup H < S;. Note that B(H) is a variety [3].
By item 5 of Theorem 3, all distinct parastrophes of a quasigroup with the groups of
parastrophic symmetry Dg, S3 or A3 are representatives from the elements of the sets
S4/D8 == {Dg, (23)D87 (13)D8}7 54/53 == {Sg, (14)83, (24)53, (34)53},
Sy/As = {As, (12)As, (14)As, (24)As, (34)As, (124)As, (134)As, (142)As}.
A ternary quasigroup is called:

e parastrophic-orthogonal if it has a triplet of orthogonal parastrophes;

e self-orthogonal if it has a triplet of orthogonal principal parastrophes;

e totally parastrophic orthogonal (briefly, a top quasigroup) if its all distinct parastrophes
are orthogonal.

Group isotopes. A ternary groupoid (Q; f) is called a group isotope, if there exists a group
(G;-) and bijections «, (3, v from @ to G such that

f(x,y,z):5_1(ozx-ﬁy-7z) vxvwaEQ-
Each group isotope (Q; f) has a 0-canonical decomposition (+,ay, as, ag,a) for every
element 0 € Q, i.e.,

f(x1, 29, 23) = aq 1 + Qo + 33 + a, (3)
for some group (Q; +,0), permutations «ay, as, ag with @10 = @0 = a30 and a € Q; (Q;+,0)
is called 0-canonical decomposition group.

If a ternary quasigroup (Q; f) is linear over a group (Q; +), then it has decomposition
(3), where a, ag, avg are automorphisms of (Q;+) and a € Q. If (Q; +) is abelian, then (Q; f)
is called a central or T-quasigroup.

Corollary 4. [8] A quasigroup (Q; f) is medial if and only if there exists an abelian group
(Q;+) such that (3), where ay, ag, ag are pairwise commuting automorphisms of (Q;+) and

a € Q.
All parastrophes of a group isotope can be obtained by the following lemma.

Lemma 5. Let (Q; f) be an arbitrary ternary group isotope and let (3) be its canonical
decomposition. Then its divisions and principal parastrophes are

ADF (21, 29, 23) = a7 (21 — a — asr3 — Qo)

COF (21, 29, 73) = ay " (—onmy + T9 — @ — Q373)

GOF (21, 29, 23) = a3 " (—ry — 2 + 73 — @),

7f (21,22, 3) = A1T15-1 + Q2Top-1 + A3T3,-1 + @, o € Ss.

Lemma 6. Let (Q; f) be a medial ternary quasigroup (Q; f) with (3), T, 7o, 73 € Sy. The
parastrophes "'f , 2f, f are

(1) orthogonal if and only if the determinant
aln a271 0537—1
A1y, Qaory Q37 (4)

A1y Qorg Q37
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is an automorphism of the group (Q;+), where ay := —u;
(2) strongly orthogonal if and only if the determinant (4) and all its minors are automorphi-
sms of the group (Q;+).

Proof. The first statement is taken from [5].

The parastrophes ™f, ™f, 7f are strongly orthogonal if and only if ™'f, ™f, f ey, es,
ez are orthogonal, i.e., each triplet of this set is orthogonal. By item 1, orthogonality of these
parastrophes is equivalent to invertibility of (4), and clearly ey, es, e3 are always orthogonal.
Now, consider the cases when one of the operations is a selector, say the triplet ™f, 7if e
for all 4,7 € {1,2,3} and i # j. Then its orthogonality is equivalent to invertibility of the
determinant

0517-2. aQTi Oé?)T,L'
Qor,  A3r,
O(17']- a27j a3Tj =

L 0 0
Hence, orthogonality of if | 7if. e; is equivalent to invertibility of obtained minor. The proof

is similar for the selectors e; and ez. Thus, we get all minors of (4). The result of the lemma
follows. O

Qar; (37,

Canonical decompositions of group isotopes. Let (Q; f) be a ternary quasigroup with
Ps(f) = Dg. By Proposition 4 from [3], only different parastrophes of f are f, (0f (24,

Theorem 7. [3, Theorem 5| A ternary group isotope (Q; f) belongs to P(Ds) if and only if
there exists an abelian group (Q,+,0), its involutive automorphism o and an element a € Q)
such that a(a) = —a and

fx,y,2) =ar+ay — z+a. (5)
By Proposition 6 in [3], if Ps(f)=Ss, then different parastrophes are f, (4 CVf Gf,

Theorem 8. |3, Theorem 6| A ternary group isotope (Q; f) belongs to P(Ss) if and only if
there exists an abelian group (Q,+,0), its bijection o and an element a € Q such that

f(z,y,2) = ar + ay + az + a. (6)
Theorem 8 and Lemma 5 imply the following statement.

Corollary 9. All distinct parastrophes of a ternary group isotope (Q; f) with the parastrophy
symmetry group Ss are
f(z,y,2) = ar + ay + az +aq, COf(2,y,2) = a N (~ax +y — az —a),

(7)

(14)f($,y72> - 04_1(]; —ay — @z — CL), (34)f(l’,’y,2f) - Oé_l(—Oé,T —ay +z— CL).

By Proposition 8 in [3], if Ps(f) = As, then f has only different parastrophes f, (2)f,
f @O BYf 24)p (139f (142)f By Theorem 7, a group isotope with the parastrophic
symmetry group As has decomposition (6).

3. Main results

Two transformations « and 3 of a group (Q; +) are supposed to be equivalent if « = -3,
where ~ is a bijection of (Q;+), i.e., equivalent transformations are invertible on (Q;+)
simultaneously. If the transformations are given in the determinant form, then to equivalent
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transformations there corresponds determinants up to common row or column multipliers or
to rearrangements of rows or columns.

Group isotopes whose parastrophic symmetry group is Dg. The necessary and suffi-
cient conditions for a dihedrally symmetric group isotope to be a top quasigroup were
announced in [10]. Here, we provide the complete proof of this criterion. Later, the correspondi-
ng criterion for a linear ternary quasigroup over a unitary, associative, commutative ring was
announced without proof in [11] and some of its corollaries were presented.

Theorem 7 and Corollary 4 imply immediately the following statement.

Proposition 10. A ternary group isotope with the parastrophic symmetry group Dg is a
medial quasigroup.

Theorem 11. A ternary group isotope (Q; f) with the group of parastrophic symmetry Dg
is a top quasigroup if and only if it has canonical decomposition (5), where (Q,4+,0) is an
abelian group, « is its involutive automorphism, an element a € QQ such that a(a) = —a, and
a + ¢ is an automorphism of (Q;+).

Proof. Let (Q; f) be a ternary group isotope and Ps(f) = Dg. By item 5 of Theorem 3, 7f
and 7f are different parastrophes if and only if o and 7 belong to different elements of the set

Su/Ds = {Ds, (14)Ds, (24)Ds}.

We may choose ¢, (23), (13) as the representatives of S;/Ds. Hence, all parastrophes of (Q; f)
are principal. Consequently, the classes of parastrophic-orthogonal, self-orthogonal and totally
parastrophic-orthogonal ternary group isotopes with the group of parastrophic symmetry Dg
coincide.
By Theorem 7, this group isotope has decomposition (5), and by Lemma 5, its distinct
parastrophes are
flx,y,z) =ar+ay—z+a,

(23)f($,y72) =ar —y+oz+a,
f(z,y,2) =—z+ay+az+a.

By item 1 of Lemma 6, the parastrophes f, 3 f and (% f are orthogonal if and only if
the determinant

dps =| o — « (8)
- a «

is an automorphism of the group (Q; +). Adding the first row to the second one multiplying
by —t, then adding the second and third columns, we get the following transformations for
dDg:

0 a+t —(a+v) 0 0 —(a+y)
dps = | o  —t Q =l a a—1t a =
- o« e} -t 2« o

= —(a+1)(2* +a—1)=—(a+0)(2+a—1)=(—)(a+)(a+).
Since —¢ is invertible, by Lemma 1 the determinant dp, is invertible if and only if the
transformation «a + ¢ is an automorphism of the group (Q;+). O
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Example 12. Let Z;5 be a ring of integers modulo 15. By Theorem 11, (Z;5; f), where

f(x,y,Z)Zx—l—y—Z,

is a top quasigroup with Ps(f) = Dsg, since a4+ ¢ =1+ 1 = 2 is relatively prime to 15 and so
is invertible in the ring Z;s.

Corollary 13. A ternary group isotope with the group of parastrophic symmetry Dg is not
a strongly top quasigroup.

Proof. Suppose that (Q; f) satisfies the conditions of the corollary and is a strongly top
quasigroup. By item 2 of Lemma 6, all minors of dp, which is defined by (8) should be
invertible. However, dp, contain the minor

a —t

=a’—1=1—-1=0, (9)

—lL

which is a contradiction. Therefore, a strongly top group isotope with the group of parastrophic
symmetry Dg does not exist. 0

Corollary 14. There does not exist any strongly orthogonal parastrophes of a ternary group
1sotope with the group of parastrophic symmetry Dg.

Proof. Suppose that (Q; f) is a quasigroup with (5). Since each two rows of the determinant
dp, contains the minor (9), the pairs of parastrophes ("f, @), (f,13f) and (f, ®®f) can
not be strongly orthogonal. O

Group isotopes whose parastrophic symmetry group is S3. Earlier, the necessary and
sufficient conditions for a group isotope with the parastrophic symmetry group S3 to be a
top quasigroup were announced in [12]. Here, we provide the complete proof of this criterion
and some of its corollaries.

Lemma 15. A triplet of parastrophes f, 7f, 'f, where T,v € {(14),(24),(34)}, of a ternary
medial quasigroup (Q; f) with the group of parastrophic symmetry Ss is orthogonal if and
only if it has canonical decomposition (6), a € Q, and «, a + v are automorphisms of the

group (Q; +).

Proof. Let the conditions of the lemma be true. According to Proposition 2 and item 1 of
Lemma 6, the parastrophes f, 7f, Vf are orthogonal if and only if the determinant (4) is an
automorphism of the group (Q;+), where one of its row is a, a, & and others are two of the
following sequences:
—L,Q,Q; Q, —L, Q; a, o, —L.

Note that the invertibility property for a determinant is invariant under permutations of its
rows and columns.

By permuting the rows, we can put the row «, a, « first. By permuting the columns, we
can get —¢, o, a as the second row. If the third row is «, a, —¢, we permute the second and
third columns to obtain the following determinant:

a o o« a+t 0 0
dg,=| -t a a|=| = a «a|=(a+)(@+a)=(a+)ala+L) (10)
a -l o« a -l o«
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By Lemma 1, the deteminant d}gg is invertible if and only if the transformations o and o+ ¢
are automorphisms of the group (Q;+). O]

Lemma 16. A triplet of parastrophes f, COf GOf of o ternary medial quasigroup (Q; f)
with the group of parastrophic symmetry Ss is orthogonal if and only if it has canonical
decomposition (6), a € Q, and o, a + 1, 2a — ¢ are automorphisms of the group (Q; +).

Proof. Let the conditions of the lemma be true. According to Proposition 2 and item 1 of
Lemma 6, the parastrophes 4f, @Of Bf are orthogonal if and only if the determinant (4)
is an automorphism of the group (Q;+) whose rows are the following sequences:

—i,Q,Q; Qa, —L, Q; a, o, —L.
Under a permutation of the rows, we obtain the following determinant:
- a «
dg,=| o — a |. (11)
a a =L

Adding the first row to the second one multiplied by —¢, and then adding the first and second
columns, results in the following transformations for d253:

—(a+1t) a+t 0 —(a+4+¢) 0 0
dg, = a -t o« | = o a—L a | =
a =L o 200 —1

=—(a+i)(—(a—1)—2a°) = —(a+)((t—a*) —alt+a)) =
=(—)(a+)(a+)(t —2a) = ala+)(a+ 1) (2a —1).
By Lemma 1, the deteminant d%g is invertible if and only if the transformations o, o+
and 2a — ¢ are automorphisms of the group (Q;+). O

Theorem 17. A ternary medial quasigroup (Q; f) with the group of parastrophic symmetry
Ss is a top quasigroup if and only if it has canonical decomposition (6), a € Q, and o, o+,
2 — 1 are automorphisms of the group (Q; +).

Proof. Suppose that (Q; f) is a ternary medial quasigroup and Ps(f) = Ss3. By item 5 of
Theorem 3, the parastrophes °f and 7f are different if and only if 0 and 7 belong to different
elements of the set

54/53 - {53, (14)53, (24)53, (34)53}

In other words, all pairwise different parastrophes are f, (4f CHf B9f,

Consequently, if the parastrophic symmetry group of a ternary quasigroup is 53, then
all its principal parastrophes coincide. By Theorem 8, this group isotope has decomposition
(6), and by Corollary 9, its distinct parastrophes are (7).

Thus, the proof of the theorem follows from Lemma 15 and Lemma 16. O

Example 18. Let Zs; be a ring of integers modulo 21. By Theorem 17, (Zs1; f), where
f(z,y,2) = 10z 4+ 10y + 10z, (12)
is a top quasigroup with Ps(f) = Ss, since
a+1=10+1=11, 20—1=2-10—-1=19.
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We may formulate some generalizations for a cyclic quasigroup (Z,,; f) with (12) as
follows:

Corollary 19. Let Z,, be a ring of integers modulo m, and the operation f be defined by
(12).
(1) (Z; f) is a top quasigroup with Ps(f) = S5 if and only if m is relatively prime to 2,
3,5, 7,11 and 19.
(2) If m = p is a prime number, then (Z,; f) is a top quasigroup with Ps(f) = Ss for
each prime p > 19.
(3) If p is the least prime divisor of m, then (Zy; f) is a top quasigroup with Ps(f) = S
for each prime p > 19.

Corollary 20. A triplet of parastrophes °f, "f, *f of a medial quasigroup (Q; f) with the group
of parastrophic symmetry Ss is strongly orthogonal if and only if {o,T,v} = {(14), (24), (34)},
f has canonical decomposition (6), and o, o+, 2a — 1, a — ¢ are automorphisms of (Q;+).

Proof. By item 2 of Lemma 6, we should consider all non-trivial minors of the determinants
dg, and d3, defined by (10) and (11) respectively. The determinant (10) contains the minor

a o«
= 0.

a «

Therefore, the triplet °f, 7f, “f does not contain the operation f and so

{o,7,v} ={(14),(24), (34)}.
Consider the determinant (11) and its nine minors. All its minors are equivalent to two
of them under permutations of the rows and columns:

—L « ) a )
=1—a’'=—(a—1)(a+1), =—a—a°=—at+ a).

(0% —t a —L

These minors are invertible if and only if o + ¢ and o — ¢ are automorphisms of (Q;+).
Consequently, 1¥f CYf GYf are strongly orthogonal if and only if o, a+¢, 20— ¢ and o — ¢
are automorphisms of (Q;+).

O

Example 21. Consider the field Z;3 of integers modulo 13. By Corollary 20, (Zi3; f), where
f(z,y,2) = 8x + 8y + 8z,

is a quasigroup with Ps(f) = S3 which has strongly orthogonal parastrophes (4f, 249 GUf,
since

a+1=8+1=9, 20— 1=2-8—1=15, a—1=8-1=T.
Corollary 22. Let (Q; f) be a medial quasigroup with (6) and possess the group of parastrophic
symmetry Sz. Then

(1) (Q; f) is not a strongly top quasigroup;
(2) A0f COf and GV are orthogonal if and only if (Q; f) is a top quasigroup;
(3) (Q; f) is parastrophic-orthogonal if and only if o+ ¢ is an automorphism of (Q;+).

Proof. Corollary 20 implies immediately item 1. [tem 2 follows from Lemma 16 and Theorem 17.
Item 3 follows from Lemma 15 and Lemma 16. 0J
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A group isotope (Q;f) with the parastrophic symmetry group S; has no principal
parastrophes except f, however each of its divisions has three principal parastrophes.

Proposition 23. Let (Q; f) be a medial quasigroup with (6) and Ps(f) = Ss. For each
i € {1,2,3}, its parastrophe (Q; “Vf) is

(1) self-orthogonal if and only if o+ ¢ and 2a — v are automorphisms of (Q;+);

(2) strongly self-orthogonal if and only if o + 1, 2cc — ¢ and o — ¢ are automorphisms of

(@ +).

Proof. Consider a division of f, say (4f, as a principal operation. Then obviously, it has
the parastrophic symmetry group H := {¢,(23),(24),(34),(234),(243)} < S, which is a
conjugate of S3 by the permutation (14). In this case, Si/H = {H,(12)H, (13)H, (14)H }.
The operation Mf has three principal parastrophes M9f, Yf GYf whose orthogonality and
strong orthogonality follow from Lemma 16 and Corollary 20 respectively. OJ

Note that a ternary quasigroup with the parastrophic symmetry group Aj exists, as
follows from the paper |2] (see for example Theorem 3.3). However, there are no group
isotopes with eight distinct parastrophes.

Proposition 24. If the parastrophic symmetry group of a group isotope contains As, then it
containes S3.

Proof. Theorem 7 from [3] states that a group isotope (Q; f) with Ps(f) 2 A3 has canonical
decomposition (6). This implies the equalities

0 =f U=y

and hence (12), (13) € Ps(f). Since the permutations (12), (13) generate Ss, it follows that

Conclusions. The necessary and sufficient conditions for a ternary medial quasigroup
to be a top quasigroup are given in the cases when the quasigroup has the parastrophic
symmetry group Dg and S3 (Theorem 11 and Theorem 17). Consequently, this provide
methods of constructing ternary orthogonal quasigroups which have 3 and 4 distinct orthogo-
nal parastrophes. Besides, we have shown that a medial quasigroup with Ps(f) = S; may
have a triplet of strongly orthogonal parastrophes (Corollary 20). A method of constructing
a triplet of ternary strongly parastrophic-orthogonal quasigroups follows.

From the obtained results, we have the following theorem:.

Theorem 25. Let (Q; +) be an abelian group and ¢ be its automorphism. Then the operations
fl: f27 f3 deﬁned by

fl(flf,y,Z):gO{L‘-f-y—l—Z, fg(l‘,y,Z):ZL'—f—gDy—l—Z, fg(ﬁ,y,Z):ZE+y+gOZ

are strongly orthogonal quasigroup operations if and only if @, o — 21, ¢ — 1, © + ¢ are
automorphisms of (Q;+).

Proof. Let the conditions of the theorem hold. Then the quasigroup (Q; f) defined by
flz,y,2) = ax + ay + az

is medial. According to Corollary 9, all divisions of this quasigroup can be expressed in the

form
Wf(x,y,2) = I(—a a4y +2), @f(2,y,2) = I(x —a "'y + 2),

COf(@,y,2) = I(x +y —a'2),
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where I(z) := —x. By Corollary 20, these operations are strongly orthogonal if and only if
a, 2a — 1, a + ¢, a — ¢ are automorphisms of (Q;+). Let ¢ := Ia™!. Then «a := Ip~!, and
the given conditions mean that

L™, 20pT =19 (p—2), IoT +i=¢ " (p—1), To7'—1=Tp " (p+1)
are automorphisms of (Q;+). This proves the theorem. O

Corollary 26. Let Z,, be a ring of integers modulo m. Then the operations fi, fa, f3 defined
by
fl(x,y,z):kx+y+z, f2(I7y,Z):ZL’+]€y—|—Z7 fg((L’,y,Z):ZE—Fy—FI{?Z

are strongly orthogonal quasigroup operations if and only if k, k—2, k—1, k41 are relatively
prime to m.
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UDC 512.548.7

ITapacTpodHO-OpTOroHaJbLHI TEpHAPHI MedilaJbHI KBa3irpymnu, gKi
MaTh 3 1 4 pi3HUX mapactpodu

Ipuna ®pusz, €srexn llipyc

Anomauia. Y Tiii cTaTTi MH BHBYAEMO HapacTpodHO-OPTOrOHATLHI TepHApHI KBa3i-
rpylu, a came, i30TOIHU T'PYII, sKi MaloTb 3 1 4 pizHux napacrpodu. Busegeno neodximni i
JOCTATHI YMOBH KOJIM TepHAPHI MeiaJbHI KBa3irpynu, IO MaioTh 3 1 4 PI3HUX mapacTpo-
dwu, € ToraspbHO MapacTpodHO-OpTOTOHAJBHIMHA. ONUCAHO 38 IKUX YMOB TaKi KBa3irpymnu €
cTporo mapacTpodHO-OpTOroHAIPHUMA. TaKuM YMHOM, OTPUMAHO JesiKi MeToan o0y I0BU
OPTOTOHAJIBHUX 1 CTPOrO-OPTOrOHAJBHUX KBA3ITPYII.

Kmowosi caosa: TepHapHa KBas3irpyma, 130TOIN T'pyIH, MejiaJbHa KBa3irpyna, mapa-
cTpod, (CHIIBHO) OPTOrOHANBHI KBA3IrPYITH, TOTAILHO apacTpodHO-0PTOroHaIbHA (top) KBa-
3irpymna.
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